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Abstract

We describe and analyze an algorithmic framework for onlineclassification where
each online trial consists ofmultiple prediction tasks that are tied together. We
tackle the problem by defining an instantaneous projection problem in which all
the prediction tasks are tied through a single slack parameter. We then introduce
a general method for approximately solving the problem by projectingsimultane-
ouslyand independently each constraint which corresponds to a prediction sub-
problem, and then average the individual solutions. We showthat this approach
constitutes a feasible, albeit not necessarily optimal, solution for the original pro-
jection problem. We derive concrete simultaneous projection variants and analyze
them in the mistake bound model. We demonstrate the power of the proposed
algorithm in experiments with online multiclass text categorization. Our experi-
ments indicate that a combination of class-dependent features with the simultane-
ous projection method outperforms previous algorithms forthis task.

1 Introduction and Problem Settings

In most supervised machine learning tasks the goal is to devise an accurate prediction mechanism
when the set of possible outcomes is non-binary and often adheres to structural constraints. Notable
examples are multiclass categorization, multilabel ranking, and ordinal regression. The common ap-
proach for devising learning algorithms for decision problems with complex output structures is to
conceptually break the complex problem into simpler sub-problems and then tie the solution through
a specially tailored mechanism. See for instance [1, 2, 3, 4]which discuss specific algorithms for
mutliclass problems and general structured output problems. These and other algorithms are ef-
ficient and elegant yet it is not straightforward to extend the algorithms and export them to other
complex decision settings. Moreover, the optimization problems imposed by these approaches are
rather involved and require either special purpose algorithms (e.g. [2]) or a solver whichsequentially
decomposes the problem in a batch setting [3, 4] and is thus inadequate in online applications. A
notable and quite generic example is multiclass categorization with class-dependent features. This
construction is used for instance in multiclass versions ofAdaBoost [5] where each weak-hypothesis
provides a different prediction for each possible outcome (class). In this paper we suggest a new
approach that breaks a single complex decision problem intomultiple sub-problems which are tied
through asingleslack parameter. While the resulting combined problem is seemingly difficult to
solve, we show that by solving the sub-problems independently andsimultaneouslyand then aver-
aging the solutions we are able to obtain an approximate feasible solution to the original (complex)
task. The combined solution bares formal properties and canbe efficiently used in online settings.

We now formally introduce our notation and describe the problem setting. We denote scalars by
lower case letters (e.g.x) and vector by bold face letters (e.g.x). For a vectorx we denote byxl

the l’th coordinate ofx. Sets are denoted by upper case Latin letters (e.g.A). Elements of a set are
indexed by subscripts (e.g.as for scalars andas for vectors). For any natural numberk, we denote
the set{1, 2, . . . , k} by [k]. Finally, we denote the hinge function by[a]+ = max {0, a}.



Online learning is performed in a sequence of trials. LetX ⊂ R
n denote an instance domain. At trial

t the algorithm receives a set ofkt instancesXt =
{

x
t
j

}kt

j=1
and is required to make a prediction

on the label associated with each instance. We denote the setof predicted labels bŷY t = {ŷt
j}

kt

j=1.
We allow ŷt

j to take any value inR, where the actual label being predicted is sign(ŷt
j) while |ŷt

j | is

the confidence in the prediction. After extending the prediction setŶ t the algorithm receives the
correct labelsY t = {yt

j}
kt

j=1 whereyt
j ∈ {−1, 1} for all j ∈ [kt]. In this paper we assume that

the predictions in each trial are formed by calculating the inner product between a weight vector

ωt ∈ R
n with each instancext

j , thusŶ t =
{

ωt · xt
j

}kt

j=1
. Our goal is toperfectlypredict the entire

setY t. We thus say that the predicted setŶ t is imperfect if there exists even a single outcomej such
thatyt

j 6= sign(ŷt
j). We evaluate and analyze our algorithms using two evaluation measures. The first

indicates whether the prediction is indeed imperfect, namely, we suffer a unit loss on trialt when
any of the predictionŝyt

j disagrees withyt
j . Since minimizing this combinatorial error directly is

computationally difficult, as a second evaluation measure we employ an adaptation of thehinge-loss

to our setting, and defineℓ
(

Ŷ t, Y t
)

= maxj∈[kt]

[

1 − yt
j ŷ

t
j

]

+
. The quantityyt

j ŷ
t
j is often referred

to as the (signed)margin of the prediction and binds together the correctness and confidence of

the prediction. We useℓ (ω; (Xt, Y t)) to denoteℓ
(

Ŷ t, Y t
)

whereŷt
j = ω · xt

j . We also denote

the set of instances whose labels were predicted incorrectly by Mt = {j | sign(ŷt
j) 6= yt

j}, and
similarly the set of instances whose hinge-losses are not zero Γt = {j | [1 − yt

j ŷ
t
j ]+ > 0}. Finally,

we denote the number of trials on which a prediction mistake was made byǫ = |{t|Mt 6= ∅}|. Our
goal is to construct an algorithm which attains a low value for ǫ relatively to the cumulative loss
∑T

t=1 ℓ (ω; (Xt, Y t)) of any competing hypothesisω, even one which is defined in hindsight.

This paper is organized as follows. In Sec. 2 we start by casting two complex decision tasks to our
settings. In Sec. 3 we develop the simultaneous projectionsalgorithm, which we later analyze in
Sec. 4. We demonstrate the merits of our approach on a series of experiments in Sec. 5 and conclude
in Sec. 6.

2 Derived Problems

In this section we further explore the motivation for our problem setting by describing two different
complex decision tasks and showing how they can be cast as special cases of our setting. We also
would like to note that our approach may be beneficial for other prediction problems (see Sec. 6).

Multilabel Categorization In the multilabel categorization task, also referred to as label ranking,
each instance is associated with a set of relevant labels from the set[k]. Many learning algorithms
for this task employ class-dependant features (for example, see [6]). For simplicity, assume that each
class is associated withn features and denote byφ(x, r) the feature vector for classr. We would
like to note that features obtained for different classes typically relay different information and are
often radically different. A categorizer, or label ranker,is based on a weight vectorω. A vectorω
casts a score for each classω ·φ(x, r) which, in turn, defines an ordering of the classes. A learner is
required to build a vectorω that successfully ranks the labels according to their relevance, namely
for each pair of classes(r, s) such thatr is relevant whiles is not, the classr should be ranked
higher than the classs. Thus we require thatω · φ(x, r) > ω · φ(x, r) for every such pair(r, s). We
say that a label ranking is imperfect if there existsany pair (r, s) which violates this requirement.
The loss associated with each such violation is[1− (ω · φ(x, r)−ω · φ(x, s))]+ and the loss of the
categorizer is defined as the maximal loss of any violated pair. In order to map the problem to our
setting, we define a virtual instance for every pair(r, s) such thatr is relevant ands is not. The new
instance is then dimensional vector defined byφ(x, r) − φ(x, s). The label associated with all of
the instances is set to1. It is clear that an imperfect categorizer corresponds to a prediction mistake
on one of the instances, and that the losses defined on both problem are the same.

Ordinal Regression In the problem of ordinal regression each instance,x, is a vector overn
features and is associated with a rank iny ∈ [k]. A learning algorithm is required to find a vector
ω andk thresholdsb1 ≤ · · · ≤ bk−1 ≤ bk = ∞. The value ofω · x provides a score from
which the prediction value can be defined as the minimali for which ω · x < bi, namelyŷ =
min {i|ω · x < bi}. In order to obtain a correct prediction, a categorizer is required to ensure that



ω · x ≥ bi for all i < y and thatω · x < bi for i ≥ y. It is considered a prediction mistake if
any of these constraints is violated. In order to map the ordinal regression task to our settings, we
introducek − 1 instances. Each instance is a vector in anR

n+k−1. The firstn entries of the vector
are set to be the elements ofx, the remainingk − 1 entires are set to−δi,j , namely thei’th entry
in the j’th vector is set to−1 if i = j and to0 otherwise. The label of the firsty − 1 instances
is set to1, while the remaining instances are labeled−1. Once we obtained an extended vector
(in R

n+k−1) using our algorithms, the regressorω is obtained by taking the firstn components
of the extended vector and the thresholdsb1, . . . , bk−1 are taken from the lastk − 1 elements. A
prediction mistake of any of the instances corresponds to anincorrect rank in the original problem.
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Figure 1: Illustration of the simul-
taneous projections algorithm: each
instance casts a constraint onω and
each such constraint defines a half-
space of feasible solutions. We
project on each halfspace in paral-
lel and the new vector is a weighted
average of these projections

3 A Primal-Dual Algorithm

Recall that on trialt the algorithm receives a set ofkt in-

stances, denoted byXt =
{

x
t
j

}kt

j=1
and predictsŶ t =

{

ωt · xt
j

}kt

j=1
. After extending its prediction, the algorithm

receives the corresponding labelsY t =
{

yt
j

}kt

j=1
. Each

such instance-label pair casts a constraint onωt, namely
yt

j

(

ωt · xt
j

)

≥ 1. If all the constraints are satisfied byωt

thenωt+1 is set to beωt and the algorithm proceeds to the
next trial. Otherwise, we would like to setωt+1 as close as
possible toωt while satisfying all constraints.

Such aggressive approach may be sensitive to outliers and
over-fitting. Thus, we allow some of the constraints to re-
main violated, by introducing asingleslack variable. As we
discuss promptly this effectively translates to a cap on the
maximal change toωt. Formally we would wish to setωt+1

to be the solution of the following optimization problem.

min
ω∈Rn,ξ≥0

1

2

∥

∥ω − ωt
∥

∥

2
+ Cξ s.t. ∀j ∈ [kt] : yt

j

(

ω · xt
j

)

≥ 1 − ξ , ξ ≥ 0 . (1)

We denote the objective function of Eq. (1) byPt and refer to it as theinstantaneousprimal problem
to be solved on trialt. The dual optimization problem ofPt is the maximization problem

max
αt

1
,..,αt

kt

kt
∑

j=1

αt
j −

1

2

∥

∥

∥

∥

∥

∥

ωt +

kt
∑

j=1

αt
jy

t
jx

t
j

∥

∥

∥

∥

∥

∥

2

s.t.
kt

∑

j=1

αt
j ≤ C , ∀j : αt

j ≥ 0 . (2)

Each dual variable corresponds to a single constraint of theprimal problem. The minimizer of the
primal problem,ωt+1, can be calculated from the optimal dual solution and asωt +

∑kt

j=1 αt
jy

t
jx

t
j .

Unfortunately, in the typical case, where thex
t
j are in an arbitrary orientation, there does not exist an

analytic solution for the dual problem (Eq. (2)). We tackle the problem by breaking it down intokt

reduced problems, each of which focuses on a single dual variable. Formally, for thej’th variable,
the j’th reduced problem solves Eq. (2) while fixingαt

j′ = 0 for all j′ 6= j. The optimization
problem amounts to the following constrained optimizationproblem

max
αt

j

αt
j −

1

2

∥

∥ωt + αt
jy

t
jx

t
j

∥

∥

2
s.t. αt

j ∈ [0, C] . (3)

We now obtain an exact or approximate solution to each reduced problem as if it was independent of
the rest. We then choose a distributionµt ∈ ∆kt

, where∆kt
= {µ ∈ R

kt :
∑

j µj = 1, µj ≥ 0}

is the probability simplex, and multiply eachαt
j by the correspondingµt

j . This yields a feasible
solution to the dual problem defined in Eq. (2) as follows. Each µt

jα
t
j ≥ 0 and the choice ofµt

combined with the fact that0 ≤ αt
j ≤ C implies that

∑kt

j=1 µt
jα

t
j ≤ C. Finally, the algorithm uses

the combined solution and setsωt+1 = ωt +
∑kt

j=1 µt
j αt

j yt
j x

t
j .



Input:
Aggressiveness parameterC > 0,

Initialize:
ω1 = (0, . . . , 0)

For t = 1, 2, . . . , T :

Receive instance setXt =
{

x
t
j

}kt

j=1

PredictŶ t =
{

ωt · xt
j

}kt

j=1

Receive correct labelsY t = {yt
j}

kt

j=1

Suffer lossℓ (ωt; (Xt, Y t))
if ℓ > 0:

Choose importance weightsµt ∈ ∆kt

Choose learning parameterαt
j

Updateωt+1 = ωt +
∑kt

j=1 µt
j αt

j yt
j x

t
j

Figure 2: Simultaneous projections algorithm.

We next present three variants for obtaining a so-
lution for the reduced problem given in Eq. (3)
and combining the solution into a single update.

Simultaneous Perceptron:The simplest of the
update forms generalizes the famous Perceptron
algorithm from [7] by settingαt

j to C if the j’th
instance is incorrectly labeled, and to0 other-
wise. We similarly set the weightµt

j to be 1
|Mt|

for j ∈ Mt and to0 otherwise. We abbreviate
this variant as theSimPercalgorithm.

Soft Simultaneous Projections: The
soft simultaneous projections variant
uses the fact that each reduced prob-
lem has an analytic solution, yielding

αt
j = min

{

C, ℓ
(

ωt;
(

x
t
j , y

t
j

))

/
∥

∥x
t
j

∥

∥

2
}

.

We independently assigns eachαt
j this optimal

solution. We next setµt
j to be 1

|Γt| for j ∈ Γt and to0 otherwise. We would like to comment that

this solution may updateαt
j also for instances which were correctly classified as long asthe margin

they attain isn’t sufficiently large. We abbreviate this variant as theSimProj algorithm.

Conservative Simultaneous Projections:Combining ideas from both methods, the conservative
simultaneous projections variant optimally setsαt

j according the analytic solution. The difference
with the SimProj algorithm lies in the selection ofµt. In the conservative simultaneous projections
algorithm only the instances which were incorrectly predicted (j ∈ Mt) are assigned a positive
weight. Put differently,µt

j is set to 1
|Mt| for j ∈ Mt and to0 otherwise. We abbreviate this variant

as theConProj algorithm.

To recap, on each trialt we obtain a feasible solution for the instantaneous dual as described in Eq.
(2). This solution combines independently calculatedαt

j , according to a weight vectorµt ∈ ∆kt
.

While this solution may not be optimal, it does constitutes aninfrastructure for obtaining a mistake
bound and, as we demonstrate in Sec. 5, performs well in practice.

4 Analysis

The algorithms described in the previous section perform updates so as to increase an instantaneous
dual problem as defined in Eq. (2). In this section we show thatthis approach can be analyzed in the
mistake bound model. Specifically, we derive an upper bound on the number of trials on which the
predictions of SimPerc and ConProj algorithms are imperfect.

The first step in the analysis is to tie the instantaneous dualproblems to a global loss function. To
do so, we introduce a primal optimization problem defined over theentiresequence of examples as
follows, minω∈Rn

1
2 ‖ω‖2

+ C
∑T

t=1 ℓ (ω; (Xt, Y t)) . We rewrite the optimization problem as the
following equivalent constrained optimization problem,

min
ω∈Rn,ξ∈RT

‖ω‖2
+ C

T
∑

t=1

ξt s.t. ∀t ∈ [T ],∀j ∈ [kt] : yt
j

(

ω · xt
j

)

≥ 1 − ξt ∀t : ξt ≥ 0. (4)

We denote value of the objective function at(ω, ξ) for this optimization problem byP(ω, ξ). An
adversary who may see the entire sequence of example in advance may in particular set(ω, ξ) to be
the minimizer of the problem which we denote by(ω⋆, ξ⋆). Standard usage of Lagrange multipliers
yields that the dual of Eq. (4) is,

max
λ

T
∑

t=1

kt
∑

j=1

λt,j −
1

2

∥

∥

∥

∥

∥

∥

T
∑

t=0

kt
∑

j=1

λt,j yt
j x

t
j

∥

∥

∥

∥

∥

∥

2

s.t. ∀t :

kt
∑

j=1

λt,j ≤ C ∀t, j : λt,j ≥ 0 . (5)

We denote the value of the objective function of Eq. (5) byD(λ1, · · · ,λT ), where eachλt is a
vector inR

kt . Through our derivation we use the fact that any set of dual variablesλ1, · · · ,λT



defines a feasible solutionω =
∑T

t=1

∑kt

j=1 λt,jy
t
jx

t
j and a corresponding selection of the slack

variables.

Clearly, the optimization problem given by Eq. (5) depends on all the examples from the first trial
through time stepT and thus can only be solved in a hindsight. We note however, that if we ensure
thatλs,j = 0 for all s > t then the dual function no longer depends on instances of rounds occurring
later thant. As we show next, we use this primal-dual view to derive the skeleton algorithm from Fig.
2 by finding a new feasible solution for the dual problem on every trial. Formally, the instantaneous
dual problem, given by Eq. (2), is equivalent (after omitting an additive constant) to the following
constrained optimization problem,

max
λ

D(λ1, · · · ,λt−1,λ,0, · · · ,0) s.t. λ ≥ 0 ,

kt
∑

j=1

λj ≤ C . (6)

That is, the instantaneous dual problem is obtained fromD(λ1, · · · ,λT ) by fixing λ1, . . . ,λt−1

to the values set in previous rounds, forcingλt+1 throughλT to the zero vectors, and choosing a
feasible vector forλt. Given the set of dual variablesλ1, . . . ,λt−1 it is straightforward to show that
the prediction vector used on trialt is ωt =

∑t−1
s=1

∑

j λs,jy
s
jx

s
j . Equipped with these relations and

omitting constants which do not depend onλt Eq. (6) can be rewritten as,

max
λ1,...,λkt

kt
∑

j=1

λj −
1

2

∥

∥

∥

∥

∥

∥

ωt +

kt
∑

j=1

λjy
t
jx

t
j

∥

∥

∥

∥

∥

∥

2

s.t. ∀j : λj ≥ 0,

kt
∑

j=1

λj ≤ C . (7)

Since the problems defined by Eq. (7) and Eq. (2) are equivalent, weighing the variableαt
1, . . . , α

t
kt

by µt
1, . . . , µ

t
kt

also yields a feasible solution for the problem defined in Eq.(6), namelyλt,j =

µt
j αt

j . We now tie all of these observation together by using the weak-duality theorem (see for
instance [8]). Our first bound is given for the the SimPerc algorithm.

Theorem 1. Let
(

X1, Y 1
)

, . . . ,
(

XT , Y T
)

be a sequence of examples whereXt =
{

x
t
j

}kt

j=1
and

Y t = {yt
j}

kt

k=1. Assume that for allt andj the norm of an instancext
j is at mostR. Then, for any

ω⋆ ∈ R
n the number of trials on which the prediction of SimPerc is imperfect is at most,

1
2‖ω

⋆‖2 + C
∑T

t=1 ℓ (ω⋆; (Xt, Y t))

C − 1
2C2R2

.

Proof. To prove the theorem we make use of the weak-duality theorem.Recall that any dual feasible
solution induces a value for the dual’s objective function which is upper bounded by the optimum
value of the primal problem, denotedP (ω⋆, ξ⋆). In particular, the solution obtained at the end of
trial T is dual feasible, and thusD(λ1, . . . ,λT ) ≤ P(ω⋆, ξ⋆) . We now rewrite the left hand-side
of the above equation as the following sum,

D(0, . . . ,0) +

T
∑

t=1

[

D(λ1, . . . ,λt,0, . . . ,0) −D(λ1, . . . ,λt−1,0, . . . ,0)
]

. (8)

Note thatD(0, . . . ,0) equals0. Therefore, denoting by∆t the difference of two consecutive dual
objective values,D(λ1, . . . ,λt,0, . . . ,0) − D(λ1, . . . ,λt−1,0, . . . ,0), we get that

∑T

t=1 ∆t ≤
P(ω⋆, ξ⋆). We now turn to bounding each∆t from below. First, note that if the prediction on trial
t is perfect (Mt = ∅) then SimPerc setsλt to the zero vector and thus∆t = 0. We can thus focus
on trials for which the algorithm’s prediction is imperfect. We remind the reader that by unraveling
the update ofωt we get thatωt =

∑

s<t

∑ks

j=1 λs,jy
s
jx

s
j . We now rewrite∆t as follows,

∆t =

kt
∑

j=1

λt,j −
1

2

∥

∥

∥

∥

∥

∥

ωt +

kt
∑

j=1

λt,jy
t
jx

t
j

∥

∥

∥

∥

∥

∥

2

+
1

2

∥

∥ωt
∥

∥

2
. (9)

By construction,λt,j = µt
jα

t
j and

∑kt

j=1 µt
j = 1, which lets us further expand Eq. (9) and write,

∆t =

kt
∑

j=1

µt
jα

t
j −

1

2

∥

∥

∥

∥

∥

∥

ωt +

kt
∑

j=1

µt
jα

t
jy

t
jx

t
j

∥

∥

∥

∥

∥

∥

2

+
1

2

kt
∑

j=1

µt
j

∥

∥ωt
∥

∥

2
.



The squared norm,‖·‖2 is a convex function in its vector argument and thus∆t is concave, which
yields the following lower bound on∆t,

∆t ≥
kt

∑

j=1

µt
j

[

αt
j −

1

2

∥

∥ωt + αt
jy

t
jx

t
j

∥

∥

2
+

1

2

∥

∥ωt
∥

∥

2
]

. (10)

The SimPerc algorithm setsµt
j to be1/|Mt| for all j ∈ Mt and to be0 otherwise. Furthermore,

for all j ∈ Mt, αt
j is set toC. Thus, the right hand-side of Eq. (10) can be further simplified and

written as,

∆t ≥
∑

j∈Mt

µt
j

[

C −
1

2

∥

∥ωt + Cyt
jx

t
j

∥

∥

2
+

1

2

∥

∥ωt
∥

∥

2
]

.

We expand the norm in the above equation and obtain that,

∆t ≥
∑

j∈Mt

µt
j

[

C −
1

2

∥

∥ωt
∥

∥

2
− Cyt

jω
t · xt

j −
1

2
C2

∥

∥yt
jx

t
j

∥

∥

2
+

1

2

∥

∥ωt
∥

∥

2
]

. (11)

The setMt consists of indices of instances which have been incorrectly classified. Thus,yt
j(ω

t ·

x
t
j) ≤ 0 for everyj ∈ Mt. Therefore,∆t can further be bounded from below as follows,

∆t ≥
∑

j∈Mt

µt
j

[

C −
1

2
C2

∥

∥yt
jx

t
j

∥

∥

2
]

≥
∑

j∈Mt

µt
j

[

C −
1

2
C2R2

]

= C −
1

2
C2R2 , (12)

where for the second inequality we used the fact that the normof all the instances is bounded by
R. To recap, we have shown that on trials for which the prediction is imperfect∆t ≥ C − 1

2C2R2,
while in perfect trials where no mistake is made∆t = 0. Putting all the inequalities together we
obtain the following bound,

(

C −
1

2
C2R2

)

ǫ ≤
T

∑

t=1

∆t = D(λ1, . . . ,λT ) ≤ P(ω⋆, ξ⋆) , (13)

where ǫ is the number of imperfect trials. Finally, rewritingP(ω⋆, ξ⋆) as 1
2‖ω

⋆‖2 +

C
∑T

t=1 ℓ(ω⋆; (Xt, Y t) yields the bound stated in the theorem.

The ConProj algorithm updates the same set of dual variablesas the SimPerc algorithm, but selects
αt

j to be the optimal solution of Eq. (3). Thus, the value of∆t attained by the ConProj algorithm is
never lower than the value potentially attained by the SimPerc algorithm. The following corollary is
a direct consequence of this observation.

Corollary 1. Using the same definitions of Thm. 1. Then, for anyω⋆ ∈ R
n the number of trials on

which the prediction of ConProj is imperfect is at most,

1
2‖ω

⋆‖2 + C
∑T

t=1 ℓ (ω⋆; (Xt, Y t))

C − 1
2C2R2

.

We note that the predictions of the SimPerc algorithm do not depend on the specific value ofC, thus
we may optimally setC to 1

R2 . The bound attained in Thm. 1 now becomes.

2R2 ·

[

1

2
‖ω⋆‖2 + C

T
∑

t=1

ℓ
(

ω⋆; (Xt, Y t)
)

]

.

We conclude this section with a few closing words about the SimProj variant. The SimPerc and
ConProj algorithms ensure a minimal increase in the dual by focusing only on classification errors
and disregarding margin errors. While this approach ensuresa substantial increase of the dual, in
practice it appears to be a double edged sword as the SimProj algorithm performs empirically better.



username k m SimProj ConProj SimPerc Max-SP Max-MP Mira
beck-s 101 1973 50.0 55.2 55.9 56.6 63.8 63.7

farmer-d 25 3674 27.4 30.3 30.7 30.0 28.6 31.8
kaminski-v 41 4479 43.1 47.8 47.0 49.5 49.6 47.3
kitchen-l 47 4017 42.9 47.0 49.0 48.0 54.9 52.6
lokay-m 11 2491 18.8 25.3 25.3 23.0 25.4 25.3
sanders-r 30 1190 20.7 25.6 23.2 23.8 36.3 34.1

williams-w3 18 2771 4.2 5.0 5.4 4.2 5.8 5.9

Table 1: The percentage of online mistakes of the three variants compared to Max-Update (Single
prototype (SP) and Multi prototype (MP)) and the Mira algorithm. Experiments were performed on
seven users of the Enron data set.

5 Experiments

In this section we describe experimental results in order todemonstrate some of the mer-
its of our algorithms. We tested performance of the three variants described in Sec. 3
on a multiclass categorization task and compared them to previously studied algorithms for
multiclass categorization. We compared our algorithms to the single-prototype and multi-
prototype Max-Update algorithms from [9] and to the Mira algorithm [2]. The experiments
were performed on the task of email classification using the Enron email dataset (Available at
http://www.cs.cmu.edu/∼enron/enron_mail_030204.tar.gz). The learning goal was to correctly classify
email messages into user defined folders. Thus, the instances in this dataset are email messages,
while the set of classes are the user defined folders denoted by {1, . . . , k}. We ran the experiments
on the sequence of email messages from7 different users.

Since each user employs different criteria for email classification, we treated each one as a separate
online learning problem. We represented each email messageas a vector with a component for
every word in the corpus. At each trial, and for each classr, we constructed class-dependent vectors
as follows. We setφj(x

t, r) to 1, if the j’th word appeared in the message, and in a fifth of the
messages previously assigned to folderr. Similarly, we setφj(x

t, r) to −1, if the word appeared
in the message, but appeared in less than2 percent of previous messages. In all other cases, we set
φj(x

t, r) to 0. Next, we employed the mapping described in Sec. 2, and defined a set ofk − 1
instances for each message as follows. Denote the relevant class byr, then for every irrelevant class
s 6= r, we define an instancext

s = φ(xt, r)−φ(xt, s) and set its label to1. All these instances were
gathered into a single setXt = {xt

s}s 6=r and were provided to the algorithm in trialt.

The results of the experiments are summarized in Table 1. It is apparent that the SimProj algorithm
outperforms all other algorithms. The performances of SimPerc and ConProj are comparable with
no obvious winner. It is worth noting that the Mira algorithmfinds the optimum of a projection prob-
lem at each trial while our algorithms only find an approximate solution. However, Mira employs
a different approach in which there is a single input instance (instead of the setXt) and constructs
multiple predictors (instead of a single vectorω). Thus, Mira employs a larger hypothesis space
which is more difficult to learn in online settings. In addition, by employing a single vector repre-
sentation of the email message, Mira cannot benefit from principled feature selection which results
from class-dependent features. It is also obvious that the simultaneous projection variants, while
remaining simple to implement, consistently outperform the Max-Update technique which is com-
monly used in online multiclass classification. In Fig. 3 we plot the cumulative number of mistakes
as a function of the trial number for6 of the7 users. (Due to space limitations, we omitted the user
william-w3 who simply classifies85 percent of his mails in just two folder and constitutes an
easy classification task.) The graphs clearly indicate the high correlation between theSimPerc and
ConProj variants, while indicating the superiority of theSimProj variant.

6 Extensions and discussion

We presented a new approach to online categorization with complex output structure. Our algorithm
breaks the complex optimization task into multiple sub-tasks, each of which is simple enough to be
solved analytically. While the dual representation of the online problem imposes a global constraint
on all the dual variables, namely

∑

j αt
j ≤ C, our framework of simultaneous projections followed

by averaging the solutions automatically adheres with thisconstraint and hence constitute a feasible
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Figure 3: The cumulative number of mistakes as a function of the number of trials.

solution. It is worthwhile noting that our approach can alsocope withmultiple constraints of the
more general form

∑

j νjαj ≤ C, whereνj ≥ 0 for all j. The box constraint implied for each
individual projection problem distils to0 ≤ αj ≤ C/νj and thus the simultaneous projection
algorithm can be used verbatim. We are currently exploring the usage of this extension in complex
decision problems with multiple structural constraints. Another possible extension is to replace the
squared norm regularization with other twice differentiable penalty functions. Algorithms of this
more general framework still attain similar mistake boundsand are easy to implement so long as
the induced individual problems are efficiently solvable. Aparticularly interesting case is obtained
when setting the penalty to the relative entropy. In this case we obtain a generalization of the Winnow
and the EG algorithms [10, 11] for complex classification problems. Another interesting direction
is the usage of simultaneous projections for problems with more constrained structured output by
decoupling, for instance, the constraints imposed in max-margin networks [3].
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