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Abstract

We describe and analyze an algorithmic framework for plgyianvex repeated
games. In each trial of the repeated game, the first playeliqisea vector and
then the second player responds with a loss function overabr. Based on a
generalization of Fenchel duality, we derive an algorithframework for the first
player and analyze the player’s regret. We then use ourittigac framework and
its corresponding regret analysis for online learning fEots and for boosting.

1 Introduction

Many problems arising in machine learning, such as onliamiaeg and boosting, can be modeled
as a convex repeated game. A convex repeated game is a tveyptgme which is performed in
a sequence of consecutive trials. We study this game fronaigwepoint of the first player, which
we term the learner and refer to the second player as theoemvant. At each trial of the game, the
learner is required to predict a vector from some domain had,tthe environment responds with
a loss function over the domain. The learner then suffersadocording to the assessment of the
loss function on the vector he predicts. The goal of the le@isito minimize the cumulative loss it
suffers along its run.

In this paper we describe and analyze a general algorithaicgwork for playing convex repeated
games. Our framework is based on casting regret bounds iasizgtfon problems. A regret bound
compares the cumulative loss suffered by the learner touhritative loss of any competing fixed
vector. The competing vector can be chosen in hindsight afteerving the entire sequence of loss
functions. Regret bounds are universal in the sense thahthld for any possible competing vector
in a given set of admissible vectors. We therefore cast theersal regret bound as an optimization
problem. The best competing vector, which can only be detenin hindsight, is the minimizer of
the optimization problem. Generalizing the notion of Fexictuality, we derive a dual optimization
problem, which can be optimized incrementally, as the garoegeds. In order to derive explicit
guantitative regret bounds we make an immediate use of thelfat dual objective lower bounds
the primal objective. We therefore reduce the process giqdeconvex repeated games to the task
of incrementally increasing the dual objective functiorheTamount by which the dual increases
serves as a new and natural notion of progress. By doing saenabie to tie the primal objective
value, the cumulative loss of the learner, and the increatiesidual.

After establishing our notation and pointing to a few mathéoal tools used throughout the paper
(Sec. 2), we formally define convex repeated games (Sec.u8)main tool for deriving algorithms
for playing convex repeated games is a generalization offtedrduality, described in Sec. 4. Our
algorithmic framework is given in Sec. 5 and analyzed in $ecThe generality of our framework



allows us to utilize it in different problems arising in méod learning. In Sec. 7 we underscore
the applicability of our framework for online learning, asipecifically, we derive online algorithms

for complex decision problems. Next, in Sec. 8, we derive amalyze boosting algorithms from

our framework. In particular, we give a new analysis for kndwoosting methods and also draw
new directions for deriving novel boosting algorithms. Véamclude with a discussion and point to
related work in Sec. 9. Due to the lack of space, some of thaldetre omitted from the paper and
are deferred to appendices, which are submitted in an acoying paper.

2 Mathematical Background

In this section we establish our notation and also point enarhathematical tools used throughout
the paper. We denote scalars with lower case letters (e.gndw), and vectors with bold face
letters (e.g.x andw). The inner product between vectorsandw is denoted byx, w). Sets are
designated by upper case letters (¢X). The set of non-negative real numbers is denotet® by
For anyk > 1, the set of integer§l, . . ., k} is denoted byk].

We next list basic definitions from convex analysis. The ezddmiliar with convex analysis may
proceed to Lemma 1 while for a more thorough introductionfseexample [1]. A sef) is convex
if for any two vectorsw,,w- in €, all the line betweerv; andw, is also within{2. That is, for
anya € [0,1] we have thatww; + (1 — a)ws € Q. A setQ is open if every point iff2 has a
neighborhood lying if2. A setQ2 is closed if its complement is an open set. A function2 — R

is closed and convex if for any scalarc R, the level sef{w : /(w) < «} is closed and convex.
The Fenchel conjugate of a functigint @ — R is defined ag*(0) = sup,co(w,8) — f(w) . If

f is closed and convex then the Fenchel conjugatg*aé f itself. The Fenchel-Young inequality
states that for any and@ we have thaff (w) + f*(0) > (w, 8). A vectorA is a sub-gradient of a
function f atw if for all w’ € Q we have thaf (w’) — f(w) > (w’ —w, A). The differential set of
atw, denoted f (w), is the set of all sub-gradients ¢fatw. Sub-gradients play an important role
in the definition of Fenchel conjugate. In particular, thikdiwing lemma states that ik € 9f(w)
then Fenchel-Young inequality holds with equality.

Lemma 1 Let f be a closed and convex function anddgi(w’) be its differential set ak’. Then,
forall A € 9f(w’) we havef(w') + f*(X) = (N, w') .

The proof is given in Appendix C. If is differentiable atv thend f(w) consists of a single vector
which is called the gradient ¢f atw and is denoted by f (w). Whenevelf is twice differentiable
we denote byV? f(w) the Hessian off which is the matrix of second order derivatives fofvith
respect to the componentsof

3 Convex Repeated Games

A convex repeated game is a two players game which is perfbima sequence of consecutive
trials. We study this game from the view point of the first glaywhich we term the learner and
refer to the second player as the environment. At tridhe learner is required to predict a vector
w; € Q, where() is a convex set. After the prediction is made the environmessents a function
¢ Q — Ry, wherel, is a convex and closed function. The learner then suffers(J¢w;). The
goal of the learner is to minimize the cumulative loss it stdfalong its run.

For any number of trial§” and for any fixedw € (2, we define theegret of the learner for not
playingw at the first? trials to bek 3>/ fi(w,) — % 3°]_, fi(w) . The right-hand summand
in the above expression would have been the average loss tefdimer had she chosen to sgtto

be equal tav for all t € [T]. Naturally, the problem of finding> which minimizes the right-hand
summand above depends on the entire sequence of loss figicTioe regret reflects the amount of
excess loss the learner suffers for not knowing in advareedmplete sequence of loss functions.

In this paper we provide a family of algorithms for convexeated games which attain regret bounds
of the form

T T
Vw € Q, ;;Et(wt);;&(w) < o(f(f‘;)) ; (1)



where we refer tof as a complexity function over the set of admissible vecforsThus, these
regret bounds imply that the regret of the online algorithithhwiespect to any vector within the set

{w e Q: f(w) = o(VT)} approaches zero & goes to infinity. Our algorithmic framework is
based on a generalization of Fenchel duality which we desdni the next section.

4 Generalized Fenchel Duality

Consider the following optimization problem,

inf (f(w) +c 23:1 Et(“'—’)) )

we)
wherec is a non-negative scalar. An equivalent problem is

inf (f(wo) +c Z?Zl ft(wt)) St wyeN and Vvt € [T], w, = wyp .

Wo,W,..., WO

IntroducingT vectorsAy, ..., Ar, each\; € R™ is a vector of Lagrange multipliers for the equality
constraintw; = wp, we obtain the following Lagrangian

L(wo,wi,...,wr, A1, ..., A1) = f(wg) +¢ E;‘F:l l(wy) + Z?:1</\t,wt —wp) -
The dual problem is to maximize the dual objective functioreg as
D(Al,...7)\T) == inf £(WO7UJ1,...7(.UT7A17...7AT)

wWoEQ,w1,...,w

= — sup ((wo, Zle ) — f(wo)) —c 23:1 S:)lp ((wt, _c)“> — Zt(wt))

wp€eN
= = (ZLA) —e X 6 (A0

where, following the exposition of Sec. 2,41, ..., ¢4 are the Fenchel conjugate functions of

f, 01, ..., ¢r. Therefore, the generalized Fenchel dual problem is
sup =/ (T ) —e T, (=) - @
A1, AT

Note that wherf” = 1 andc¢ = 1, the above duality is the so called Fenchel duality.

5 A Template Learning Algorithm for Convex Repeated Games

In this section we describe a template learning algorithnpfaying convex repeated game. Recall
that we would like our learning algorithm to achieve a retpaind of the form given in Eq. (1). We
start by rewriting Eq. (1) in a slightly different way. Let= — and letU be a constant which does

VT
not depend of". Then, Eq. (1) can be rewritten as

T m
c ;Et(wt) -U < irég <f(‘-") +c ;@(‘@) : 3)

Thus, up to constants, the cumulative loss of the learnegi@ounds the optimum of the minimiza-

tion problem on the right-hand side of Eqg. (3). In the pregisection we derived the generalized
Fenchel dual of the right-hand side of Eq. (3). Our constonds based on the weak duality theorem
stating that any value of the dual objective function is demahan the optimum value of the primal

problem. Our learning algorithm is therefore derived byémsentally ascending the dual objective
function. Intuitively, by ascending the dual objective weva closer to the optimal primal value

and therefore our performance becomes similar to the pedoce of the best fixed weight vector
which minimizes the right-hand side of Eq. (3).

Initially, we use the elementary dual solutidn = 0 for all t. We assume thanf,, f(w) = 0 and

for all ¢ inf,, £;(w) = 0 which imply thatD(A], ..., A7) = 0. Assume in addition that the function
f* is differentiable. At triak, the learner uses for prediction the vector

we= Vi (SLA) @



After predictingw, the learner receives the functiénand suffer the los$,(w,). Then the learner
updates the dual variables as follows. Denoté@pthe differential set of; atw;, that is,

0 = {A : VYw € Q, gt(W) —Et(wt) > ()\,w—wt>} . (5)

The new dual variableg\} ™, ... A1) are set to be any set of vectors which satisfy the following
two conditions:

(i). IN €9, st. DN NTY) > DO N e N AL, AR ©)
(i5). Vi>t, ATt =0

In the next section we show that condition (i) ensures thatiticrease of the dual at trialis
proportional to the losé, (w; ). The second condition ensures that we can actually caéctilatdual
at trial t without any knowledge on the yet to be seen loss functigns . . ., (1.

We conclude this section with two update rules that triyightisfies the above two conditions. The
first update scheme simply find$ € 9, and set

t+1 70)\/ ifi=t¢
A= {A§ itite "
The second update defines
ALY = argmax D(Aq,. ., ) st ViEt A= AL (8)
)\1,...,)\7*

6 Analysis

In this section we analyze the performance of the templaerighm given in the previous section.
Our proof technique is based on monitoring the value of tha diojective function. The main result
is the following lemma which gives upper and lower boundgffierfinal value of the dual objective
function.

Lemma 2 Let f be a closed and convex function whose Fenchel dtig twice differentiable and
satisfiesf*(0) = 0. Let/y,...,¢r be a sequence of convex and closed functions whose Fenchel
duals satisfy; (0) = 0 for all ¢t € [T]. Suppose that a dual-incrementing algorithm which satisfie
the conditions of Eq. (6) is run witli as a complexity function on the sequerge. .., /1. Let

w1, ...,wr be the sequence of primal vectors the algorithm generatds\ai ', ..., AT ! be its

final sequence of dual variables. Then, there exists a seguefrvector®’, . . ., 87, and a sequence
of sub-gradients\, ..., A’., whereX, € 9; for all ¢, such that

o T
C
cz&(wt)—gz ALV2FO)A) < DT AT < Jnf flw —1—02&
t=1

Proof The right inequality follows directly from the weak dualifyeorem. Turning to the left most
inequality, denote, = DAY . ALY — DAL L. AL and note thaD(AT T, .. AT
can be rewritten as

DAL ALYy = ST A DAL A = YA, 9)
where the last equality follows from the assumption tfi&0) = ¢;(0) = ... = 5(0) =
0. The definition of the update implies that, > DA,..., Al |, —cA},0,...,0) —
D(AL,...,A}_1,0,0,...,0) . From the definition 0B, as>"'_} A; and the definition oD we
rewrite the lower bound on\; as,A; > —f*(0; — c\}) + f*(0;) — c;(X\}) . Since we assume
that f* is twice differentiable we can exparfd aroundd, using Taylor expansion and get that there

exists a vectof, such thath; > ¢ (Vf*(0,), ;) — *22<>\;, V2f*(0,)A;) — clr(X}) . Recall that
wheneverf* is dlfferentlable we havey; = V f*(0;). Therefore,

Av = e (i) = GOD) = SOV O)X) - (10)



Since); € 9, and since we assume thatis closed and convex, we can apply Lemma 1 to get that
(Wi, A}) — €5 (X)) = ¢4(w;). Plugging this equality into Eq. (10) and summing otere obtain that

S A > e llwi) = G XL (AL VAP O)AY)
Combining the above inequality with Eq. (9) concludes owopr |

We now derive two types of regret bounds based on Lemma 2. @urégret bound assumes that
the average norm of;, measured with respect to the Hessiarf tfis bounded above.

Theorem 1 Under the same conditions of Lemma 2. Assume in additiortlibeg exists a constant
U such thatk S°7_ (A, V2f*(8,) A;) < 2U . Then, for allw € © we have,

Lyl lw) - 4 S blw) <L 4+ cU .

In particular, if ¢ = 1/+/T, we obtain the bound,

LT ) — 2 ST l(w) < 1T

Proof From Lemma 2 we know that for atk € 2

Sy (@) = 5 XL AL VAP < flw)+ e blw) -
Combining the above with the assumption in the theorem wihgét

¢ Yy lilwe) = AUT < f(w)+e Y blw) .
Dividing the above by T" and rearranging terms concludes our proof. |

Our second regret bound casts a different condition on tha w6 sub-gradients with respect to the
Hessian off* and is given in Appendix D.

7 Application to Online learning

In this section we demonstrate the applicability of our alponic framework for online learning

problems. We focus on the problem of instance ranking. Itfarshown that a wide range of
prediction problems, such as binary classification, mialsie prediction, multilabel prediction, and
label ranking, can be cast as the problem of instance rankingarticular, at the end of this sec-
tion we briefly show how to cast binary classification as ragki In Appendix E we provide a

direct description of an adaptation of our framework to tredl\wtudied problems of online binary
classification and regression.

Online learning is performed in a sequence of consecuti@ks t1On trialt, the learner first receives

an inputX; and is required to predict a targget associated with the input. We call the pék;, y;)

a learning example. In instance ranking, = {Xt,i}fél is a set of vectors, each of which is from

an instance domaif’, andy; is a vector inR¥:. The semantic of; is as follows. For any pair
(4,9), if ye s >y ; then we say thay, ranksx, ; ahead ofk, ;. We also interprey, ; — y; ; as the
margin confidence in whick, ; should be ranked aheadxf ;. For example, eack, ; in X, might
be a representation of a movie whilg; is the movie’s rating, expressed as the number of stars this
movie has received by a movie reviewer. As mentioned be&treach trial the learner first receives
the setX, and predicts a target vector, which we denote/by R*:. The prediction of the learner
is based on a vectap,, wherey, ; = (w;,x; ;). After the learner predicts the rankig, she
receives the correct ranking from the environment and suffers a loss according to a lasatifon
l(w; (X4, y:)). Denotingly(w) = ¢(w; (X¢,y:)), and assuming thd is closed and convex, we
can immediately apply our algorithmic framework from Searfl its accompanying analysis from
Sec. 6 to the problem of online learning to rank.

We now describe two loss functions for ranking which geneeal the hinge-loss used in binary
classification problems. Denote I#; the set{(i,7) : y.; > v ,;}. Forall(i,j) € E, we define
a local hinge-losg; ;(w; (Xt yt)) = [(Yt,i — Yr,j) — (W, Xt — X¢,5)] ., where[a], = max{a, 0}.



Note that/; ; is zero ifw ranksx; ; higher thanx, ; by a sufficient confidence. Ideally, we would
like ¢; ;(wy; (X4, ye)) to be zero for all(i, j) € E,. If this is not the case, we are being penalized
according to some combination of the pair-based logsgg-or example, we can séfw; (X, y:))

to be the average over the pair losses,

1
(w; (X, 1) = A > lij(wi (X y) - (11)
(i.)€E:

This loss was suggested by several authors (see for exa@&dlé]). Another popular approach (see
for example [3]) penalizes according to the maximal losg thve individual pairs,

("W (X, y1)) = s i j(w; (X, y1)) - (12)
We can apply our algorithmic framework given in Sec. 5 foikiag, using for¢, either/2V9 or fMax,
The following theorem provides us with a sufficient conditiender which the regret bound from
Thm. 1 holds for ranking as well.

Theorem 2 Let f be a complexity function and assume tlfiatis twice differentiable. Assume that
there exists a nornjj - || such that for allx and @ we have(\, V2 f*(0)\) < ||A||?. Denote by,
the maximum ovefi, j) € E; of 3|x,; — x.;||?>. Then, for bott¢,(w) = ¢29(w; (X¢,y:)) and

U (w) = M w; (X, y:)), the following regret bound holds

T T w)+4 S U
T L1 liwi) = 7 Yy le(w) < % .

If f(w) = %|lwl|3 then the condition in the above lemma holds with the nfirfj,. If f(w) is the
relative entropy then the condition in the lemma holds With,,. We refer the reader to Appendix B
for more details.

To conclude this section, we briefly show how to derive théirsgf online binary classification
from instance ranking. In binary classification, each eXenip a pair(x;,y;), wherex; € X
andy; € {+1,—1}, and the prediction is made hy = sign((w:,x;)). We can construct a set
X; = {}x;, —ix:} and define the ranking feedback vecgorto bey; = (1,0) if y; = 1 and

v = (0,1) if y, = —1. Itis easy to verify that botl{®9 and (™ reduces to the well known
hinge-loss functiort(w; (x,y)) = [1 — y(w,x)],. In addition, the value of; in Thm. 2 simply
becomes,||x.||?. For f(w) = 3 |lw||3 we obtain a new regret bound for an aggressive version of the
Perceptron algorithm where tlaveragesquared norm of instances appearing in the bound rather

than the widely usethaximalsquared norm of an instance.

8 The Game of Boosting

In this section we describe the applicability of our algamiic framework to the analysis of boosting
algorithms. A boosting algorithm uses a weak learning dtlgor that generates weak-hypotheses
whose performances are just slightly better than randorssijog to build a strong-hypothesis which
can attain an arbitrarily low error. The AdaBoost algorittproposed by Freund and Schapire [4],
receives as input a training set of examptes: {(x1,v1), ..., (Xm, ym)} Where for alli € [m], x;

is taken from an instance domaiy, andy; is a label,y; € {41, —1}. The boosting proceeds in
a sequence of consecutive trials. At triathe booster first defines a distribution, denatgd over
the set of examples. Then, the booster passes the trainisgadeng with the distributiorw, to the
weak learner. The weak learner is assumed to return a hygisthe X — {+1, —1}, such that the
average error ok, on S is slightly smaller thar%. That is, there exists a constant- 0 such that,

def (s
6 = Zﬁlwt,i%t(x) <14 (13)

The goal of the boosting algorithm is to invoke the weak leaseveral times with different dis-
tributions, and to combine the hypotheses returned by thekvearner into a final, so called
strong, hypothesis whose error is small. The final hyposhesmbines linearly th& hypothe-

ses returned by the weak learner with coefficiemis. .., a7, and is defined to be the sign of

hr(x) whereh;(x) = ZtT:1 at he(x) . The coefficientsay, ..., ar are determined by the
booster. In AdaBoost, the initial distribution is the umifodistribution,w; = (L,..., ). At



iterationt, the value ofx, is set to bel log((1 — ¢)/¢;). The distribution is updated by the rule
Wit1,i = wr; exp(—ay y; hi(x3))/Zi, whereZ, is a normalization factor. Freund and Schapire [4]
have shown that under the assumption given in Eq. (13), tloe ef the final strong hypothesis is at
mostexp(—2+2T).

Several authors [12, 11, 6, 2] have proposed to view boossragcoordinate-wise greedy optimiza-
tion process. To do so, note first thiat errs on an examplex, y) iff yhs(x) < 0. Let los{a)

be a monotonically non-increasing function frdito R, and assume thabs{0) = 1. Then,
los{y h¢(x)) is greater tha whenevety # sign(h;(x)). Thus, we can restate the goal of boosting
as minimizing the average loss/of over the training se$ with respect to the variables, . . ., ar.

To simplify our derivation in the sequel, we prefer to sayt thaosting maximizes the negation of
the loss, that is,

max  — = 3" foss (yl Zthl atht(xi)) ) (14)
XYy X
In this view, boosting is an optimization procedure whiamatively maximizes Eq. (14) with respect
to the variablesyy, ..., ar. This view of boosting, enables the hypotheses returnedhéweak

learner to be general functions into the reals; X — R (see for instance [12]).

In this paper we view boosting as a convex repeated game éetavdooster and a weak learner.
To motivate our construction, we would like to note that hiows algorithms define weights in
two different domains: the vectots, € R™ which assign weights texamplesand the weights
{a; : t € [T]} overhypothesedn the terminology used throughout this paper, the weights R™
areprimal vectors while (as we show in the sequel) each weighdf the hypothesis, is related
to adual vector ;. In particular, we show that Eq. (14) is exactly the Fenchallaf a primal
problem for a convex repeated game, thus the algorithmiodveork described in this paper for
playing games naturally fits the problem of iteratively $ofvEq. (14).

To derive the primal problem whose Fenchel dual is the prolg&en in Eq. (14) let us first denote
by v, the vector inR™ whoseith element iz, ; = y;h.(x;). For allt, we set/, to be the function
l(w) = [{(w,vy)],. Intuitively, ¢, penalizes vectors» which assign large weights to examples
which are predicted accurately, thatygh:(x;) > 0. In particular, if h:(x;) € {+1,—1} and
wy is a distribution over then examples (as is the case in AdaBoo$tjw;) reduces tal — 2¢,
(see Eqg. (13)). In this case, minimizirfg is equivalent to maximizing the error of the individual
hypothesisi; over the examples. Consider the problem of minimizfiig) + ¢ Zle li(w) and
let us leave the exact form gf unspecified for now. To derive its Fenchel dual, we note that
*(—X¢/c) = 0 if there existso; € [0, ¢] such that\; = —a,v; and otherwisé*(—X;/c) = oo
(see Appendix A). Since our goal is to maximize the dual, we strict \; to take the form
A; = —ayvy and get that

DAr,..., M) = — f* (zlext)—o S_— (_zleatvt) . (15)
Now assume thaf* () takes the form
£1(0) = U (5 % bos{—0)) = 5., (16)

whereV : R — R is a monotonically increasing function afgds a scalar that ensures thét(0) =

0. Then, maximizing the duaD is equivalent to solving Eq. (14). In summary, we have shown
that by setting/;(w) = [(w,vy)], and settingf so thatf* is as in Eq. (16), we get that solving
Eq. (14) is equivalent to maximizing the dual objective give Eq. (15). Note that for AdaBoost,
los{a) = exp(—a). Thus, settingl(a) = log(a) ands = 0 we obtain thatf(w) is the relative
entropy betweenv and the uniform distribution (see Appendix A). Minimizinbet exp-loss of
the strong hypothesis is therefore the dual problem of thewilng primal minimization problem:
find a distribution over the examples, whose relative enttogghe uniform distribution is as small
as possible while the correlation of the distribution wititlkev; is as small as possible. Since the
correlation ofw with v, is negatively proportional to the error bf with respect tav, we obtain that
in the primal problem we are trying toaximizehe error of eacindividual hypothesis, while in the
dual problem weminimizethe error of thestronghypothesis. The intuition of finding distributions
which in retrospect result in large error rates of individugotheses was also alluded in [12, 6].

We can now apply our algorithmic framework from Sec. 5 to liogs We describe the game with
the parameters, and recall that in our cas@; = —a;v,. At the beginning of the game the booster



sets all dual variables to be zerdt a, = 0. At trial ¢ of the boosting game, the booster first
constructs a primal weight vectar, € R, which assigns importance weights to the examples in
S. The primal vectow; is constructed as in Eq. (4), thatis, = V f*(6;), wheref, = — " a,v;.
Then, the weak learner responds by presenting the lossdang{w) = [(w,vy)], . Finally, the
booster updates the dual variables so as to increase thelaaative function.

To analyze our game of boosting, we assume that at eachttwéahypothesis returned by the weak
learner must satisfy a weak learnability assumption, @aldily (w;, v;) > 0. Recall that the update
of @is @, = 0, — a,v,. The value ofx, is found as follows. Denotd, = DAL ... AL —
D(AL, ..., AL). Using the definitions ob and@, we getthath;, = f*(8;)— f*(0; —a;v;) . Asin
Lemma 2, we expand* aroundd; using Taylor approximation and use the fact that= V f*(0,)

to get that there exité for which A, = oy (we, ve) — %?(vt,VQf*(H)vt> . Assume thath,

is restricted in a way such that for #llwe have(v;, V2 f*(0)v;) < 1 (see Appendix B). Then,

2 . . - -
Ap > oy (we, Vi) — 0‘7* . The value ofy; which maximizes the above lower boundis= (w, v;).

Thus, for this choice ofy; the dual increases by at Ie@t(wt, v:))2. In general, we allow; to be
any value from the set

{a S RJr : f*(0t) — f*(@t — OéVt) Z %((wt,vt>)2 } . (17)
Since the final value of the dual objective is at IEa5tA, we obtain the following corollary.

Corollary 1 Let f be a function for whiclf* takes the form given in Eq. (16j(0) = 0, and f* is

twice differentiable. Suppose that we run the game of bagstith the functiory*. For all ¢, denote
vi = y;hi(x;) and assume thatw,, v;) > 0. Assume in addition thatv,, V2 f*(0) v,) < 1 for

all @ and thata; is set to be any value from the set given in Eq. (17). Then,

LS e (i 0 anha(x)) < 0 (B 30 (w0, vi))?)

In Appendix F we derive both AdaBoost and LogitBoost from pleespective of our game of boost-
ing and analyze them using corollary 1.

9 Related Work and Discussion

We presented a new framework for designing and analyzingyigthgns for playing convex repeated
games. Our framework was used for the analysis of known ithgos for both online learning and
boosting settings with improved bounds. It also paves the twanew algorithms. Using duality
for designing online algorithms was first suggested in [h3hie context of mistake bound analysis.
Convex repeated games were termed “online convex progragirhly Zinkevich [15]. The algo-
rithms presented in [15] can be derived as special casesradlgarithmic framework by setting
f(w) = 3|lw||?. In the online learning community, there is voluminous antaf work on unified
approaches for deriving online learning algorithms. Werr#ie readerto [7, 9, 10]. Similarly, many
authors derived unifying frameworks for boosting algarith[11, 6, 2]. Nonetheless, our general
framework and the connection between game playing and Eéddllity underscores an interest-
ing perspective of both online learning and boosting. Weelielthat this viewpoint will lead to
new algorithms in both domains. There are various possitiknsions of the work that we did not
discuss due to the lack of space. Our framework can natusellysed for the analysis of repeated
games (see Appendix H and [5, 15]). The applicability of sanfework to online learning can be
easily extended to other prediction problems such as reigreand sequence prediction. Last, we
conjecture that our primal-dual view of boosting will leadtew methods for regularizing boosting
algorithms, thus improving their generalization capaie.
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Appendices for the paper ]
Convex Repeated Games and Fenchel Duality

A Some Fenchel conjugate pairs

In this section we list a few useful Fenchel-conjugate pairs

Half-squared-norm Let || - || be any norm orR™ and letf(w) = 3[|w||* with @ = R™. Then
f*(8) = 3116]|? where| - || is the dual norm off - ||. The domain off* is alsoR". For example, if
f(w) = 3[|wl|3 then f*(8) = $[|0|]3 since thel; norm is dual to itself. For a proof see pp. 93-94
in [1].

Hinge-lossLet f(w) = [y — {w, x)], wherey € R, andx € R™ with Q = R". Then,

- >}+
(0 = {—m ifoc{—ax:acl0,1]}

To show the above, recall that
f(0) = sup (w,0) — [y — (w,x)], . (18)

weR™

Consider two cases. Casedli= —ax for somea € R. First note that in this case the objective to
maximize in Eq. (18) becomes

—a(w,x) — [y —{(w,x)] | = { —a(w,x) (w,x) >

00 otherwise

(1-a){w,x) =7 (w,x) <7y
Denotea = (w, x) and note that: can take any value iR. Thus, we obtain that

. —va ae€l0,1]
0) = max\< s 1- — ), sup (— =
f(0) X{agg(( a)a—7) ;3( aa)} {oo a & [0,1]
We now turn to case Il in which there does not exis€ R such that? = —ax. In this case, we

can rewritef asf = % x + v wherev € {w : (w,x) = 0} andv must not equal to zero. Thus,
settingw = av in the objective in Eq. (18) gives

a(v,0) — [y —a{v,x)l, = alv|* -7,
which also tends teo whena — oo.

Relative Entropy and log-sum-expLetQ = {w € R% : 37" | w; = 1} and let

fw) = iwimg (fjjl) |

(0) = log (iZexp(OQ) ) (19)

Then,

For a proof see p. 93 in [1].
binary-entropy and the log-lossLet 2 = {w € R™ : Vi € [n],w; € [0,1]} and let

flw) = - Z(wi log(wi) + (1 —wi) log(1 — wy))

Then,
£5(0) = ) log(1+e) . (20)
i=1
To show this we can use the fact that for differentiable fiomst we have thaV f(w) is the inverse
of the functionV f*(8), which can be easily verified for the above conjugate pair.

The effect of scaling and shiftingWe conclude this section with the following useful propesty
conjugate pairs. Lef be a function and lef* be its Fenchel conjugate. Far> 0 andb € R, the
Fenchel conjugate of(w) = af(w) +bis g*(0) = af*(w/a) — b. For a proof, see page 95 in [1].



B Bounding (A, V2f*(0) \)

In this section we provide bounds on the quadratic pattarrvV2 £*(8) A) for several conjugate
functions *(0). First, if f*(0) = %(/0||3 then clearly(\, V2 f*(0) X) = ||A||2. Note that in this
casef(6) can be rewritten as

3l

=v (Z ¢(91)> ) (21)
i=1

whereV¥(a) = %a and¢(a) = a?. The following lemma provides us with a general tool for
bounding(\, V2 f*(8) A) for functions of the form given in Eq. (21).

Lemma 3 Assume thaff* can be written as in Eq. (21), whereand ¥ are twice differentiable
scalar functions. Denote by', ¢, W', ¥ the first and second order derivatives Bfand ¢. If
U7 (>, 0(6;)) < 0forall 6 then,

A, VI O)N) < W (Z ¢(9r)> Z¢”(9 )

Proof DenoteH = V?2f*(8). Using the chain rule we get that,

ro (G

Therefore, the value of the elemdiit ) of the Hessian fot + j is,

H;;(60) = " <Z¢(9r)> ¢'(6:)¢'(6;)

and thei'th diagonal element of the Hessian is,

H,i( \1/”<Z<z> ) +\IJ’<Z¢ )

We therefore get that,

NH@O)N) = v (qu(er)) (Z as’(ei)Ai) + 0 <Z¢(9r)> D00
< v (Z as(er)) D> (00X
where the last inequality foIIov;s from the assumption W&t " #(6,)) < 0. |

Note that if we apply Lemma 3 to the functigi{#||3 we indeed get thath , V2f*(8) A) < [|A[l3.
We now consider the log-sum-exp function given in Eq. (19ppking Lemma 3 with¥ (a) =
log(a) and¢(a) = exp(a) (and note that” (3", ¢( ;) < 0) gives that,

i€[n]

Z exp(¢ 2 2 2
< L =
<)‘ Z 16Xp ) )‘ — ma‘X)‘z ||>‘||oo

Next, we consider the log-loss functlon given in Eq. (20). &&a rewrite the log-loss function as in
Eq. (21) with¥(a) = a and¢(a) = log(1 + e~*). The conditions in Lemma 3 trivially hold since
U”(a) = 0 for all a. In addition,

, e? / e e 1
= = — < — .
o(0) = 7o and ¢7(0) = 72 (1 1+ea> =1

Therefore, Lemma 3 gives that for the log-loss,

(X, V2f*(6 ZV :




C Technical Proofs

Proof of Lemma 1Since\’ € df(w’), we know thatf (w) — f(w’) > (N, w—w’) forallw € Q.
Equivalently

(N, W) = (@) > sup (N, w) = f(w)) -

weN
The right-hand side of the above equalgtg\’) and thus,
Now) = f(w') = f(N) = (NW) = (X)) = f(W) - (22)

The assumption that is closed and convex implies thAtis the Fenchel conjugate ¢f. Thus,
flo') = sup ((A, W) = fr(A) = N,W) = fF(X) .
Combining the above with Eq. (22) gives,
(N,w') = f*(X) = f(&) and f(w') > (XN, o') = fF(X) .

Therefore, each of the two inequalities above must hold @dfiality which concludes the prodl

Proof of Thm. 2 To apply Thm. 1 it suffices to show that for allthere exists a sub-gradient
A, € 0O, such that for alld we have (\;, VZf*(0)\;) < 2U,. We start with the case
l(w) = (M(w; (X, y.)). Forall(i,j) € E, letX;; € 04 ;(wi; (X, y)). We now show
that\] = \Tlt\ (i) Ai.j is a sub-gradient of; atw;. To do so, note that for alb € €,

1
b(w) = b(wy) = A > (l(ws (X, ye)) = ij(we (Xe i)
(i’j)EEt
1
> ﬁ Z Aijyw —wi) = (A, w—wy) .
" pen

Thus,\; is indeed a sub-gradient 6f atw,. Next, we show that\;, V2 f*(8)\;) < 2U,. First we
use Cauchy-Schwartz inequality to get

1
NI < 5 D0 Il < masc - (23)

| B (i.5)€E:

In addition, the definition of; ; implies that\, ; is either the zero vector or the veciot; ; — x; ;).
Therefore,||X\; ;|| < |lx:; — x¢4||. Combining the last inequality with Eq. (23) and using the
definition of U; we get thaf| A} | < +/2U,. Using the assumption in the theorem we conclude that

AL VEFON) < INIP* < 20,

Thus, the condition in Thm. 1 holds with = % >, U: and the regret bound in the theorem follows
directly. This conclude the proof for the cagédw) = (®9(w; (X;,y:)). Turning to the case
l(w) = M w; (X, y:)), we note that for alk, there existqi,j) € E; such that/;(w;) =

Ui j(we; (X, ye)). Let A, be a sub-gradient df ; atw,. We show thaf\, is also a sub-gradient of
¢, atw,. This follows directly from the fact that, (w,) = ¢; ;(w;; (X;,y:)) and that for all othew
we havely(w) > ¢; j(w; (X¢,y¢)). Thus, for allw,

C(w) = by(wy) > (i (X, ) — i (e (X, ye) = (AL w —wy)

where the last inequality follows from the fact th¥ is a sub-gradient of; ; atw,. In addition,
the assumptions in the theorem imply tiiat, V2 f*(0)X;) < 2U,. Thus, the condition in Thm. 1
holds for this case as well and our proof is completed. |



D A second Regret Bound

Theorem 3 Under the same conditions of Lemma 2. Assume in additiortliket exists a constant
U such that for allt
(AL V20 Ap) <2U Ly(wy)

Lete = cU/(1 — cU). Then, for allw € © we have,

T
% th(wt) th < 1T+ o’ +€*Z@
=1

In particular, fore = 1/v/T we obtain that

T 1 I U (1+ﬁ)2 f(w)Jr%ZtT:lEt(w)
2:: -7 ;ft(w) < T .

Proof Combining the assumption in the theorem with Lemma 2 we gatftr allw € Q

1—CU thwt <f +CZ€t

Rearranging terms we get that

’ﬂ \

liz ) < 4@ 1 1 ZT:E (w) (24)
T S Te(l—cl)  1—cUT &
From the definition ot we know that
cU 1—cU+cU 1
1—’—6_1—~_170U_ 1—cU ~ 1-cU’ (25)
and that )
1 1
U(l+e) _ U _ . (26)
€ cU(1—cU) (1 —cU)

Plugging Eq. (25) and Eq. (26) into Eqg. (24) we obtain

T 2w T
Ftten T e 0 15 a)

which concludes our proof. |

E Simple Online Prediction Problems

E.1 Online Binary Classification with the Hinge-Loss

In binary classification, the target setJs = {+1,—1}. Usually, the prediction of the learner
is defined to be sigiw;,x;)). A popular choice of a loss function is the hinge-loss defiaed
l(w) = [1 —yi{w,x¢)],, where[a] | = max{0,a}. Note that whenevef;(w;) > 0 we have
—yx: € O and that if¢;(w;) = 0 then0 € 9;. Consider the dual update rule given in Eq. (7). If
we setf(w) = 1||wl[3 thenf*(8) = 30| (see Appendix A). Therefore, the update in Eq. (7) of
the dual variables is equivalent to the following updatehefprimal variablesw; 1 = w + cyix;
whenever/;(w;) > 0 and otherwisev; 1 = w;:. The resulting algorithm is an aggressive version
of the Perceptron algorithm for binary classification. If agply the update in Eq. (8) we obtain the
PA-I algorithm for binary classification described in [3].

Turning to the analysis of the aggressive Perceptron (atited?A-1 algorithm) we note that for &l
the matrixV2 f*(0) is the identity matrix. Therefore, for aN € 9, we have thatX, V2 f*(0)\) =



IAI3 < ||x¢]|3. We can now apply Thm. 1 and get the following regret boundtieraggressive
Perceptron

T T 17 2

1 1 w3 + 7 >y %13
YVw e Q, — li(wy) — = Ui(w) < = . 27
Tt§:1 t(we) TtE:l t(w) 2T (27)

Previous bounds for the Perceptron compared the numbeedigiionmistakesmade by the Per-
ceptron to the cumulativldss of the fixed competitow. In contrast, our regret bound compares
the hinge-loss of the aggressive Perceptron to the hirggedbthe fixed competitor. In addition,
previous bounds for the Perceptron involves the maximahsglnorm of an instance. In contrast,
our bound is based on the average squared norm of the instahégh may be significantly smaller
than the maximal squared norm.

Finally, we would like to note in passing that choosing otbemplexity functions result in other
aggressive variants of well known algorithms. For examipl@,is the probability simplex andl(w)

is the relative entropy between and the uniform distributiogt, .. ., 1) then repeating the above
derivation result in an aggressive variant of the EG/Winmdgorithm (see [10] and the references
therein). It can be shown that applying Thm. 1 to this algwonigives the regret bound

 2log(n) + 7 S Ixel%
YVw € Q Z[t wt T Z Q%t 1 t ) (28)

E.2 Online Regression with thez-insensitive loss and with the squared loss

In online regression, the target set is the redls; R, and the prediction of the algorithm is simply
(we,x¢). A popular loss function for regression is the absolute isined by/(w; (x:,y:)) =
[{w,x¢) — y¢|. A variant of this loss does not penalize the learner for bdiatrepancies and is
defined ag(w; (x¢,yt); €) = [[(w,x¢) — y:| — €] .. As in binary classification, we can sgtw) =
¢(w; (x¢,y¢);€) and apply our algorithmic framework from Sec. 5 along with diccompanying
analysis from Sec. 6. In particular, it is easily verifiedttthee bound in Eq. (27) holds for regression
as well.

Another popular loss function for regression is the squdosd defined ad(w; (x;,v:)) =
1 ({w,x¢) —y)?. This loss function is differentiable and we have tRdf (w;) = ({w, x¢) —y:) %
Thus, the conditionix,||3 < U implies that the condition given in Thm. 3 holds and we obthi
regret bound

=1 K K me t ’
Whereﬁ = Ci/(l —CIJ).

F AdaBoost and LogitBoost

In this section we derive both the AdaBoost and the LogitBafgorithms from our game of boost-
ing framework. By settindos{a) = exp(—a), ¥(a) = log(a), andg = 0, we get thatf* is twice
differentiable and thaf*(0) = 0. From the definition ofv; given in Eq. (4) we get that

exp(0; ;
Wti = m (tl)

, Z] lexp(etd) -

Note that fort = 1 we haved, = 0 and thusw, is the uniform distribution over the: examples. In
addition, in Appendix B we show thatff,(x;) € [+1, —1] for all i then(v¢, V2 f*(0)v;) < 1forall
6. Suppose that we update to be the maximizer of the increase in the dydl,0; — av,;)— f*(0:),
overa. This value ofa, is clearly in the set given in Eq. (17). Using the definitionugfwe have
that

ap = argmin f*(0; — avy) — f*(0;) = argmin Zwt e i vihe(xi)
a>0 a>0 i—1



Schapire and Singer [12] have shown that whenéyex;) € {+1, -1} the solution of the above
equation isey = 1log((1 — €)/e;) wheree, is as defined in Eq. (13). Furthermore, the update
0:v1 = 0; — ayvy implies thatw, 1 ; = w; e vl (X /7, whereZ, is a normalization factor.
We have thus derived the AdaBoost algorithm from our gameookting. Moreover, as we have
shown before, foh(x;) € {+1,—1}, the weak learnability assumption given in Eq. (13) implies
that, (w;, vi) = 1 — 2¢; > 2. Thus, corollary 1 gives that

m

EZGXP(_yihf(Xi)) < exp (-29°T) ,
=1

which is identical to the original bound for AdaBoost. Thegit@oost algorithm can be derived
from our game of boosting in a similar manner by settih@:) = a, los{y; H(x;)) = log(1l +
exp(—y; H(x;))), andg = log(2). At each step of LogitBoost, the weight are set to be

1
Wi = 7m(1+e*9m) .
Thus, initially the Weights aref;n,...,ﬁ). It can be shown (see again Appendix B) that
(vi, V2f*(0)vy) < 7=, vi,. Thus, if the average value @f,(x;)? is smaller thant, we can

apply corollary 1 and get that

m

T
1

—Zlog (1+e ylhf(xl)) < log(2 52 Wi, Vi)
t=1

Therefore, the number of iteratioris, on which(w;, v;) > 2~ can not exceetbg(2)/(4v?).

G Boosting with regularization

The objective function we maximizes in Boosting is as in Bdp)( In many situations, we would
like to avoid over-fitting effects by adding a regularizatierm to the objective. One way is simply
to forcea; to be at most (thus enforcing|a|« to be at most). Deriving this boosting method
follows directly from our analysis before. Another poskipiis to introduce the objective

T T
D(Alv"wAT) = _f* <_Zatvt> _Mzal‘ ) (29)
t=1 t=1

wherey is a trade-off parameter. Here, we penalizavith large/; norm.

We now show how a simple change of the definitiorf,ofields the dual problem given in Eq. (29).
Let us redefiné, to be

b (w) = [(w,ve) — M]+ . (30)
Again, based on Appendix A we know thét(—X;/c) us u« if there existsa; € [0,¢] such
thatA; = —ayv; and otherwise/*(—\;/c) = oo. Therefore, the dual of the primal problem of

minimizing f(w) + ¢, ¢:(w), wherel, is as in Eq. (30) is to maximize Eq. (29).

Recall that wheneveh,(x;) € {+1,—1} we have thatw,,v;) = 1 — 2¢. Thus, the value of
li(we) = [(we,v)) —p] = [(1—p) —2¢],. Thatis,f;(w;) > 0onlyif e, < 5 — &, sowe
require a stronger weak learnability criterion (we showhi@ $equel that to obtain progress we must
have positive value fof,(w,).

To calculaterv;, we can repeat the ideas in the paper to see that ifV2 f*(0)v;) < 1 then

Thus, ifoy = ¢;(w;) (@assuming that > 1) we obtain the minimal progress,; > %(Zt(wt))?
Similar to Corollary 1 we can obtain the following bound

m T T
%Zeoss (yZ Z atht(xi)> < gt <ﬁ — %Z li(wy))” — MZ%)
i=1 t=1 t=1



For the exp-loss and if we saet = ¢, we obtain

1 m T 1 T
m25085<y¢2atht(xi)> < exp <—2 th(wt)(ft(wt)‘F?M))

t=1
Note that we do not make any progresé.ifw;) = 0, which is equivalent (foh; € {+1,—1}) to

the conditione;, > % — &. Thus, adding the regularlzat|0n enforce stronger evidéocadding new
hypotheses and as a result the convergence rate is slower.

H Application to Game Theory

In this section we underscore the applicability of our framek for game theory. Specifically, we

show that our framework can be used for playing repeated gavite mixed strategies. A repeated
game is performed in a sequence of consecutive trials. &lttfrthe first player chooses an action
a € A, whereA is a finite set of predefined actions. Then, the second pladysoses an action

b € B, whereB is another finite set of actions. After each trial, the firsyelr suffers a loss

according to a functioffess: A x B — R. Since we assume that and B are finite sets, we can

simply assume thatl = [m] and B = [n] and thatesqa, b) = M, ; for some fixed (but unknown)

matrix M € R™",

As mentioned before, each player choossigleaction at trialt. Choosing individual actions by

a player is often called playing withure strategies. Usually, we allow the players to randomized
their choice of action. This is done by allowing the playersiéfine a distribution over the set of
actions rather than to choose a single action. That is,at tine first player chooses a distribution
w; over A, wherew; is a vector in then-dimensional simplex. Then, the second player chooses a
distributionx; over B, wherex;, is a vector in the:-dimensional simplex. The expected loss of the
first player on this trial is defined to be

<wt7MXt Zzwmlﬂtz ij -

1=1 j=1

Repeated games in which players are allowed to define dititsits over actions are called plays
with mixedstrategies.

We now show how our template algorithm for playing convexeapd games can be utilized for
playing a repeated game with mixed strategies. (8et {w € R™ : w; > 0, >, w; = 1}. Let

f : © — R be a function such thahf,c f(w) = 0. For examplef can be the relative entropy
betweenw and the uniform distributiofL, . .., 1

m wi
= ;w log (1/m> . (31)
The conjugate of is (see Appendix A)
ORI £ oy

Note thatf*(0) = 0. For each triat define
l(w) = (w, Mx;) — mirg)(w’,Mxt} .
w'e

3|

Thusinf,cq ¢ (w) = 0. Note thatd; = {Mx;}. For the specific choice of from Eq. (31), and
under the assumptions that all the entrieddrare in[—1, 1], it can be shown that for afl andt we
have((Mx,), V2£*(0) (Mx;)) < 1 (see Appendix B). Thus, the conditions of Thm. 1 hold and we
obtain the regret bound,

T

T 1
1 1 flw)+ 3
YweQ, — wi, Mxy) (w, Mx;) < ——=—= 2

Moreover, it can be verified that for all € (2 we havef(w) < log(m) and thus the right-hand side
of the above becomesog(m) + 1)/VT.

(32)



If using the update given in Eq. (7), the resulted algorithisimilar to the algorithm described in [5].

Our regret bound however is slightly better. When definfiig) = 3 (||w||3 — 1/m) the resulting
algorithm is similar to an algorithm defined by [15]. Howeuie regret bound of this algorithm is

significantly worse than the bound in Eq. (32).



