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Abstract. We present a general decomposition algorithm that is uni-
formly applicable to every (suitably normalized) instance of Convex
Quadratic Optimization and efficiently approaches the optimal solution.
The number of iterations required to be within ¢ of optimality grows
linearly with 1/e and quadratically with the number m of variables. The
working set selection can be performed in polynomial time. If we re-
strict our considerations to instances of Convex Quadratic Optimization
with at most ko equality constraints for some fixed constant ko plus some
so-called box-constraints (conditions that hold for most variants of SVM-
optimization), the working set is found in linear time. Our analysis builds
on a generalization of the concept of rate certifying pairs that was intro-
duced by Hush and Scovel. In order to extend their results to arbitrary
instances of Convex Quadratic Optimization, we introduce the general
notion of a rate certifying g-set. We improve on the results of Hush and
Scovel [8] in several ways. First our result holds for Convex Quadratic
Optimization whereas the results of Hush and Scovel are specialized to
SVM-optimization. Second, we achieve a higher rate of convergence even
for the special case of SVM-optimization (despite the generality of our
approach). Third, our analysis is technically simpler.

1 Introduction

Support vector machines (SVMs) introduced by Vapnik and co-workers [1,29]
are a promising technique for classification, function approximation, and other
key problems in statistical learning theory. In this paper, we consider the opti-
mization problems that are induced by SVMs, which are special cases of Convex
Quadratic Optimization.

The difficulty of solving problems of this kind is the density of the matrix that
represents the “quadratic part” of the cost function. Thus, a prohibitive amount
of memory is required to store the matrix and traditional optimization algorithms
(such as Newton, for example) cannot be directly applied. Several authors have
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proposed (different variants of) a decomposition method to overcome this diffi-
culty [25,9,26,27,21,22,3,11,16,4,23,12, 10,17, 18, 13,7, 14,8, 20, 19, 5]. Given
an instance of Convex Quadratic Optimization, this method keeps track of a
current feasible solution which is iteratively improved. In each iteration the vari-
able indices are split into a “working set” I C {1,...,m} and its complement
J ={1,...,m}\ I. Then, the simplified instance with the variables x;, i € I,
is solved, thereby leaving the values for the remaining variables x;, j € J, un-
changed. The success of the method depends in a quite sensitive manner on the
policy for the selection of the working set I (whose size is typically bounded
by a small constant). Ideally, the selection procedure should be computationally
efficient and, at the same time, effective in the sense that the resulting sequence
of feasible solutions converges (with high speed) to an optimal limit point.

Our results and their relation to previous work: Hush and Scovel considered a
special SVM-optimization problem that we denote as SVO in our paper. They
introduced the notion of an “a-rate certifying pair” and showed that every de-
composition algorithm for SVO that always inserts an a-rate certifying pair in
its current working set comes within ¢ of optimality after O(1/(ea?)) iterations.
Building on a result of Chang, Hsu, and Lin [3], they presented furthermore
an algorithm that constructs an 1/m?2-rate certifying pair in O(mlogm) steps.
Combining these results, we see that the decomposition algorithm of Hush and
Scovel for problem SVO is within e of optimality after O(m?/e) iterations.

In this paper we present an extension of (and an improvement on) this result.
We first define the general notion of an a-rate certifying g-set and show (with a
simplified analysis) that it basically fits the same purpose for Convex Quadratic
Optimization (denoted as CQO in our paper) as the a-rate certifying pair for
SVO, where the number of iterations needed to be within € of optimality is
proportional to ¢/(ea?). We present a general decomposition algorithm that is
uniformly applicable to every (suitably normalized) instance of CQO. Given an
instance with k equality constraints and m variables, it finds an 1/m-rate cer-
tifying (k + 1)-set in polynomial time.? Combining these results, we are within
e of optimality after O(km?/e) iterations of our decomposition algorithm. The
SVM-optimization problem SV O (considered by Hush and Scovel) has only one
equality constraint. Plugging in & = 1 in our general result, we arrive at an
upper bound on the number of iterations that improves on the bound obtained
by Hush and Scovel by factor m?. The analysis of Hush and Scovel in [8] builds
on an earlier analysis of conditional gradient algorithms by Dunn [6]. For this
part of the analysis, we will present simpler arguments.

There are some alternatives to the approach with rate certifying pairs. The
most prominent one is the selection of the maximally KKT-violating pairs as

! Time bound O(mlogm) can be improved to O(m) by using the method from [28].

2 Moreover, the algorithm can be implemented such as to find this set even in linear
time when we restrict its application to instances of CQO with at most ko equality
constraints for some fixed constant kq. If we restrict its application to SV O, we may
use the the highly efficient method from [28].



implemented for example in SVM!9"* [9] or LIBSVM [4]. A paper by Lin [15]
seems to imply the following quite strong result for SVO (although not stating
it explicitly): decomposition algorithms following the approach of maximally
KKT-violating pairs are within e of optimality after only O(log1/¢) iterations.?
However, the analysis is specialized to SVO. Furthermore it has to assume strict
convexity of the objective function and some non-degeneracy conditions. The
convergence rate is only given in terms of € whereas the dependence on problem
parameters (like, for example, m) is not clarified.

Another algorithm (related to but different from decomposition algorithms) is
SimpleSVM [30] which tries to iteratively include the support vectors in the
working set. Assuming strict convexity of the objective function, the authors
of [30] claim a linear convergence of the method (but do neither give a complete
proof nor exhibit the dependence on the various parameters explicitly). The
main difference between SimpleSVM and decomposition algorithms is the size
of the working set which can grow-up to the number of support vectors in the
former case and is kept constant in the latter. Note that the number of support
vectors is particularly large on noisy data.

There are many other papers about decomposition algorithms or related ap-
proaches that are noteworthy but cannot be mentioned properly in this abstract.
The reader interested in finding more pointers to the relevant literature is re-
ferred to the full paper.

2 Preliminaries

We are mainly concerned with the problem “Convex Quadratic Optimization
with box-constraints”. It is denoted simply as CQO in this paper and is formally
given as follows:

Definition 1 (CQO). An instance P of CQO is given by

1
min f(z) = §xTQx+wa st. Az =0l <z <r,

where

— Q € R™*™ 4s q symmetric positive semi-definite matrixz over the reals and
w € R™, i.e., f(x) is a convex quadratic cost function in m scalar variables,

— A € R*™™ and b € RF such that Az = b represents k linear equality con-
straints,

—I,r € R™ and l < x < r is the short-notation for the “boz-constraints”

Vi=1,....m:l; <z; <r; .

3 See [5] for a generalization of this result to similar but more general policies for
working set selection.



In this paper, we will sometimes express f(z') by means of the Taylor-
expansion around x:

Fla') = F@) + Vi@) @ 2)+ 5@~ ) Q! — ) |

where V f(z) = Qz + w. For d :== x — 2/, this can be rewritten as follows:

Fla) ~ fa') = Vi(x)Td~ 3d"Qd 1)

Note that d" Qd > 0 because Q is positive semi-definite.
In the sequel,

R(P)={z e R"| Az =b,l <w<r}

denotes the compact and convex set of feasible points for P. The well-known
first-order condition for convex function optimization® (valid for an arbitrary
convex cost function) states that x is an optimal feasible solution iff

Va' € R(P): Vf(z) (' —x)>0 .

We briefly note that any instance of the general convex quadratic optimiza-
tion problem with cost function f(x), linear equality constraints, linear inequal-
ity constraints (not necessarily in the form of box-constraints) and a compact
region of feasible points can be transformed into an equivalent instance of CQO
because we may convert the linear inequalities into linear equations by intro-
ducing non-negative slack variables. By the compactness of the region of feasible
points, we may also put a suitable upper bound on each slack variable such that
finally all linear inequalities take the form of box-constraints.

We now define a subproblem of CQO, denoted as SVO in this paper, that is
actually one of the most well studied SVM-optimization problems:

Definition 2 (SVO). An instance Py of SVO is given by

min f(z) st.y 2 =0, <z <7,
x

where f(x),l,r are understood as in Definition 1 and y € {—1,1}™ is a vector
whose components represent binary classification labels.

The main difference between SVO and the general problem CQO is that SVO
has only a single equality constraint. Furthermore, this equality constraint is of
a special form.

We are now prepared to introduce (informally) the notion of “decomposition
algorithms”. A decomposition algorithm for CQO with working sets of size at
most g (where we allow that ¢ depends on k) proceeds iteratively as follows:
given an instance P of CQO and a feasible solution z € R(P) (chosen arbitrarily
in the beginning), a so-called working set I C {1,...,m} of size at most ¢ is
selected. Then z is updated by the optimal solution for the simplified instance
with variables x;, i € I (leaving the values x; with j ¢ I unchanged). Decom-
position algorithms for SVO are defined analogously. The policy for working set
selection is a critical issue that we discuss in the next sections.

4 see for example [2].



Notational Conventions:

— The parameters m, k, f, A, y,b,l,r are consistently used in this paper as the
components of an instance of CQO or SVO. Similarly, parameter g (possibly
dependent on k) always represents the (maximal) size of the working set.

— Lpae and Syuq: are two more parameters that we associate with an instance
of CQO or SVO (where L,,,, depends also on q). Ly,q. denotes the largest
among the eigenvalues of all the principal (¢ x g)-submatrices of Q. Spaz
denotes the maximum side length of the box spanned by [ and r, i.e., Syae :=
maxi<i<m(ri — li)-

— For a decomposition algorithm A, we denote the current feasible solution
obtained after n iterations by z™ (such that z° is the feasible solution A
starts with). The optimal feasible solution is denoted by z*. Then

Ay = f(a") = f(z7) (2)

denotes the difference between the value of the current solution and the
optimal value.

3 Rate Certifying Sets and the Main Theorem

In section 3.1, we recall the concept of rate certifying pairs. In section 3.2, we
present the new notion of rate certifying sets and state our main result, whose
proof is given in sections 3.3 and 3.4.

3.1 Rate Certifying Pairs

We consider again the problem SVO from Definition 2 along with a problem
instance Py. Let © € R(Py) be a feasible solution and z* € R(Py) an optimal
feasible solution. In the sequel, we will often use the following first-order ap-
proximation of the maximal distance (with regard to the value of the objective
function) between a given point z and any other feasible solution z’:

o(x):= sup Vf(x) (z—2a') .
z’€R(Po)

As already noted by Hush and Scovel [8], the following holds:®

f@) = f(@*) < V@) (2 —2*) <o) . 3)

In other words, f(z) is always within o(x) of optimality. Note that o(z*) =
0 (which immediately follows from the first-order optimality condition). Thus,
o(x) > 0 if and only if  is suboptimal.

Since we are dealing with working sets whose size is bounded by a (small)
parameter ¢, it is natural to restrict the range of x’ to feasible solutions that

5 The first inequality follows from (1) and the positive semi-definiteness of Q; the
second-one is trivial.



differ from z in at most g coordinates. For ¢ = 2, this leads to the following
definition:

o(xliy,iz) := sup Vf(x)T(x —a') .
@' €R(Po):x=z; TOT izis,ia

The following notion is crucial: (i1,i2) is called an «a-rate certifying pair for x if

o(xliv,iz) = a(f(x) = f(z7)) .

Let a be a function in m with strictly positive values. An «-rate certifying
algorithm is a decomposition algorithm for SVO that, for every m and every
input instance Py with m variables, always includes an a(m)-rate certifying
pair in the current working set. As mentioned already in the introduction, the
main results in [8] are as follows:

Theorem 1 (Hush and Scovel [8]).

1. Let A be an a-rate certifying algorithm. Consider any instance Py of SVO
with, say, m variables. Let Ly,q, and Spax be the quantities associated with
Po.6 For sake of brevity, let a = a(m). Then, A is within ¢ of optimality
after

1+ 2max{1,252,,.} (max{l,oon/me}me B 1>

a Qe
1o} Lmax(l + Sma:zc)2 + AO(I + Smaac)2
a?e ae
iterations.
2. For function a given by a(m) = 1/m?, there exists an a-rate certifying

algorithm. It constructs a working set (given Py and a suboptimal feasible
solution z) in O(mlogm) steps (or in O(m) steps when the method from [28]
is applied). Furthermore, it is within € of optimality after

1o} (Lmaz(l + Smaz)2m4 + AO(l + Sma:r)QmQ)

9 9

iterations.

3.2 Rate Certifying Sets

The definition of o(z) is easily extended to any instance P of CQO:

o(z):= sup Vf(x) (z—2a) . (4)
+' €R(P)

Clearly, inequality (3) and the subsequent comments are still valid without any
change. However, since CQO deals with several equality constraints, one can in

5 See our notational conventions in section 2 for a definition (where ¢ = 2).



general not expect to find rate certifying pairs. Instead, the following general
definition for I C {1,...,m} will prove useful:

o(z|l) = sup Vi) (z—2') .
2’ €ER(P):x)=x; for ¢l

I is called an a-rate certifying q-set if |[I| < g and

o(z|l) = a(f(x) = f(«7)) - (5)

Let a be a function in m with strictly positive values and let g be a function in k
whose values are strictly positive integers. An (a, q)-rate certifying algorithm is a
decomposition algorithm for CQO that, for every m, k and any problem instance
P with m variables and k equality constraints, includes an a(m)-rate certifying
q(k)-set in the current working set.” With these notations, the following holds:

Theorem 2. 1. Let A be an («, q)-rate certifying algorithm. Consider an in-
stance P of CQO with, say, m variables and k equality constraints. For sake
of brevity, let « = a(m), ¢ = q(k), and let Loz, Smax be the quantities
associated with P and q. Then, A is within € of optimality after

[W} +max{o, [Zm <AE°>H (6)

iterations. Moreover, if qLmazS2a. < €, then max{0, [2In(Ag/c)/a]} ite-
rations (the second term in (6)) are enough.

2. For functions a, q given by a(m) = 1/m and q(k) = k + 1, there exists an
(e, q)-rate certifying algorithm A. It constructs a working set (given P and
a suboptimal feasible solution x) in polynomial time. Moreover, if we restrict
its application to instances of CQO with at most ko equality constraints for
some fized constant ko, there is a linear time bound for the construction of
the working set.®

3. The algorithm A from the preceding statement is within € of optimality after

2200 ] e e (2]

iterations. Moreover, if (k+1) LimazS2as < €/m, then max{0, [2mIn(Ay/c)]}
iterations are enough.

Clearly, the third statement in Theorem 2 follows directly from the first two
statements (which will be proven in subsections 3.3 and 3.4, respectively).

A few comments on Theorem 2 are in place here. One might be tempted to
think that an («, g)-rate certifying algorithm decreases (an upper bound on)

" Finding an initial feasible solution in the beginning is equivalent to solving a standard
LP. For an instance of an SVM-optimization problem an initial guess usually is the
zero vector.

8 If we restrict its application to instances of SVO, we may use the the highly efficient
method from [28].



the distance between the current feasible solution and the best feasible solution
(with regard to the objective value) roughly by factor 1 — « (for a := a(m)).
If such a “contraction” took place, we would be within € of optimality after
only O(log(1/e)/«) iterations. This is however spurious thinking because the
o-function is not concerned with this distance itself but rather with a first-order
approximation of it. We will see in the proof of Theorem 2 that a run of an
(ax, @)-rate certifying algorithm can be decomposed into two phases. As long as
the distance from the optimal value is large in comparison to (an upper bound
on) the second order terms (phase 1), a contraction by factor 1 — /2 takes
place. However when we come closer to the optimal value (phase 2), the effect of
the neglected second order terms becomes more significant and the convergence
slows down (at least within our perhaps somewhat pessimistic analysis). Phase 1
leads to the term max{0, [2In(A/e)/a]} in (6) whereas phase 2 leads to the
term [(2qLmar o)/ (0%)]:

3.3 Proof of the 1st Statement in Theorem 2

We will use the notation introduced in Theorem 2 and consider an arbitrary
iteration of the («, g)-rate certifying algorithm A when it is applied on input P.
To this end, let x denote a feasible but suboptimal solution, and let z* be the
optimal feasible solution. Let I be the subset of the working set that satisfies
|7| < g and (5). Let 2’ be a feasible solution that satisfies z; = «/ for every i ¢ T
and

o(a|l) = V() (z—a")=Vf()'d, (7)
where d =  — z’. Combining (5) with (7), we get
V@) d>a(f(x) - f(z*) =ad (®)

where A = f(x) — f(z*) > 0. For some parameter 0 < A < 1 (suitably chosen
later), consider the feasible solution

2 =x— M\

on the line segment between x and z’. Taylor-expansion around z allows to relate
f(z) and f(z") as follows:

Flx) ~ Fa") = AVF(@)Td N 2dTQd

Note that " (like a’) satisfies ] = x; for every i ¢ I. Thus, 2"/ =z — Ad is a
feasible solution that coincides with x outside the current working set. Thus, A
(finding the optimal feasible solution that coincides with x outside the working
set) achieves in the next iteration a “cost reduction” of at least f(x) — f(x").%

9 “Achieving a cost reduction of @ in the next iteration” means that the next iteration
decreases the distance between the value of the current feasible solution and the
value of the optimal feasible solution by at least a.



z” depends on the parameter 0 < A\ < 1. In the sequel, we tune parameter
A such as to obtain a “large” cost reduction. To be on the safe side, we will
however perform a “pessimistic analysis” where we substitute worst case bounds
for Vf(z)"d and d' Qd respectively. Clearly

1 1
T, yeloT > Loy
max (/\Vf(x) d— M\ 2d Qd) _Orél)?%(l ()\B 2)\ B)

0<A<1

for any lower bound B on V f(z) " d and any upper bound B’ on d' Qd. According
to (8), @A can serve as a lower bound on Vf(z)"d. It is easily seen that the
following parameter U can serve as an upper bound on d ' Qd:

U = qLyq25?

max

>d'Qd . (9)

This immediately follows from the definition of L,,q; and Sp.. and from the
fact that d has at most ¢ non-zero components. We conclude from this discussion
that, for every 0 < A < 1, A achieves in the next iteration a cost reduction of at
least

1
h(\) == AaA — 5AQU .
It is easily seen that function h(A) is maximized by setting

Vo 1 iA>U/a
T\ AU A< U/

Case 1 A > U/a. Then A achieves a cost reduction of at least
1
h(l) = ad — §U >ad/2 .
Thus the difference A = f(z) — f(z*) will shrink after the next iteration to
A—gA:A(l—g) ,
2 2

or to a smaller value, which is a proper contraction.
Case 2 A <U/a. Then A achieves a cost reduction of at least

ol a?A? 9
h<7>— A

where

a2

ﬁ .
Thus, the difference A = f(z) — f(«*) will shrink after the next iteration to

vi= (10)

A —yA?

or to a smaller value.



Recall from (2) that sequence (A, )n>0 keeps track of the difference between the
value of the current feasible solution and the value of the optimal solution. In
view of the two cases described above, our pessimistic analysis obviously runs
through two phases:

Phase 1 As long as A,, > U/a, we calculate with cost reduction a4, /2.
Phase 2 As soon as A,, < U/a, we calculate with cost reduction yA2.

Let us first assume that e < U/« (and postpone the case e > U/a to the end
of this subsection). The number of iterations in phase 1 is not larger than the
smallest ng > 0 that satisfies the second inequality in

n U
Ao (1—9) <A< e L
2 o

e fo 2 (2)]) an

In phase 2, (A,)n>n, evolves according to

ie.,

Recall that A; = f(x')— f(a*) > 0 for every i. As for the iterations considered in
phase 2 within our analysis, we can make the stronger (pessimistic) assumption
A; > 0.1% Following Dunn [6], we can therefore consider the reciprocals 4, :=
1/A,. Note that (12) and A, 1 > 0 imply that 0 < y4,, < 1 and so for each
n > ng the following relation holds:

1 vy

Ont1 — O >77Lf7>
a n_An<1_7An) Ani 1_7An =7

Therefore .
On = 0ny + Z (6j4+1 — ;) = v(n —no)
Jj=mno
and consequently

o1t
671 7’7(”“_”0) .

=
n—ng: = | —
ye

iterations in phase 2. Thus the total number of iterations in both phases needed
to be within e of optimality is bounded by

17 (10),(11) 12Uy 2 Ag
ng+ | — < —— | + max 0,|—In(—
ye a’e « €

10 Otherwise phase 2 ends with the optimal solution even earlier.

A, =

It follows that A,, < e after



iterations. Plugging in the definition of U from (9), we obtain (6).
Let us now finally discuss the case U = ¢L00S2,,, < ca. Since ¢ > U/a, we
come within e of optimality during phase 1. The number of iterations required

for this is the smallest ng that satisfies
Ag (1 — %) ’ < A()e_nou/2 <e.

Thus, we are within € of optimality after

o 20 (2)]

iterations. This completes the proof of the first statement in Theorem 2.

3.4 Proof of the 2nd Statement in Theorem 2

We first give a short outline of the proof. Let x be a feasible but suboptimal
solution for P. According to (3), it is sufficient to efficiently construct a working
set I such that |I| <k + 1 and

o(z|T) > %U(x) . (13)

To this end, we will proceed as follows. We consider auxiliary instances P, PL, P
of the Linear Programming Problem (denoted as LP in the sequel). The optimal
values for P, and P., are both shown to coincide with o(z). From P., we de-
rive (basically by aggregating several equality constraints into a single-one) the
instance P./, whose optimal basic solution will represent a working set I of size
at most k + 1. A comparison of the three problem instances will finally reveal
that I satisfies (13).

We now move on to the technical implementation of this plan. Recall from (4)
that

o(z) = sup V(@) (@ —a') = Vi()d,
«/€R(P)

where d =  —2’. Thus o(z) is the optimal value of the following instance P, of
LP:
m(?XVf(a:)Td st. Ad=0,l<z—-d<r .

We set
pti=z—landp :=r—=zx

and split d into positive and non-positive components d™ and d~ respectively:
d=dt —d , d",d”>0,Vi=1,....m:dfd; =0 . (14)

With these notations, o(x) also coincides with the optimal value of the following

instance P., of LP:
.
Vi(z) d*
p (vi) (i



subject to

M—M(§)=0

0<d"<ut,0<d <pu”

The third instance P, of LP that we consider has an additional slack variable &

and is given as follows:
-
Vf(x) d*
e ( ~Vf(z) d-

Vi=1,....m:p; =0=d; =0, uf =0=d =0 (15)
d+
[A_m<f>:o (16)

> éd;w > ;_d;+£

i:,u;r>0 Hi ity >0 v
dt,d=>0 , £>0 (18)

subject to

I
—

(17)

We briefly note that we do not have to count the equality constraints in (15)
because we may simply remove the variables that are set to zero from the problem
instance. Recall that matrix A represents k equality constraints. Thus, P/ is a
linear program in canonical form with k£ + 1 equality constraints. Its optimal
basic feasible solution has therefore at most k 4+ 1 non-zero components. The
following observations (where d,d*,d™ are related according to (14)) are easy
to verify:

d+ dr
1. If <d_ > is a feasible solution for P, with value p, then % ( _

d ) is a feasible

solution for P with value p/m.
+

+
2. If 37 is a feasible solution for P, with value p, then (g) is also a

feasible solution for P’ with value p.

Recall that o(z) is the value of the optimal solution for P.. We may conclude
from our observations that the value of the optimal solution for P., say o'(z),

+
satisfies o’ (x) > o(x)/m. Now consider an optimal basic feasible solution (g )
for P2 with value o’(z). Let

I={ie{l,...,m}| df #0ord; #0} .
Clearly, |I| < k+1. Since d = d™ —d~ is a feasible solution for P (still with value
o’(zx)) that differs from x only in coordinates from I, we may conclude that

o(z|l) > o' (z) > —o(z) .

1
m



In other words, working set I satisfies (13). The time required to compute
is dominated by the time required to solve the linear program P.. This can
be done in polynomial time. Since a linear program with a constant number
of variables (or a linear program in standard form with a constant number of
equality constraints'!) can be solved in linear time [24], the proof for the 2nd
statement of Theorem 2 is completed.

4 Conclusions and Open Problems

We have presented an analysis of a decomposition algorithm that leads to the
up-to-date strongest theoretical performance guarantees within the “rate certi-
fying pair” approach. Our analysis holds uniformly for any instance of Convex
Quadratic Optimization (with box-constraints) and certainly covers most of the
variants of SVM-optimization. As explained in the introduction already, there
are competing approaches like, for example, the approach based on maximally
KKT-violating pairs or approaches based on an iterative inclusion of support
vectors. As should become clear from the introduction, none of these approaches
beats the other-ones in all respects (uniform analysis for a broad variety of prob-
lems, high speed of convergence, efficient working set selection). It remains an
object of future research to gain more insight (theoretically and empirically) into
the (perhaps complementary) strength and weakness of the various approaches
such that their combined power can be exploited to full extent.
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