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ABSTRACT
Partitionsof sequentialdataexist eitherperseor asa resultof se-
quencesegmentationalgorithms.It is oftenthecasethat thesame
timeline is partitionedin many differentways. For example,dif-
ferentsegmentationalgorithmsproducedifferentpartitionsof the
sameunderlyingdatapoints. In suchcases,we are interestedin
producingan aggregatepartition, i.e., a segmentationthat agrees
asmuchaspossiblewith the input segmentations.Eachpartition
is de�ned asa setof continuousnon-overlappingsegmentsof the
timeline. We show that this problemcan be solved optimally in
polynomial time using dynamicprogramming. We also propose
fastergreedyheuristicsthatwork well in practice.We experiment
with our algorithmsandwe demonstratetheir utility in clustering
the behavior of mobile-phoneusersandcombiningthe resultsof
differentsegmentationalgorithmsongenomicsequences.

Categoriesand SubjectDescriptors: F.2.2[ANALYSIS OF AL-
GORITHMS AND PROBLEM COMPLEXITY] : Nonnumeri-
calAlgorithmsandProblems;G.3[PROBABILITY AND STATIS-
TICS] : Timeseriesanalysis; H.2.8[DATABASEMAN AGEMENT] :
DatabaseApplications—Data mining

GeneralTerms: Algorithms,Experimentation,Theory

1. INTRODUCTION
Analyzingsequentialdatahasreceivedconsiderableattentionin

the datamining community. To thataim many algorithmsfor ex-
tractingdifferentkindsof usefulinformationandrepresentationof
sequentialdatahave beenproposed.For example,in time-series
mining andanalysis,a majortrendis towardstheinventionof seg-
mentationalgorithms. Theseare algorithmsthat take as input a
sequenceof pointsin Rd , andgive asoutputa partitionof these-
quenceinto contiguousandnon-overlappingpiecesthatarecalled
segments. The ideais that the variationof the datapointswithin
eachsegmentis assmall aspossible,while at the sametime the
variationof thedataacrossdifferentsegmentsis aslargeaspossi-
ble. Thepointsin eachsegmentcanthenbeconciselysummarized,
producinga compactrepresentationof the original sequencethat
compressesthedataathand,andrevealstheirunderlyingstructure.
Theresultingrepresentationdependsobviouslyonthede�nition of
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Figure 1: Segmentationaggregation that takesinto considera-
tion only the segmentinformation.

themeasureof variation.Therearemany differentsuchmeasures,
resultingin differentvariantsof the basicsegmentationproblem.
Numeroussegmentationalgorithmshave appearedin theliterature
andthey have provedusefulin time-seriesmining [4, 16, 21, 34],
ubiquitouscomputing[19] andgenomicsequenceanalysis[14, 27,
32].

The multitude of segmentationalgorithmsand variation mea-
suresraisesnaturally the question,given a speci�c dataset,what
is the segmentationthat bestcapturesthe underlyingstructureof
thedata?We try to answerthis questionby adoptinga democratic
approachthatassumesthatall segmentationsfoundby differental-
gorithmsarecorrect,eachonein its own way. That is, eachoneof
themrevealsjust oneaspectof the underlyingtrue segmentation.
Therefore,we aggregatethe informationhiddenin the segmenta-
tionsby constructinga consensusoutputthat reconcilesoptimally
the differencesamongthe given inputs. We call the problemof
�nding sucha segmentation,the segmentationaggregation prob-
lem.

The key idea of this paperlies in proposinga different view
on sequencesegmentation.We segmenta sequencevia aggrega-
tion of alreadyexisting,but probablycontradictingsegmentations.
Therefore,the input to our problemis m differentsegmentations
S1 ; : : : ; Sm . Theobjective is to producea singlesegmentationŜ
that agreesasmuchaspossiblewith the given m segmentations.
We de�ne a disagreementbetweentwo segmentationsS andS0 as
a pair of points (x; y) suchthat S placesthem in the sameseg-
ment,while S0 placesthemin differentsegments,or vice versa.If
D A (S;S0) denotesthe total numberof disagreementsbetweenS
andS0, thenthesegmentationaggregationasksfor segmentationŜ
thatminimizes

P m
i =1 D A (Si ; Ŝ). Ourde�nitions generalizeto the

continuouscase,whereeachsegmentationis a partitionof a con-
tinuoustimeline into segments.The discretecasecanbe mapped
to thecontinuousby mappingpointsto elementaryintervalsof unit
length.



As aconcreteexample,considerasequenceof length6 andthree
segmentationsof this sequence:S1 , S2 andS3 asshown in Fig-
ure 1. Eachsegmentationis de�ned by a setof boundaries.For
example,segmentationS1 hasboundariesf 0; 2; 4; 6g. A pair of
boundariesi , andi + 1 de�nesasegmentthatcontainsall pointsin
(i; i + 1]. For segmentationS1 the�rst andsecondsegmentscon-
tain only a singlepoint (point 1 and2 respectively), the third seg-
mentcontainspoints3 and4, andthelastsegmentcontainspoints
5 and6. ThesegmentationŜ in thebottomis theoptimalaggregate
segmentationfor S1 , S2 andS3 . The total costof Ŝ is 3, sinceit
hasonedisagreementwith segmentationS1 andtwo disagreements
with segmentationS3 .

In this paper, we study the segmentationaggregation problem
both theoreticallyand experimentally. Our contributions can be
summarizedasfollows.

� We formally de�ne the segmentationaggregation problem.
Ourde�nitions aregeneralenoughto includethepartitionof
bothdiscreteandcontinuoustimelines.We considervarious
distancefunctions,andwestudytheir properties.

� We show that theproblemcanbe solved optimally in poly-
nomial time usinga dynamic-programmingalgorithm. We
prove that the complexity of the algorithm dependson the
numberof uniquesegmentationpointsusedby all segmenta-
tions,andnotonthenumberof inputpoints(thelengthof the
timeline). We alsoproposegreedyheuristicsthat although
notexact,they aresigni�cantly faster, allowing usto dealef-
�ciently with large datasets.Experimentalevidenceshows
thatthelossof accuracy dueto thoseheuristicsis negligible
in mostof thecases.

� We apply the segmentationaggregation framework to sev-
eral problemdomainsandwe demonstrateits practicalsig-
ni�cance. We experimentwith haplotypedatafor producing
a consensushaplotypeblock structure.We alsoexperiment
with realdataof mobilephoneusers,andwe usesegmenta-
tion aggregationfor clusteringandpro�ling theseusers.Fur-
thermore,wedemonstratethatsegmentationaggregationcan
beusedto alleviateerrorsin segmentationalgorithmsthatare
causeddueto errorsor missingvaluesin someof thedimen-
sionsof multidimensionaltime series.

In thenext sectionwe give somecandidateapplicationdomains
for segmentationaggregation. In Section3 we formally de�ne the
segmentationaggregationproblemandthe disagreementdistance
betweensegmentations,and in Section4 we describeexact and
heuristicalgorithmsfor solvingit. Section5 providesexperimental
evidenceof the framework's utility. In Section6 we give alterna-
tive formulationsof thesegmentationaggregationproblemandin
Section7 we discussthe relatedwork. We concludethe paperin
Section8.

2. APPLICATION DOMAINS
Segmentationaggregationcanprove useful in many scenarios.

We list someof thembelow.

Analysisof genomicsequences:A motivatingproblemof impor-
tantpracticalvalueis thehaplotypeblock structure problem. The
“block structure”discovery in haplotypesis consideredoneof the
mostimportantdiscoveriesfor the searchof structurein genomic
sequences[7]. To explainthisnotion,consideracollectionof DNA
sequencesovern markersitesfor apopulationof individuals.Con-
sideramarkersiteto bealocationontheDNA sequenceassociated
with somevalue. This valueis indicative of the geneticvariation

of individualsin this location.The“haplotypeblockstructure”hy-
pothesisstatesthat the sequenceof markerscanbe segmentedin
blocks,so that, in eachblock mostof the haplotypesof the pop-
ulation fall into a small numberof classes. The descriptionof
thesehaplotypescanbeusedfor furtherknowledgediscovery, e.g.,
for associatingspeci�c blockswith speci�c genetic-in�uenceddis-
eases[17].

Fromthecomputationalpoint of view, theproblemof discover-
ing haplotypeblocksin geneticsequencescanbeviewedasthatof
partitioninga multidimensionalsequenceinto segmentssuchthat
eachsegmentdemonstrateslow diversityalongthedifferentdimen-
sions.Differentsegmentationalgorithmshavebeenappliedto good
effect on this problem. However, thesealgorithmseitherassume
differentgenerativemodelsfor thehaplotypesor optimizedifferent
criteria. As a result,they outputblock structuresthatare,to some
extend(small or great)different. In this setting,thesegmentation
aggregationassumesthatall modelsandoptimizationcriteriacon-
tain useful informationaboutthe underlyinghaplotypestructure,
andaggregatestheir resultsto obtainasingleblockstructurethatis
hopefullya betterrepresentationof theunderlyingtruth.

Segmentationof multidimensional categorical data: The seg-
mentationaggregationframework givesa naturalway of segment-
ing multidimensionalcategorical data. Although the problemof
segmentingmultidimensionalnumericaldatais rathernatural,the
segmentationproblemof multidimensionalcategorical sequences
hasnot beenconsideredwidely, mainly becausesuchdataarenot
easyto handle.Consideran1-dimensionalsequenceof pointsthat
take nominal valuesfrom a �nite domain. In suchdata,we can
naturallyde�ne a segmentasconsecutive pointsthattake thesame
value.For example,thesequencea a a b b b c c, has3 segments(a
a a, b b b andc c). Whenthenumberof dimensionsin suchdata
increasesthecorrespondingsegmentationproblemsbecomesmore
complicated,andit is not straightforward how to segmentthe se-
quenceusingconventionalsegmentationalgorithms.Similar dif�-
cultiesin usingoff-the-shelfsegmentationalgorithmsappearwhen
themultidimensionaldataexhibit a mix of nominalandnumerical
dimensions.However, eachdimensionhasits own clearsegmental
structure.Weproposeto segmenteachdimensionindividually, and
aggregatetheresults.

Robust segmentationresults:Segmentationaggregationprovides
a concretemethodologyfor improving segmentationrobustnessby
combiningtheresultsof differentsegmentationalgorithms,which
mayusedifferentcriteriafor thesegmentation,or differentinitial-
izationsof the segmentationmethod. Note also that mostof the
segmentationalgorithmsaresensitive to erroneousor noisy data.
Suchdatathougharevery commonin practice.For example,sen-
sorsreportingmeasurementsover time may fail (e.g., run out of
battery),genomicdatamayhave missingvalues(e.g.,dueto insuf-
�cient wet-labexperiments).Traditionalsegmentationalgorithms
show little robustnessto suchscenarios.However, whentheir re-
sultsarecombined,via aggregation,theeffect of missingor faulty
datain the�nal segmentationis expectedto bealleviated.

Clustering segmentations:Segmentationaggregationgivesanat-
uralwayto clustersegmentations.In suchaclustering,eachcluster
is representedby theaggregatesegmentation,in thesameway that
themeanrepresentsasetof points.Thecostof theclusteringis the
sumof theaggregationcostswithin eachcluster. Commonlyused
algorithmssuchas k-meanscan be adaptedin this setting. Fur-
thermore,the disagreementsdistanceis a metric. Hence,we can
applyvariousdistance-baseddata-miningtechniquesto segmenta-
tions,andprovide approximationguaranteesfor many of them.



Summarization of eventsequences:An importantlineof research
hasfocusedon mining event sequences[1, 18, 22, 29]. An event
sequenceconsistsof a set of eventsof certaintype that occurat
certainpointson a given timeline. For example,considera user
accessinga databaseat time pointst1 ; t2 ; : : : ; tk within a day. Or
a mobile phoneusermakingphonecalls, or transferringbetween
differentcells. Having theactivity timesof thespeci�c userfor a
numberof differentdaysonecould raisethe question:How does
theuser's activity on an average day look like? Onecanconsider
the time pointsat which eventsoccurassegmentboundaries.In
thatway, forming thepro�le of theuser's daily activity is mapped
naturallyto a segmentationaggregationproblem.

Privacy-preserving segmentations:Considerthescenariowhere
therearemultiple parties,eachhaving a sequencede�ned over the
sametimeline. Thepartieswould like to �nd a joint segmentation
of the timeline, but they arenot willing to sharetheir sequences.
(Alternatively, eachparty might have a segmentationmethodthat
is too sensitive to be shared.)A privacy-preservingsegmentation
protocolfor sucha scenariois asfollows: eachparty computesa
segmentationof their sequencelocally andsendsthesegmentation
to onepartythataggregatesthelocal segmentations.

3. THE SEGMENTATION AGGREGATION
PROBLEM

3.1 Problem De�nition
Let T beatimelineof boundedlength.In orderto makeourde�-

nitionsasgeneralaspossible,weconsiderthecontinuouscase.We
will assumethatT is the realunit interval (0; 1]. For thepurpose
of expositionwe will sometimestalk aboutdiscretetimelines. A
discretetimelineT of sizeN canbethoughtof astheunit interval
discretizedinto N intervalsof equallength.

A segmentationP is a partition of T into continuousintervals
(segments). Formally, we de�ne P = f p0 ; p1 ; : : : ; p` g, where
pi 2 T are the breakpoints(or boundaries) of the segmentation
andit holdsthatpi < pi +1 for all i 's. We will alwaysassumethat
p0 = 0 andp` = 1. We de�ne the i -th segment�pi of P to bethe
interval �pi = (pi � 1 ; pi ]. The lengthof P , de�ned asjP j = `, is
thenumberof segmentsin P . Notethatthereis anoneto onemap-
ping betweenboundariesandsegments. We will often abusethe
notationandde�ne a segmentationasa setof segmentsinsteadof
a setof boundaries.In thesecaseswe will alwaysassumethat the
segmentsde�ne a partitionof thetimeline,andthusthey uniquely
de�ne asetof boundaries.

For a setof m segmentationsP1 ; : : : ; Pm we de�ne their union
segmentationtobethesegmentationwith boundariesU =

S m
i =1 Pi .

Let S bethespaceof all possiblesegmentations,andlet D beadis-
tance function between two segmentationsP and Q, with
D : S � S ! R. Assumethat function D captureshow differ-
entlytwo segmentationspartitiontimelineT . Givensuchadistance
function,we de�ne theSEGMENTATION AGGREGATION problem
asfollows:

PROBLEM 1 (SEGMENTATION AGGREGATION). Givena set
of m segmentationsP1 ; P2 ; :::; Pm of timelineT , and a distance
functionD betweenthem,�nd a segmentationŜ 2 S that min-
imizesthe sumof the distancesfrom all the input segmentations.
Thatis,

Ŝ = arg min
S 2S

mX

i =1

D (S; Pm ):

Wede�ne C(Ŝ) =
P m

i =1 D (S; Pm ) to bethecostof theaggregate
segmentation.

Note that Problem1 is de�ned independentlyof the distance
function D usedbetweensegmentations.We focusour attention
on the disagreementdistanceD A , which we formally describein
thenext subsection.Othernaturalalternativedistancefunctionsare
discussedin Section6. Theresultsweprove for D A hold for those
alternativesaswell.

3.2 The Disagreementdistance
In thissectionweformally de�ne thenotionof distancebetween

two segmentations.Our distancefunction is basedon similar dis-
tancefunctionsproposedfor clustering[15] andranking[8]. The
intuition for thedistancefunction is drawn from thediscretecase.
Given two discretetimeline segmentations,the disagreementdis-
tanceis thetotal numberof pairsof pointsthatareplacedinto the
samesegmentin onesegmentation,while placedin differentseg-
mentsin theother. We now generalizethede�nition to thecontin-
uouscase.

Let P = f p1 ; : : : ; p` p g andQ = f q1 ; : : : ; q̀ q g betwo segmen-
tations.Let U = P [ Q betheirunionsegmentationwith segments
f �u1 ; : : : ; �un g. Note that by de�nition of the union segmentation,
for every �ui thereexist segments�pk and �qt suchthat �ui � �pk and
�ui � �qt . We de�ne P( �ui ) = k andQ( �ui ) = t, to bethelabeling
of interval �ui with respectto segmentationsP andQ respectively.
Similar to the discretecase,we de�ne a disagreementwhentwo
segments�ui , and �uj receive the samelabel in onesegmentation,
but different in the other. The disagreementis weightedby the
productof thesegmentlengthsj �ui jj �uj j. Intuitively, thelengthcap-
turesthenumberof pointscontainedin theinterval, andtheproduct
thenumberof disagreementsbetweenthepoints. This notion can
be madeformal usingintegrals,but we omit the technicaldetails.
In thediscretecasepointscanbethoughtof asunit intervals.

Formally, the disagreementdistanceof P and Q on segments
�ui ; �uj 2 U is de�ned asfollows.

dP ;Q ( �ui ; �uj ) :=

8
><

>:

j �ui jj �uj j; if P ( �ui ) = P ( �uj ) andQ( �ui ) 6= Q( �uj )
or Q( �ui ) = Q( �uj ) andP( �ui ) 6= P( �uj )

0; otherwise:

Naturally, the overall disagreementdistancebetweentwo seg-
mentationsis de�ned asfollows.

D A (P; Q) =
X

( �u i ; �u j ) 2 U � U

dP ;Q ( �ui ; �uj )

It is rathereasyto prove thatthedistancefunctionD A is a met-
ric. This propertyis signi�cant for applicationssuchasclustering,
wheregood worst-caseapproximationboundscan be derived in
metricspaces.

3.3 Computing disagreementdistance
For two segmentationsP andQ with `p and`q numberof seg-

mentsrespectively, the distanceD A (P; Q) canbe computedtriv-
ially in time O

�
(`p + `q)2 �

. Next we show that this canbedone
evenfasterin timeO (`p + `q). Furthermore,ouranalysishelpsin
building intuition on the generalaggregationproblem. This intu-
ition will beusefulin thefollowing sections.

We�rst de�ne thenotionof potentialenergy.

DEFINITION 1. Let �v � T beaninterval in timelineT thathas
lengthj �vj. We de�ne thepotentialenergy of theinterval to be:

E ( �v) =
j �vj2

2
: (1)



Let P = f p0 ; : : : ; p` g be a segmentationwith segmentsf �p1 , : : :,
�p` g. We de�ne thepotentialenergy of P to be

E (P ) =
X

�p i 2 P

E ( �pi ) :

Thepotentialenergy computesthepotentialdisagreementsthat
theinterval �v cancreate.To betterunderstandtheintuition behind
it we resortagainto the discretecase.Let �v be an interval in the
discretetime line, andlet j �vj be thenumberof pointsin �v. There
are j �vj(j �vj � 1)=2 distinct pairs of points in �v, all of which can
potentiallycausedisagreementswith othersegmentations.

Eachof thediscretepointsin theinterval canbethoughtof asa
unit-lengthelementarysubinterval andtherearej �vj(j �vj � 1)=2 pairs
of thosein �v, all of whicharepotentialdisagreements.Considering
thecontinuouscaseis actuallyequivalentto focusingonverysmall
(insteadof unit length) subintervals. Let their length be " with
" << 1. In this casethepotentialdisagreementscausedby all the
" -lengthintervalsin �v are:

j �vj=" (j �vj=" � 1)
2

� " 2 =
j �vj2 � " j �vj

2
!

j �vj2

2

when" ! 0.1

Thepotentialenergy of asegmentationP is thesumof thepoten-
tial energiesof thesegmentsit contains.Intuitively, it capturesthe
numberof potentialdisagreementsdueto pointsplacedin thesame
segmentin P , while in differentsegmentsin othersegmentations.
Giventhisde�nition we canshow thefollowing basiclemma.

LEMMA 1. Let P andQ betwo segmentationsandU betheir
unionsegmentation.ThedistanceD A (P; Q) canbecomputedby
thefollowingclosedformula

D A (P; Q) = E (P ) � E (U) + E (Q) � E (U) (2)

= E (P ) + E (Q) � 2E (U):

PROOF. Forsimplicity of expositionwewill presenttheproofin
thediscretecaseandtalk in termsof points(ratherthanintervals),
thoughthe extensionto intervals is straightforward. Considerthe
two segmentationsP andQ anda pair of pointsx; y 2 T . For
somepoint x let P (x), andQ(x) betheindex of thesegmentthat
containsx in P andQ respectively. By de�nition, thepair (x; y)
introducesadisagreementif oneof thefollowing two casesis true:

Case1: P (x) = P(y) andQ(x) 6= Q(y),

Case2: Q(x) = Q(y) andP(x) 6= P(y).

In Equation2, we canseethatthetermE (P) givesall thepairsof
pointsthatarein thesamesegmentsin segmentationP . Similarly,
the term E (U) givesthe pairsof pointsthat arein the sameseg-
mentsin theunionsegmentationU. Theirdifferencegivesthenum-
berof pairsthatarein thesamesegmentin P but not in thesame
segmentin U. However, if for two pointsx; y it holdsthatP (x) =
P(y) andU(x) 6= U(y), thenit hasto bethatQ(x) 6= Q(y), since
U is theunionsegmentationof P andQ. Therefore,thepotential
differenceE (P ) � E (U) countsall thedisagreementsdueto Case
1. Similarly, the disagreementsdueto Case2 arecountedby the
termE (Q) � E (U). Therefore,Equation2 givesthetotal number
of disagreementsbetweensegmentationsP andQ.

Lemma1 allows us to computethedisagreementsbetweentwo
segmentationsP andQ of size`p and`q respectively in timeO(`p+
`q).
1We can obtain the sameresult by integration,however, we feel
thatthis helpsto betterunderstandtheintuition of thede�nition.

4. AGGREGATION ALGORITHMS
In this sectionwe give optimal andheuristicalgorithmsfor the

SEGMENTATION AGGREGATION problem.First,we show thatthe
optimal segmentationaggregation containsonly segmentbound-
ariesin the union segmentation. That is, no new boundariesare
introducedin theaggregatesegmentation.Basedon this observa-
tion wecanconstructadynamic-programmingalgorithm(DP) that
solvestheproblemexactlyevenin thecontinuoussetting.If n is the
size of the union segmentation,the dynamic-programmingalgo-
rithm runsin time O(n2m). Wealsoproposefastergreedyheuris-
tic algorithmsthatrun in time O (n(m + log n)) and,asshown in
theexperimentalsection,give high-qualityresultsin practice.

4.1 Candidatesegmentboundaries
LetU betheunionsegmentationof thesegmentationsS1 ; : : : ; Sm .

The following theoremestablishesthe fact that the boundariesof
the optimal aggregationarea subsetof the boundariesappearing
in U. The proof of the theoremappearsin the full versionof the
paper.

THEOREM 1. Let S1 ; S2 : : : Sm bethem input segmentations
to thesegmentationaggregationproblemfor theD A distance, and
let U betheir unionsegmentation.For theoptimalaggregateseg-
mentationŜ, it holdsthat Ŝ � U, that is, all thesegmentbound-
ariesin Ŝ belongin U.

Theconsequencesof the theoremaretwofold. For thediscrete
versionof theproblem,wheretheinput segmentationsarede�ned
overdiscretesequencesof N points,Theorem1 restrictsthesearch
spaceof output aggregations. That is, only 2n (insteadof 2N )
segmentationsarevalid candidateaggregations.Furthermore,this
pruningof the searchspaceallows us to mapthe continuousver-
sionof theproblemto adiscretecombinatorialsearchproblem,and
to applystandardalgorithmictechniquesfor solvingit.

4.2 The DP algorithm
Wenow formulatethedynamic-programmingalgorithmthatsolves

optimally thesegmentationaggregationproblem.We �rst needto
introducesomenotation. Let S1 ; : : : ; Sm be the input segmen-
tations, and let U = f u1 ; : : : ; un g be the union segmentation.
Considera candidateaggregate segmentationA � U, and let
C(A) denotethe costof A, that is, the sumof distancesof A to
all input segmentations. We write C(A) =

P
i Ci (A), where

Ci (A) = D A (A; Si ), the distancebetweenA andsegmentation
Si . Theoptimalaggregatesegmentationis thesegmentationŜ that
minimizesthecostC(Ŝ).

We alsode�ne a j -restrictedsegmentationA j to bea candidate
segmentationsuchthat the next-to-lastbreakpointis restrictedto
be the point uj 2 U. That is, the segmentationis of the form
A j = f a0 ; : : : ; a` � 1 ; a` g, wherea` � 1 = uj . SegmentationA j

containsuj , anddoesnot containany breakpointuk > uj , except
for thelastpoint of thesequence.To avoid confusion,we notethat
althougha j -restrictedsegmentationis restrictedto selectbound-
ariesfrom the�rst j boundariesof U, it doesnot necessarilyhave
length j + 1, but rather, any length ` � j + 1 is possible. We
useA j to denotethe setof all j -restrictedsegmentations,andŜj

to denotethe onewith the minimum cost. Note that for j = 0,
Ŝ0 = f u0 ; un g consistsof a singlesegment.Abusingslightly the
notation,for j = n, wherethenext-to-lastandthe lastsegmenta-
tion breakpointscoincideto beun , we have that Ŝn = Ŝ, that is,
theoptimalaggregatesegmentation.

Let A bea candidatesegmentation,andlet uk 2 U bea bound-
ary point suchthat uk =2 A. We de�ne the impact of uk to A



to be the change(increaseor decrease)in the cost that is caused
by addingbreakpointuk to the A, that is, I (A; uk ) = C(A [
f uk g) � C(A). We have that I (A; uk ) =

P
i I i (A; uk ), where

I i (A; uj ) = Ci (A [ f uk g) � Ci (A).
Wecannow prove thefollowing theorem.

THEOREM 2. The cost of the optimal solution for the SEG-
MENTATION AGGREGATION problem can be computedusing a
dynamic-programmingalgorithm (DP) with the following recur-
sion.

C(Ŝj ) = min
0� k <j

�
C(Ŝk ) + I (Ŝk ; uj )

�
(3)

PROOF. For theproof of correctnessit suf�ces to show thatthe
impactof addingbreakpointuj to ak-restrictedsegmentationis the
samefor all A k 2 A k . Recursion3 calculatestheminimum-cost
aggregationcorrectly, sincethetwo termsappearingin thesumma-
tion areindependent.

Formally, for somesequenceQ = f q0 ; : : : ; q̀ g, andsomebound-
ary value b, let Pre(Q; b) = f qj 2 Q : qj < bg be the setof
breakpointsin Q thatprecedepoint b. Considera k-restrictedseg-
mentationA k 2 A k with boundariesf a0 ; : : : ; a` � 1 ; a` g � U.
We will prove that the impactI (A k ; uj ) is independentof theset
Pre(A k ; uk ). Sincethe a` � 1 = uk for all segmentationsin A k ,
we have thatI (A k ; uj ) is invariantin A k .

For proving theaboveclaimit is enoughto show thatI i (A k ; uj )
is independentof Pre(A k ; uk ) for every input segmentationSi .
Let Uk

i be the union of segmentationSi with the segmentation
A k . UsingLemma1 we have thatCi (A k ) = E (A k ) + E (Si ) �
2E (Uk

i ). Therefore,weneedto show thatthechangein thepoten-
tial of A k , Si andUk

i is independentof Pre(A k ; uk ).
Adding boundarypoint uj to A k hasobviously no effect on the

potentialof Si . In orderto studytheeffect on thepotentialof A k ,
andUk

i we considerthe generalquestionof how the potentialof
a segmentationchangeswhenaddinga new breakpoint.Let Q =
f q0 ; : : : ; q̀ g bea segmentation,andlet Q0 = Q [ f bg denotethe
sequenceQ after theadditionof breakpointb. Assumethatb falls
in segment �qt = (qt � 1 ; qt ]. The additionof b splits the interval
�qt into two segments �� 1 = (qt � 1 ; b] and �� 2 = (b;qt ] suchthat
j �qt j = j �� 1 j + j �� 2 j. We canthink of Q0 asbeingcreatedby adding
segments�� 1 , and �� 2 andremoving segment�qt . Sincethepotential
of a segmentationis the sumof the potentialsof its intervals, we
have that

E (Q0) � E (Q) = � E ( �qt ) + E ( �� 1) + E ( �� 2)

= �
j �qt j2

2
+

j �� 1 j2

2
+

j �� 2 j2

2
= �j �� 1 jj �� 2 j : (4)

Considernow thesegmentationA k . Adding uj to segmentation
A k splits the lastsegment�a` into two sub-segments.FromEqua-
tion 4 we know that the changein potentialof A k dependsonly
on the lengthsof thesesub-segments.Sincetheselengthsarede-
terminedsolelyby thepositionof theboundarya` � 1 , thepotential
changeis independentof Pre(A k ; uk ).

For segmentationUk
i , weneedto considertwo cases.If uj 2 Si ,

thentheadditionof uj to A k doesnotchangeUk
i , sincethebound-

ary point wasalreadyin the union. Therefore,thereis no change
in potential. If uj 62Si , then we needto add breakpointuj to
segmentationUk

i . Assumethat the breakpointuj falls in �ut =
(ut � 1 ; ut ]. Thechangein thepotentialof Uk dependsonly on the
lengthsof sub-intervals into which the segment �ut is split. How-
ever, sinceuj > uk , andsincewe know that uk 2 Uk

i , we have
thatut � 1 � uk . Therefore,thechangein potentialis independent
of Pre(Uk

i ; uk ), andhenceindependentof Pre(A k ; uk )

Computingtheimpactof every point canbedonein O(m) time
(constanttime is neededfor eachSi ) andthereforethe total com-
putationneededfor the evaluationof the dynamic-programming
recursionis O(n2m).

4.3 The GREEDY algorithm
Thedynamic-programmingalgorithmproducesanoptimalsolu-

tion with respectto thedisagreementsdistance,but it runsin time
quadraticin the sizen of the union segmentation.This makes it
impracticalfor largedatasets.We thereforeneedto considerfaster
heuristics.

In this sectionwe describea greedybottom-up(GREEDYBU)
approachto segmentationaggregation. (The ideain the top-down
greedyalgorithmGREEDYTD is similarbut thedescriptionis omit-
teddueto lack of space.)Thealgorithmstartswith theunionseg-
mentationU. Let A 1 = U denotethis initial aggregatesegmenta-
tion. At the t-th stepof the algorithmwe identify theboundaryb
in A t whoseremoval causesthemaximumdecreasein thecostof
thesegmentation.By removing bweobtainthenext aggregateseg-
mentationA t +1 . If no boundarythatcausescostreductionexists,
thealgorithmstopsandit outputsthesegmentationA t .

At somestept of thealgorithm,let C(A t ) denotethecostof the
aggregatesegmentationA t constructedso far. As in Section4.2,
we have that C(A t ) =

P
i Ci (A t ). For eachboundarypoint

b 2 A t , we needto store the impact of removing b from A t ,
that is, thechangein C(A t ). This maybenegative, meaningthat
the cost decreases,or positive, meaningthat the cost increases.
We denotethis impactby I (b) andasbefore,it canbe written as
I (b) =

P
i I i (b).

We will now show how to computeandmaintainthe impactin
an ef�cient manner. We will show thatat any stepthe impactfor
a boundarypoint b canbe computedby looking only at local in-
formation: the segmentsadjacentto b. Furthermore,the removal
of b affectsthe impactonly of theadjacentboundariesin A t , thus
updatesarealsofast.

For thecomputationof I (b) wemakeuseof Lemma1. Let A t be
theaggregatesegmentationatstept, andlet Si denoteoneof thein-
putsegmentations.Also, let Ui denotetheunionsegmentsbetween
A t andSi . We have that Ci (A t ) = E (Si ) + E (A t ) � 2E (Ui ).
Similar to Section4.2, we can computethe impact of removing
boundaryb by computingthe changein potential. The potential
of Si remainsobviously unaffected.We only needto considerthe
effect of bon thepotentialsE (A t ) andE (Ui ).

Assumethatb = aj is the j -th boundarypoint of A t . Remov-
ing aj causessegments�aj and�aj +1 to bemerged,creatinga new
segmentof sizej�aj j + j�aj +1 j andremoving two segmentsof size
j�aj j and j�aj +1 j. Therefore,the potentialenergy of the resulting
segmentationA t +1 is

E (A t +1 ) = E (A t ) +
(j�aj j + j�aj +1 j)2

2
�

j�aj j2

2
�

j�aj +1 j2

2
= E (A t ) + j�aj jj �aj +1 j

Theboundaryb that is removed from A t is alsoa boundarypoint
of Ui . If b 2 Si , then the boundaryremainsin Ui even after it
is removed from A t ; thus, the potentialenergy E (Ui ) doesnot
change.Therefore,theimpactis I i (b) = j�aj jj �aj +1 j

Considernow thecasethatb 62Si . Assumethatb = uk is the
k-th boundaryof U. Therefore,it separatesthe segments�uk and
�uk +1 . The potentialenergy of Ui increasesby j �uk jj �uk +1 j. Thus
theimpactof b is I i (b) = j�aj jj �aj +1 j � 2j �uk jj �uk +1 j.

Therefore,thecomputationof I i (b) canbedonein constanttime
with theappropriatedatastructurefor obtainingthe lengthsof the
segmentsadjacentto b. Goingthroughall input segmentationswe



cancomputeI (b) in time O(m).
Computingtheimpactof all boundarypointstakestimeO(nm).

Updating the costsin a naive way would result in an algorithm
with costO(n2m). However, we do not needto updateall bound-
ary points. Sincethe impactof a boundarypoint dependsonly on
the adjacentsegments,only the impactvaluesof the neighboring
boundarypointsareaffected.If b = aj , weonly needto recompute
theimpactfor aj � 1 andaj +1 , whichcanbedonein time O(m).

Therefore,usingasimpleheapto storethebene�tsof thebreak-
points,we areableto computetheaggregatesegmentationin time
O(n(m + log n)) .

5. EXPERIMENTS
In thissectionweexperimentallyevaluateourmethodology. First,

on a setof generateddatawe show thatboth DP andGREEDY al-
gorithmsgive resultsof highquality. Next, weshow theusefulness
of our methodologyin differentdomains.

5.1 Comparing aggregationalgorithms
For this experimentwe generatesegmentationdatasetsas fol-

lows. First we createa randomsegmentationof a sequenceof
length1000 by picking a randomsetof boundarypoints. Then,
we usethis segmentationasa basisto createa datasetof 100 seg-
mentationsto beaggregated.Eachsegmentationis generatedfrom
the basisas follows: eachsegmentboundaryof the basisis kept
identical in the output segmentationwith probability (1 � p), or
it is alteredwith probability p. Therearetwo typesof changesa
boundaryis subjectto: deletionandtranslocation. In the caseof
translocation,the new locationof the boundaryis determinedby
thevariancelevel (v). For smallvaluesof v theboundaryis placed
closeto its old location,while for largevaluesit is placedfurther.

Figure 2 shows the ratio of the aggregation costsachieved by
GREEDYTD andGREEDYBU with respectto theoptimalDPalgo-
rithm. It is apparentthatin mostof thecasesthegreedyalternatives
give resultswith costvery close(almostidentical)to the optimal.
We mainly show the resultsfor p > 0:5, sincefor smallervalues
of p the ratio is always equalto 1. Figure3 shows the distance
(measuredusingD A ) betweenthe aggregationproducedby DP,
GREEDYTD andGREEDYBU andthebasissegmentationusedfor
generatingthedatasets.Theseresultsdemonstratethatnotonly the
quality of theaggregationfoundby thegreedyalgorithmsis close
to thatof theoptimal,but alsothatthestructure of thealgorithms'
outputsis very similar. All the resultsareaveragesover 10 inde-
pendentruns.

5.2 Experiments with haplotypedata
The basic intuition of the haplotype-blockproblemas well as

its signi�cance in biological sciencesandmedicinehave already
beendiscussedin Section2. Herewe show how thesegmentation-
aggregationmethodologycanbeappliedin this setting.Themain
problemwith thehaplotypeblock-structureproblemis thatalthough
numerousstudieshave con�rmed its existence,themethodologies
thathavebeenproposedfor �nding theblocksareinconclusivewith
respectto thenumberandtheexactpositionsof theirboundaries.

Themainline of work relatedto haplotype-blockdiscoverycon-
sistsof a seriesof segmentationalgorithms.Thesealgorithmsusu-
ally assumedifferent optimizationcriteria for block quality and
segmentthedataso thatblocksof goodquality areproduced.Al-
thoughonecanarguefor or againsteachoneof thoseoptimization
functions,weagainadopttheaggregationapproach.Thatis,weag-
gregatetheresultsof thedifferentalgorithmsusedfor discovering
haplotypeblocksby doingsegmentationaggregation.

For theexperimentswe usethepublisheddatasetof [7] andwe
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Figure4: Block structur eof realhaplotypedata

aggregatethesegmentationsproducedby thefollowing � ve differ-
entmethods:

1. Daly et al.: This is theoriginal algorithmfor �nding blocks
usedin [7].

2. htSNP: This is a dynamic-programmingalgorithmproposed
in [35]. Theobjective functionusesthehtSNPcriterionpro-
posedin [30].

3. DB: Thisisagainadynamic-programmingalgorithm,though
for a differentoptimizationcriterion. Thealgorithmis pro-
posedin [35], while theoptimizationmeasureis thehaplotype-
diversity proposedby [20].

4. MDB: ThisisaMinimumDescriptionLength(MDL) method
proposedin [3].

5. MDyn: ThisisanotherMDL-basedmethodproposedby [23].

Figure 4 shows the block boundariesfound by eachone of the
methods.Thesolid line shows theblock boundariesfoundby do-
ing segmentationaggregationon theresultsof theaforementioned
� ve methods.Theaggregatesegmentationhas11 segmentbound-
aries,while the input segmentationshave 12; 11; 6; 12 and7 seg-
mentboundariesrespectively, with 29 of thembeingunique.Note
thatin theresultof theaggregation,block boundariesthatarevery
closeto eachother in somesegmentationmethods(for example
htSNP)disappearandin mostcasesthey arereplacedby a single
boundary. Additionally, thealgorithmdoesnot always�nd bound-
ariesthat are in the majority of the input segmentations.For ex-
ample,theeighthboundaryof theaggregationappearsin only two
inputsegmentations,namelytheresultsof Daly et al. andhtSNP.

5.3 Robustnessexperiments
In thisexperimentwedemonstratetheusefulnessof thesegmen-

tationaggregationin producingrobustsegmentationresults,insen-
sitiveto theexistenceof outliersin thedata.Considerthefollowing
scenario,wheremultiple sensorsaresendingtheir measurements
to a centralserver. It canbethecasethatsomeof thesensorsmay
fail at certainpoints in time. For example,they may run out of
batteryor reporterroneousvaluesdueto communicationdelaysin
thenetwork. Suchascenariocausesoutliers(missingor erroneous
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Figure2: Performanceratio of greedyalgorithms with respectto the optimal DP result.
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Figure3: Disagreementsof the aggregatesegmentationwith the ground truth segmentation,usedfor generatingthe data.
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Figure 5: Disagreementsof Sagg and Sblind with the true under-
lying segmentationSbasis.
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Figure6: Anecdoteillustrati veof the insensitivity of the aggre-
gation to the existenceof outliers in the data.

data)to appear. Theclassicalsegmentationalgorithmsaresensitive
to suchvaluesandusuallyproduce“unintuitive” results.We here
show that the segmentationaggregation is insensitive to the exis-
tenceof missingor erroneousdatavia the following experiment.
First, we generatea multidimensionalsequenceof real numbers
that hasan a-priori known segmentalstructure. We �x the num-
ber of segmentsappearingin the datato be k = 10, andall the
dimensionshave the samesegmentboundaries.All the points in
a segmentarenormallydistributedaroundsomerandomlypicked
mean� 2 [9; 11]. Onecanconsidereachdimensionto correspond
to datacomingfrom a differentsensor. We reporttheresultsfrom
a datasetthathas1000datapoints,and10 dimensions.

Standardsegmentationmethodssegmentall dimensionstogether.
We do thesameusingthevarianceof thesegmentsto measurethe
quality of the segmentation. We segmentall the dimensionsto-
getherusingthestandardoptimaldynamic-programmingalgorithm
for sequencesegmentation[4]. We denoteby Sbasis thesegmenta-
tion of thisdataobtainedby thisdynamic-programmingalgorithm.

Then,we simulatetheerroneousdataasfollows: �rst we pick a
speci�c subsetof dimensionson which we inserterroneousblocks
of data. The cardinalityof the subsetvariesfrom 1 to 10 (all di-
mensions).An erroneousblock is a setof consecutive outlier val-
ues.Outlier valuesarerepresentedby 0s in this example.We use
smallblocksof lengthat most4 andwe insert1 � 10 suchblocks.
This meansthat in theworst casewe have at most4% faulty data
points.

We segmentthis noisy datasetusingthe standardsegmentation
algorithm describedabove that blindly segmentsall dimensions
together. We denoteby Sblind the segmentationproducedby the
dynamic-programmingsegmentationalgorithmonthismodi�ed dataset.
We alsoexperimentwith the aggregationapproach.We segment
eachdimensionseparatelyin k = 10 segmentsandthenwe aggre-
gatetheresults.Wedenoteby Sagg theresultingaggregatesegmen-
tation.

Figure5 reportsthedisagreementsD A (Sagg, Sbasis) andD A (Sblind,
Sbasis) obtainedwhenwe �x the numberof erroneousblocks in-
sertedin eachdimensionandvary the numberof dimensionsthat



20 40 60 80 100 120 140 160 180

Clustering

19 20 21 22 23 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

profile

19 20 21 22 23 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

profile

19 20 21 22 23 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

profile

Figure 7: Clustering of a single user's loggeddays into thr ee
clustersand the cluster representatives.

arefaulty, andvice versa.That is, we try to comparethe number
of disagreementsbetweenthesegmentationsproducedby aggrega-
tion andby blindly segmentingall thedimensionstogether, to the
segmentationthatwould have beenobtainedif theerroneousdata
were ignored. Our claim is that a “correct” segmentationshould
beascloseaspossibleto Sbasis. Figure5 indeeddemonstratesthat
the aggregation result is muchcloserto the underlyingtrue seg-
mentation,andthusthe aggregationalgorithmis lesssensitive to
theexistenceof outliers. Figure6 furtherveri�es this intuition by
visualizingthesegmentationsSbasis, Sagg andSblind for thecaseof 5
erroneousdimensionscontaining5 blocksof consecutive outliers.

5.4 Experiments with reality­mining data
The reality-mining dataset2 containsusageinformation of 97

mobilephoneusers[9]. A largepercentageof theseusersareeither
students(mastersstudents,freshmen,graduatestudents)or faculty
(professors,staff) of theMIT MediaLaboratory, while therestare
incomingstudentsat theMIT Sloanbusinessschool,locatedadja-
centto thelaboratory. Thecollectedinformationincludescall logs,
Bluetoothdevicesin proximity, cell tower IDs, applicationusage,
andphonestatus(suchascharging andidle) etc. The dataspans
a period from September2004 to May 2005. We mainly focus
our analysison the datarelatedto the callspanof eachuser. The
callspandatahasinformationrelatedto theactualtimeseachuser
placesa phonecall.

From this datawe producesegmentationsas follows: for each
user, andeachday during which he hasbeenlogged,we take the
startingtimesreportedin thecallspanandweconsiderthemasseg-
mentboundariesonthetimelineof theday. Forexample,auserthat
is loggedfor 30 days,produces30 differentsegmentations,onefor
eachday.

5.4.1 Identifyingsingleuser'spatterns
In our�rst experiment,weclusterthedaysof asingleuser. Since

eachdayis representedasa segmentationof the24-hour timeline,
clusteringthedayscorrespondsto clusteringthesesegmentations.
We usedistanceD A for comparingthe different days. The def-
inition of segmentationaggregationallows naturallyto de�ne the
“mean” of a segmentationclusterto betheaggregationof theseg-
mentationsthat aregroupedtogetherin the cluster. We canthen

2The interested reader can �nd the datasetsat http://
reality.media.mit.edu/
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Figure 8: The clustering structur e of the reality-mining user
data

readilyapply theclassicalk-meansalgorithmto thespaceof seg-
mentations.

Figure7 shows theclusteringof thedaysof a singleuser(who
is classi�edasaprofessorin thedataset)over a periodof 213days
startingfrom September2004 to May 5th 2005 (not all daysare
recorded). The plot on the top shows the clusteringof the days.
The daysarearrangedsequentiallyandthe differentcolorscorre-
spondto differentclusters.It is apparentthatat thebeginningof the
recordedperiodthepatternsof theuserarequitedifferentfrom the
patternsobservedat laterpointsin thestudy. More speci�cally, all
theinitial daysform asingleratherhomogeneouscluster. From[9]
we take theinformationthatduringthisperiodtheMediaLabsub-
jectshadbeenworking towardstheannualvisit of thelaboratory's
sponsors.It hadbeenpreviouslyobservedthatthishadaffectedthe
subjects'schedules.It is possiblethat our methodologycaptures
this pattern.Therestof Figure7 shows therepresentativesof each
cluster. We observe thattherepresentativesareratherdistinctcon-
sistingof pro�les wheretheusersusetheirphoneeitherin morning
hours,or in eveninghours,or both.

5.4.2 Findinggroupsof similar users
In the secondexperimentwe try to build clustersof usersthat

show similar patternsin their activities. For this,we build thepro-
�le of eachuser, by aggregatingall the dayshe hasbeenlogged
for. Next, weclustertheuserpro�les, usingthek-meansalgorithm
for segmentations,asdiscussedin thepreviousparagraph.Figure8
givesvisualevidenceof theexistenceof someclustersof usersin
the dataset. The plot shows the distancesbetweenuserpro�les,
in termsof disagreementdistance.The rows andthe columnsof
the distancematrix have beenrearrangedso that usersclustered
togetherareput in consecutive rows(columns).Thedarker thecol-
oring of a cell at position(i; j ) themoresimilar usersi andj are.
Therearesomeevidentclustersin thedataset,like for examplethe
one consistingof usersat positions1 � 10, 33 � 38, 39 � 54,
55� 68 and69� 77. Notethattheclustercontainingusers55� 68
is characterizednotonly by strongsimilarity betweenits members,
but additionallya strongdissimilarityto almostevery otheruserin
thedataset.

From thesegroups,the third one,consistingof rows 39 � 54,
seemsto bevery coherent.We furtherlookedat thepeopleconsti-
tutingthisgroupandfoundout thatmostof themarerelated(being
probablystudents)to theSloanbusinessschool.Morespeci�cally,
theacademic/professionalpositionsof thepeoplein thecluster, as



reportedin thedataset,areasfollows.

sloan, mlUrop, sloan, sloan, sloan, sloan,
1styeargrad, sloan, 1styeargrad, mlgrad,
sloan, sloan, sloan, staff, sloan, sloan

Similarly, the relatively large andhomogeneousgroupformedby
lines1 � 10 consistsmostlyfrom staff andprofessors.

Theclusterof users55 � 68, althoughquitehomogeneousand
distinct from therestof thedataset,it containsa ratherdiverseset
of people,at leastwith respectto their positions. However there
maybeanotherlink thatmakestheir phone-usagepatternssimilar,
andseparatesthemfrom therestof theusers.

6. ALTERNATIVE DISTANCE FUNCTIONS
In this sectionwe discussalternative formulationsof the SEG-

MENTATION AGGREGATION problem. Thedifferencesaredueto
the alternative distancefunctionsthat canbe usedfor comparing
segmentations.

6.1 Entropy Distance
Theentropy distancebetweentwo segmentationsquanti�es the

informationonesegmentationrevealsaboutthe other. In general,
theentropy distancebetweentwo randomvariablesX andY that
take valuesin domainsX andY respectively is de�ned as

D H (X ; Y ) = H (X j Y ) + H (Y j X );

whereH (� j �) is theconditionalentropy functionand

H (X j Y ) = �
X

x 2X

X

y 2Y

Pr [x; y] log Pr [x j y]: (5)

For segmentationsthis can be applied as follows. Let Q =
f q0 ; : : : ; q̀ q g be a segmentationthat partionsthe unit real inter-
val. Let i be the label of the interval �qi = (qi � 1 ; qi ] Abusingthe
notation,we de�ne a randomvariableQ : (0; 1] ! f 1; : : : ; `qg,
whereQ(x) = i for x 2 �qi . Assumingthatx is drawn uniformly
at random,we have that P r [Q(x) = i ] = j �qi j. In plain terms,
eachsegmentis chosenwith probabilityproportionalto its length.
Giventwo segmentationsQ andP we de�ne thejoint distribution
of therandomvariablesQ andP asP [i; j ] = j �qi \ �pj j, thatis, the
probabilitythata randomlychosenpoint falls in theintersectionof
the segments�qi and �pj . We cannow de�ne the entropy distance
D H (P; Q) betweensegmentations,usingEquation5.

The entropy distanceis alsoa metric. Computingthe entropy
distancebetweentwo segmentationscan be donein linear time.
The main idea of this linear-time algorithm is a decomposition
of D H (P; Q) similar to the decompositionof D A (P; Q) showed
in Lemma1 (Equation2), using the conceptof potentialenergy.
For theentropy distancethepotentialenergy of segmentationP is
E (P ) = � H (P ).

Furthermore,solvingtheSEGMENTATION AGGREGATION prob-
lem(Problem1) for D H canalsobedoneoptimallyusingadynamic-
programmingalgorithm. This algorithmis a variationof the DP
algorithmdiscussedin Section4. The recursionof the algorithm
is againbasedon thefact thataddinga new breakpointhasonly a
local effect on thecostof thesegmentation.Thedetailsof theal-
gorithmsfor theentropy distanceareomitteddueto lackof space.

6.2 Boundary Mover's Distance
TheBoundaryMover's Distance(D B )3 comparestwo segmen-

tationsP andQ consideringonly thedistancesbetweentheirbound-
ary points. Let theboundarypointsof P andQ be f p0 ; : : : ; p` p g
3Thenameis inspiredby theEarthMover's Distance[31].

andf q0 ; : : : ; q̀ q g. We de�ne theBoundaryMover's distanceof P
with respectto Q to be

D B (P j Q) =
X

p i 2 P

min
qj 2 Q

jpi � qj jr :

Two naturalchoicesfor r is r = 1 andr = 2. For r = 1 theBound-
ary Mover's distanceemploys theManhattandistancebetweenthe
segmentboundaries,while for r = 2 it usesthe sum-of-squares
distance.

TheSEGMENTATION AGGREGATION problemfor distanceD B

with m inputsegmentationsS1 ; : : : ; Sm asksfor anaggregateseg-
mentationŜ of at mostt boundariessuchthat:

Ŝ = arg min
S 2S

D B (Si j S):

Notethatin thisalternativede�nition of thesegmentationaggre-
gationproblemwe have to restrict the numberof boundariesthat
canappearin theaggregation. Otherwise,theoptimal Ŝ will con-
tain theunionof boundariesthatappearin P andQ – sucha seg-
mentationwill have total costequalto 0. Onecaneasilyseethat
this alternative de�nition of thesegmentationaggregationproblem
canalsobesolvedoptimally in polynomialtime. Morespeci�cally,
theproblemof �nding thebestaggregationwith at mostt segment
boundariesis equivalentto one-dimensionalclusteringthatcanbe
solved using dynamicprogramming. For the mapping,consider
the boundariesof the input segmentationsto be the points to be
clustered,andthe boundariesof the aggregationto be the cluster
representatives. We notethat for thecaser = 1 theboundariesof
theaggregatesegmentationareagainasubsetof theunionsegmen-
tation.

7. RELATED WORK
Relatedworkonsegmentationalgorithmsandtheirpracticalutil-

ity hasalreadybeendiscussedin Section1. Thoughthesealgo-
rithmsarerelatedto ourwork, ourgoalhereis not just to proposea
new segmentationalgorithmbut to aggregatetheresultsof existing
algorithms.

Thereexists a considerableamountof work for building indi-
vidual, systemor network temporalpro�les that can be usedin
anomalyormisusedetection,predictionof mobile-phoneusersetc.,
as for examplein [11, 26, 24, 28]. Thesemethodsapproachthe
problemfrom a differentview point andsegmentationsarenot a
centralconceptin this approach.Thoughwe explore the applica-
bility of segmentationaggregation in clusteringusersand build-
ing user pro�les, performingexhaustive experimentson pro�le-
building is beyond the scopeof this paper. Exploring the rela-
tionshipof our methodto otherpro�ling methodsis aninteresting
questionfor futurework.

Most relatedto our work are other aggregation problemsthat
have beenextensively studied. The notion of aggregationhasre-
cently emergedin several data-miningtasks. The problemof ag-
gregatingclusteringshasbeenstudiedunderthenamesof cluster-
ing aggregation[15], consensusclustering[2, 25] andclusteren-
sembles[12, 33]. Rankingaggregationhasbeenstudiedfrom the
viewpointsof algorithmics[2], Websearch[8], databases[10], and
machinelearning[13]. A third importantgroupof aggregatingdata
mining resultsis formedby voting classi�erssuchasbagging[5]
andboosting[6].

Our work is similar in spirit, sincewe arealsotrying to aggre-
gateresultsof existingdata-miningalgorithms.However, although
the segmentationproblemhasreceived considerableattentionby
thedata-miningcommunity, to thebestof our knowledge,theseg-
mentationaggregationproblemhasnotbeenpreviously studied.



8. CONCLUDING REMARKS
We have presenteda novel approachto sequencesegmentation,

thatis basedontheideaof aggregatingexistingsegmentations.The
utility of segmentationaggregationhasbeenextensively discussed
via a set of useful potentialapplications. We have formally de-
�ned the segmentationaggregationproblemandshowed someof
its interestingproperties.From the algorithmicpoint of view, we
showedthatwecansolve it optimally in polynomialtimeusingdy-
namicprogramming.Furthermore,we designedandexperimented
with greedyalgorithmsfor theproblem,which althoughnot opti-
mal, in practicethey areboth fastandgive resultsof high quality
(almostasgoodastheoptimal).Thepracticalutility of theproblem
andtheproposedalgorithmshasbeenillustratedvia abroadexper-
imentalevaluationthat includesapplicationsof the framework on
genomicsequencesandusers'mobile-phonedata.Weadditionally
demonstratedthat segmentationaggregation is a noiseanderror-
insensitive segmentationmethodthatcanbeusedto provide trust-
worthy segmentationresults.
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