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Abstract

Kernel functions on graphs have been defined over recent years. In
earlier work, we have employed random walk graph kernels for predicting
protein function from graph representations that integrate both protein
sequence and structure. While yielding good protein function prediction
results, random walk graph kernels suffer from a high computational com-
plexity of O(n6) where n is the number of nodes in the input graphs. In
this paper, we present an approach for speeding up graph kernels. It is
based on the observation that random walks on a graph can be regarded
as a dynamical system and makes use of conjugate gradient.

1 Introduction

Random walk kernels are based on the idea to count the number of matching
walks in two input graphs. Gértner et al. [4] define an elegant approach to
determine all pairs of matching walks in two input graphs G; = (V4, A1) and
Gq = (Va, As) via a direct product graph Gy:
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kx(G1,Ga) = > D MAL L,

i,j=1 k=0
where Ay is the adjacency matrix of Gy = (Vi, Ax), defined via

Vi« (G1 X GQ) = {(”Ul,wl) eV xVy:
label(vy) = label(wy)}

AX(G1 X GQ) = {((vl,wl), (1)27’(1)2)) S V2(G1 X Gg) :
(’Ul,’Ug) cA; N (wl,wg) €Ay
A(label(vy, va) = label(wy,ws))},

and A\, must be chosen appropriately for ky to converge. If we define A as \*
for all k € {1,...,00}, we obtain a geometric series converging for A < % where
a > min{ maximal in-degree of G, maximal out-degree of G }:
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where e denotes the vector of all ones, and 1 denotes the identity matrix. A
direct computation of the matrix inversion is prohibitively expensive. If we
assume that the number of vertices in G; and (G5 is n, then construction of the
product adjacency matrix A, requires O(n?) time. Recall that the inversion of
a matrix is cubic in its dimensions. Hence, inversion of (1 —AA.)~! requires
O(n®) time. The purpose of this short note is to show how Conjugate Gradient,
and Sylvester equation based methods can be used to considerably speed up
computation of these graph kernels.

2 Protein Graph Kernels

Using Gértner’s approach and ideas in [5], this kernel is redefined in [2] to
measure partial similarities between walks that are not completely identically
labeled. Node and edge labels along the walks are compared via kernel functions.

This kernel is then applied to the task of protein function prediction [2]. Pro-
teins are classified into functional classes, first into enzymes and non-enzymes,
second -if they are enzymes - into one of the 6 EC top level classes. For this
purpose, proteins are modeled as graphs, in which nodes represent secondary
structure elements and edges represent neighborship within the 3D structure or
along the amino acid chain. Comparing these graphs via the modified random
walk kernel and classifying them via Support Vector Machines leads to function
prediction accuracies that compare favorably with state-of-the-art approaches.

As noted before, computation of the random walk kernel is costly. In [2],
problems with up to 1200 protein graphs are considered, yet scaling up these to
large datasets of tens of thousands of proteins poses a practical problem when
dealing with a runtime in O(n®).

Furthermore, inverting a large product graph adjacency matrix often leads
to memory problems; as a consequence, experiments using random walk graph
kernels only consider walks up to a fixed length only. Therefore, we need to
look for efficient methods to compute these graph kernels. We describe such an
approach in the next section.

3 Efficient Computation of Graph Kernels

We begin by introducing some notation. Given a matrix A € R™™ we use A.;

to denote the i-th column of A, A;. to denote the i-th row and A; ; to denote
the (i, j)-th element of A. The linear operator vec : R"*™ — R™™ flattens the
matrix [1]. In other words,

A:,l
A:,Z

vec(A) =
Aim

while the vec™! operator reconstructs the matrix from a flattened matrix.



Given two matrices A € R™™ and B € R™* the Kronecker product A®B €
R™X™F is defined as [1]

Al,lB ALQB Al,nB
AOB:=| L
A,1B A,2B ... A, B

Observe that the adjacency matrix of a product graph may be thought as

a tensor product of the adjacency matrix of the individual graphs. In other
words,

AX(GI X Gg) = A(G1) ® A(G2>

In more detail, the tensor product A(G1) ® A(G2) is the adjacency matrix of a
product graph in which each row (and each column) represents one pair of nodes
from G; and G3. Entries in this adjacency matrix are 1, if the corresponding
nodes are adjacent in both G; and Gs.

Now consider the following equation:

M =SMT +T, (2)

where S, T,U € R™*™ are given and we need for solve for M € R™*". Equations
of this form are known as Sylvester equations, and can be readily solved in O(n?)
time with freely available code [3].

We show how the problem of solving the Sylvester equation can be systemat-
ically converted into the problem of computing the graph kernel (1). We begin
by first rewriting the above equation as

vec(M) = vec(SMT) + vec(U). (3)
Now, using the well known identity (see proposition 7.1.9) [1]

vec(SMT) = (T" ® S)vec(M), (4)
we can rewrite (3) as

1-TT" ® 8)vec(M) = vec(U), (5)

where 1 denotes the identity matrix of appropriate dimensions. In order to
compute M we need to solve the n? x n? system

vec(M) = (1-T" ® 8)~ ! vec(U). (6)
Multiplying both sides of the above equation by vec(U) we obtain
vee(U) vec(M) = vec(U)(1—=T" ® )~ vec(U).

In order to recover (1) we only need to set U € R™ " to be the matrix of all
ones, T'= A(G1) and S = A(Gs2). In other words computing the graph kernels
is equivalent to solving the Sylvester equation. As pointed out above, solving
the Sylvester equations can be done in O(n?®) time and hence is significantly
faster than the O(n®) time required by the direct approach.



But, if S and T are sparse then (6) can be computed even more cheaply.
By exploiting sparsity, and using (4) we can compute (1 -TT ® S)vec X for
any matrix X rather cheaply. This naturally suggests two strategies: We can
iteratively solve for a fixed point of (6) as is done in [6]. But the main drawback
of this approach is that the fixed point iteration might take a long time to con-
verge. On the other hand, rank(7'T ® S) = rank(T) rank(S), and hence one can
employ a Conjugate Gradient (CG) solver which can exploit both the sparsity of
as well as the low rank of S and T and provide guaranteed convergence [7]. Let
{A\i} denote the eigenvalues of S and {p;} denote the eigenvalues of T. Then
the eigenvalues of S® T are given by {\;ut;} [1]. Therefore, if the eigenvalues of
S and T are bounded (as they are in the case of a graph) and rapidly decaying
then the eigenvalues of S ® T are bounded and rapidly decaying. In this case a
CG solver will be able to efficiently solve (6). It is worthwhile reiterating that
both the above approaches are useful only when S and T are sparse and have
low (effective) rank. For the general case, solving the Sylvester equation directly
is the recommended approach.

4 Outlook and Future Work

As more and more graph data become available in biology, e.g. molecular struc-
tures and protein interaction networks, graph classification will gain even more
importance over coming years. Within this process, faster graph kernels, sped
up by conjugate gradient, will further increase the attractivity of kernel meth-
ods in graph classification in bioinformatics. We are currently testing out the
ideas outlined in this paper to large scale datasets and hope to report results
very soon.
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