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Generalization Error Estimation under Covariate Shift
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Abstract: In supervised learning, it is almost always assumed that the training and test
input points follow the same probability distribution. However, this assumption is violated,
e.g., in interpolation, extrapolation, active learning, or classification with imbalanced data.
In such situations—known as the covariate shift, cross-validation estimate of the general-
ization error is biased, which results in poor model selection. In this paper, we propose an
alternative estimator of the generalization error which is under the covariate shift exactly
unbiased if model includes the learning target function and is asymptotically unbiased in
general. We also show that, in addition to the unbiasedness, the proposed generalization
error estimator can accurately estimate the difference of the generalization error among
different models, which is a desirable property in model selection. Numerical studies show
that the proposed method compares favorably with cross-validation.

Keywords: model selection, covariate shift, sample selection bias, extrapolation, active

learning.

1 Introduction

We discuss a regression problem of learning f(x) from
training examples

{(xi,u:) | yi = f(i) +€i}imy, (1)

where {¢;}?_; are i.i.d. noise with mean zero and un-
known variance o2. We use the following linear regres-
sion model for learning?!

flx) = Zam(w), (2)

where {¢;(x)}’_, are fixed linearly independent func-
tions and p < n. We want to estimate the parameters
a = (a1,az,...,a;,) " so that the expected square test
error for all test input points (i.e., the generalization
error) is minimized. When the test input points inde-
pendently follow a distribution with density p:(x), the
generalization error is expressed as

1= [ (f@)- f@) miwydz. )

It is most commonly assumed in supervised learn-
ing that the training input points {x;}{, are drawn
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1As detailed in the extended version [13], the present theory
is still valid even in non-parametric scenarios where p increases
as n increases.

independently from the same distribution as the test
input points follow [15, 14, 4, 8]. However, this as-
sumption is not fulfilled, for example, in interpolation
or extrapolation scenarios: only few (or no) training in-
put points exist in the regions of interest, implying that
the test distribution is significantly different from the
training distribution. Active learning also corresponds
to such cases because the locations of training input
points are designed by users while test input points
are provided from the environment [2, 7]. Another ex-
ample is classification with imbalanced data, where the
ratio of samples in each category is different between
training and test phases. The situation where training
and test input points follow different distributions is
referred to as the situation under the covariate shift
[9] or the sample selection bias [5], which we discuss
in this paper. Let p,(x) be the density of the training
input points {@;}_ ;. An example of the extrapolation
problem where p, () # p:(x) is illustrated in Figure 1.

Under the covariate shift, two difficulties arise in
a learning process. The first difficulty is parameter
learning. The ordinary least-squares learning, given

by
> (Fla) - y)] , (4)
=1

tries to fit the data well in the region with high train-
ing data density. This implies that the prediction can
be inaccurate if the region with high test data den-
sity has low training data density. Theoretically, it
is known that when the true function is unrealizable
(i.e., the learning target function is not included in the
model at hand), least-squares learning is no longer con-
sistent (i.e., the learned parameter does not converge
to the optimal one even when the number of training
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Figure 1: An illustrative example of extrapolation by
fitting a linear function f(x) = a3 + agz. [Left col-
umn]: The top graph depicts the probability density
functions of the training and test input points, p,(z)
and pi(x). In the bottom three graphs, the learning
target function f(x) is drawn by the solid line, the
noisy training examples are plotted with o’s, a learned
function f(z) is drawn by the dashed line, and the
(noiseless) test examples are plotted with x’s. Three
different learned functions are obtained by weighted
least-squares learning with different tuning parameter
A. A = 0 corresponds to the ordinary least-squares
learning (small variance but large bias), while A = 1
gives a consistent estimate (small bias but large vari-
ance). With finite samples, an intermediate \, say
A = 0.5, often provides better results. [Right col-
umn]: The top graph depicts the mean and standard
deviation of the generalization error over 300 indepen-
dent trials, as a function of \. The middle and bot-
tom graphs depict the means and standard deviations
of the estimated generalization error obtained by the
standard 10-fold cross-validation (10CV) and the pro-
posed method. The dotted lines are the mean of the
true generalization error. 10CV is heavily biased be-
cause of p;(x) # p¢(x), while the proposed estimator
is almost unbiased with reasonably small variance.

examples goes to infinity) under the covariate shift.
This problem can be overcome by using a least-squares
learning weighted by the ratio of test and training data

densities? [9].

min l -~ pe(@) (]?(5131) - %‘)2] . (5)

> i3 px(wz)

A key idea of this weighted version is that the training
data density is adjusted to the test data density by the
density ratio, which is similar in spirit to importance
sampling. Although the consistency becomes guaran-
teed by this modification, the weighted least-squares
learning tends to have large variance. Indeed, it is no
longer asymptotically efficient even when the noise is
Gaussian. Therefore, in practical situations with finite
samples, a stabilized estimator, e.g.,

n A
. pe(x;) > (A 2
min | S (2222) (Faa) —w) |, ©)
o li—l (px (wl) ' ’

where 0 < A < 1, would give more accurate estimates.

The learned parameter e, obtained by the weighted
least-squares learning (6) is given by

ay = Lyy, (7)
where
Ly=(X"D*X)"'X"D*, (8)
X =pj(xi), (9)
— dia pe(T1) pi(x2) pi(xy)
D= diag <pz(w1) "po(ma)’ T px(wn)> » (10)

y:(ylay27"'ayn)T- (11)

Note that A = 0 corresponds to the ordinary least-
squares learning (4), while A = 1 corresponds to the
consistent weighted least-squares learning (5). Thus,
the parameter learning problem is now relocated to
the model selection problem of choosing A.

However, the second difficulty when p,(x) # p;(x)
is model selection itself. Standard unbiased generaliza-
tion error estimation schemes such as cross-validation
[6, 11, 15] are heavily biased, because the generaliza-
tion error is over-estimated in the high training data
density region and it is under-estimated in the high
test data density region.

In this paper, we therefore propose a new general-
ization error estimator. Under the covariate shift, the
proposed estimator is proved to be exactly unbiased
with finite samples in realizable cases and asymptoti-
cally unbiased in general. Furthermore, the proposed
generalization error estimator is shown to be able to
accurately estimate the difference of the generalization
error, which is a useful property in model selection.

For simplicity, we focus on the problem of choosing
the tuning parameter A (see Eq.(6)) in the following.
However, the proposed theory can be easily extended
to general model selection of choosing basis functions
or regularization constant (see [13] for detail).

2For the moment, we assume that p; () and p:(a) are known.
Later we theoretically and experimentally investigate the cases
where they are unknown and estimated from data.



2 Derivation of Generalization
Error Estimator

Let us decompose the learning target function f(x)
into

f(x) =g(z) +r(=), (12)
where g(x) is the orthogonal projection of f(x) onto
the span of {¢;(x)}’_; and the residual r(x) is orthog-
onal to {¢;(z)}_,, e, fori=1,2,...,p,

| r@ei@n @iz —o. (13)
D

Since g(z) is included in the span of {¢;(x)}r_,, it is
expressed by

(@) = > aivi(a), (14

*)T

») are unknown optimal

where a* = (af,03,...,«
parameters.
Let U be a p-dimensional matrix with the (i, 7)-th

element
Ui; Z/D%(fv)%(w)pt(fﬂ)d% (15)

which is assumed to be accessible in the current setting.
Then the generalization error J is expressed as

- [ R@rn@ie -2 [ @@
/f pt x)dx

UO()\,OL)\> 72<UOL)\, >+C, (16)

where
C:/Df(a:) () da, (17)

In Eq.(16), the first term (U, &) is accessible and
the third term C does not depend on A. Therefore, we
focus on estimating the second term “—2(Uay, a*)”.

Hypothetically, let us suppose that a learning ma-
trix L, which gives a linear unbiased estimator of the
unknown true parameter a* is available:

EcL,y = o, (18)

where [E. denotes the expectation over the noise
{e;}_,. Note that L, does not depend on L. Then it
holds that
Ee<Ua)\> a*> = <E€UL)\y7 EeLuy>
=Ee(ULxy, L.y)
—c%tr(UL\L)). (19)
If an unbiased estimator o2 of the noise variance o2 is
available, an unbiased estimator of E.(Ua&,, a*) can
be obtained by (ULyy, L,y) — o2tr(UL,\L, ):
Ec[(ULxy, Luy) — o te(ULLy)]
=E(Uay,a"). (20)

However, either L,, or o2 could be unavailable®. So
we use the following approximations instead:

L,=(X"DX)"'X'D, (21)

o2 = ||Gy|?/tr(G), (22)
where

G=T-XX"X)'xT7, (23)

and I denotes the identity matrix.

Eq.(21) is actually the learning matrix correspond-
ing to the consistent weighted least-squares learning
described in Eq.(5), implying that it exactly fulfills
Eq.(18) in realizable cases and it asymptotically sat-
isfies Eq.(18) in general [9].

On the other hand, it is known that o2 is an ex-
act unbiased estimator of o2 in realizable cases [2].
In unrealizable cases, however, it is not unbiased
even asymptotically. Although it is possible to ob-
tain asymptotic unbiased estimators of o2 under some
smoothness assumption on f(x) [10], we do not use
such asymptotic unbiased estimators because it turns

o~

out shortly that the asymptotic unbiasedness of o2 is
not important in the following.

Based on the above discussion, we define the fol-
lowing estimator J of the generalization error J.

J(\) = (ULyy, Lyy) — 2(ULyy, L,y)
—~ ~T
+202tr(ULL\L,,). (24)

3 Theoretical Analyses

In this section, theoretical properties of the proposed
generalization error estimator J is investigated.

3.1 Unbiasedness
Let B¢ be the bias of J:

Be =E[J - J]+C, (25)

Then we have the following theorem (Proofs of all the-
orems and lemmas are available in [13]).

Theorem 1 Ifr(x;) =0 fori=1,2,...,n,
B =0. (26)
If 6 = max{|r(x;)|}1 is sufficiently small,
B. = 0(9). (27)
If n is sufficiently large,
Be = 0,(n" 7). (28)

3Note that L. is always available if the functional Hilbert
space H has the reproducing kernel and the span of the basis
functions {¢;(®)}7_; is included in the span of {K (e, =)}
[12], where K(x,«’) is the reproducing kernel. In this paper,
however, we consider general functional Hilbert spaces and gen-
eral basis functions which may not satisfy such conditions.



Note that the asymptotic order in Eq.(28) is in
probability because the expectation over {x;}}_; is not
taken. This theorem implies that, except for the con-
stant C, J is exactly unbiased if f(x) is strictly realiz-
able, it is almost unbiased if f(x) is almost realizable,
and it is asymptotically unbiased in general.

3.2 Effectiveness in Model Comparison

A purpose of estimating the generalization error is
model selection, i.e., to distinguish good models from
poor ones. To this end, we want to accurately esti-
mate the difference of the generalization error among
different models. Here, we show that the proposed gen-
eralization error estimator J is useful for this purpose.
Recall that 'model’ in the current setting? refers to A

Let AJ, AJ, and AB, be the differences of J, J,
and B, for two models, respectively:

AB. = EJAJ — AJ]. (29)

If the “size” of ABe is smaller than that of E.[AJ],
then J is expected to be useful for comparing the gen-
eralization error among different models. Let M be
a set of models. We say that a generalization error
estimator J is effective in model comparison for M if

[ABe| < [Ec[AJ]] (30)

for any two different models in M. Also, we say that
J is asymptotically effective in model comparison for
M if any two different models in M satisfy

AB.=0,(n"*) and EJAJ]=0,n"") (31)

with s > t. First, the following corollary holds.

Corollary 2 Ifr(x;) =0 fori=1,2,...,n, then for
any two different X
AB, = 0. (32)
This implies that if f(x) is realizable and
[E[AJ]| > 0, J is effective in model comparison. Sim-
ilarly, we have

AB. = 0(5), (33)

implying that J is useful for model comparison if f ()
is almost realizable. In general cases where f(x) is not
realizable, we have the following corollary.

Corollary 3 If two learned functions obtained from
two different models converge to different functions,
AB.=0,(n"2) and EJAJ]=0,(1). (34)
If A is different, learned functions generally con-
verge to different functions. Therefore, in comparison
of such models, J is asymptotically effective.

4In the extended version [13], more general analyses are given.

3.3 When p,(x) and p;(z) Are Unknown

So far, we assumed that both p,(x) and pi(x) are
known. Here we consider the cases where they are
unknown. R

pt(x) is contained in U and L,, while p,(x) ap-
pears only in L,. So we investigate the effect of re-
placing p;(z) and p;(x) included in U and L, with
their estimates. Note that p,(x) and p;(x) also ap-
pear in the learning matrix L) via D, which should
also be replaced by the estimates. However, we here
aim to investigate the accuracy of J as a function of
L, so p,(x) and p¢(x) included in Ly do not have to
be taken into account.

First, we consider the case where p;(x) is unknown
but its approximation p;(x) is available. Let J, be J
calculated with p;(x) instead of pi(a). Then we have
the following lemma.

Lemma 4 Let

ne = max{ [P (@) — pe(@:) [}y, (3)

= {| [ pi@)e,(@) () - p@asl|
(36)

If s and & are sufficiently small,
Jy=J+ O(ne + &) (37)

This lemma states that if a reasonably good esti-
mator py(x) of the true density function p;(x) is avail-
able, a good approximation of J can be obtained. Sup-
pose we are given a large number of unlabeled sam-
ples, which are input points without output values
independently drawn from the distribution with the
probability density function pi(x). Actually, in some
application domains—e.g., document classification or
bioinformatics—a large number of unlabeled samples
are easily gathered. In such cases, a reasonably good
estimator p;(x) may be obtained by some standard
density estimation methods.

Next, we consider the case where p,(x) is unknown
but its approximation p,(x) is available. Let J, be J
calculated with p,(x) instead of p,(x). Since p,(x)
is included in the denominator in D, jm can be very
different from J even if p,(x) is a good estimator of
pz(x). However, if mild assumptions on p,(x;) and
Dz (x;) are satisfied, we can guarantee the accuracy of
j; as follows.

Lemma 5 Let

Ne = max{[pz (@) — pa (i) [}y, (38)
7 = min{pe () }iss, (39)
¥ = min{ps () iy - (40)
If v >0 and 5 > 0, and if n, is sufficiently small,
fx:f+o("i). (41)
Yy



This lemma states that if p,(x;) and p,(x;) are
lower bounded by some (not very small) positive con-
stants and reasonably accurate estimates of the density
values at the training input points {x;}} ; are avail-
able, a good approximation of J can be obtained.

In practical situations with rather small training
samples, accurately estimating the training input den-
sity p. () is difficult. However, the above lemma guar-
antees that as long as {p,(x;)}";, the density values
at the training input points {z;}? ;, can be estimated
reasonably, a good approximation of J would be ob-
tained.

4 Numerical Examples

Figure 1 shows the numerical results of an illustrative
extrapolation problem. The curves in the right col-
umn show that the proposed estimator gives almost
unbiased estimates of the generalization error with rea-
sonably small variance (note that the target function
is not realizable in this case).

We also applied the proposed method to Abalone
data set available from the UCI repository [1]. It is
a collection of 4177 samples, each of which consists of
8 input variables (physical measurements of abalones)
and 1 output variable (the age of abalones). The first
input variable is qualitative (male/female/infant) so it
was ignored, and the other input variables were nor-
malized to [0,1] for convenience. From the popula-
tion, we randomly sampled n abalones for training
and 100 abalones for testing. Here, we considered a
biased sampling: the sampling of the 4-th input vari-
able (weight of abalones) has negative bias for train-
ing and positive bias for testing. That is, the weight
of training abalones tends to be small while that for
the test abalones tends to be large. We used multi-
dimensional linear basis functions for learning. Here
we suppose that the test input points are known (i.e.,
the setting corresponds to transductive inference [14])
and the density functions p,(x) and p;(x) were esti-
mated from the training input points and test input
points, respectively, using a stantard kernel density es-
timation method with the Gaussian kernel and Silver-
man’s rule-of-thumb bandwidth selection rule [3].

Figure 2 depicts the mean values of each method
over 300 trials for n = 50,200, and 800. The error
bars are omitted because they were excessive (due to
the resampling process) and deteriorated the graphs.
Note that the true generalization error J is calculated
using the test examples. The proposed J seems to
give reasonably good curves and its minimum roughly
agrees with the minimum of the true test error. On
the other hand, irrespective of n, the minimizing value
of the tuning parameter A\ estimated by 10CV tends to
be small.

We chose the tuning parameter A by each method
and estimated the age of the test abalones by using

Table 1: Extrapolation of the 4-th variable (top) or
the 6-th variable (bottom) in the Abalone dataset. The
mean and standard deviation of the test error obtained
with each method are described. The better method
and comparable one by the ¢-test at the significance
level 5% are described with boldface.

~

n | J 10CV

50 | 11.67+5.74 10.88+5.05
200 | 7.95+2.15  8.06+1.91
800 | 6.77+1.40  7.23+1.37
n J 10CV

50 | 10.67+6.19 10.15+4.95
200 | 7.31+£2.24 7.42+181
800 | 6.20+1.33  6.68+1.25

the chosen A. The mean squared test error for all test
abalones were calculated, and this procedure was re-
peated 300 times. The mean and standard deviation
of the test error of each method are described in the
top of Table 1. It shows that J and 10CV work com-
parably for n = 50, 200, while J outperforms 10CV for
n = 800. Hence, the proposed method overall com-
pares favorably to 10CV.

We also carried out similar simulations when the
sampling of the 6-th input variable (weight of gut af-
ter bleeding) is biased. The results described in the
bottom of Table 1 showed similar trends to the previ-
ous ones.

Application to imbalanced classification is avail-
able in the extended version [13], where the proposed
method also showed promissing results.

5 Conclusions

We proposed a new generalization error estimator un-
der the covariate shift paradigm. The proposed estima-
tor is proved to be unbiased with finite samples in re-
alizable cases and asymptotically unbiased in general.
We also showed that it is effective in model comparison.
Although in theory, we assumed that the density func-
tions of training and test input points are both known,
Lemma 4 and Lemma 5 guarantee that the proposed
method is still valid as long as reasonable density es-
timates particularly at each data point are available.
Competitive results to cross-validation in experiments
on toy and benchmark data underline our theoretical
findings. Future applications of the current framework
will consider data from brain computer interfacing ex-
periments, where the statistics is known to change from
the training session to the feedback session.
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