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Abstract

We discuss the problem of learning to predict the order ofesad a graph from a real valued
feedback associated with each node. This setting incluslespecial cases binary classification,
multiclass categorization, and multilabel ordering. la fireference graph problem the nodes are
labels and edges express preferences over labels. We apgreaproblem by defining a loss
function for comparing a predicted graph with a feedbacklgrd his loss is defined by decompos-
ing the feedback graph into bipartite sub-graphs. We theptatie maximum-margin framework
which leads to a quadratic optimization problem with lineanstraints. While the size of the prob-
lem grows quadratically with the number of the nodes in tleelback graph, we derive a problem
of a much smaller size and prove that it attains the same rmimime then describe an efficient
algorithm, called SOPOPO, for solving the reduced probldritlwemploys a soft projection onto
a polyhedron defined by a reduced set of constraints. We @&soribe and analyze a wrapper
procedure for batch preference graph learning when meltiphphs are provided for training. We
conclude with a set of experiments which show significantrsapments in run time over a state
of the art interior-point algorithm.

1. Introduction

To motivate the topic of this paper let us consider the foifmpapplication. Many news feeds such
as Reuters and Associated Press tag each news article tidig bgt labels drawn from a predefined
set of possible topics. These tags are used for routindestio different targets and clients. Each
tag may also be associated with a degree of relevance, ofteassed as a numerical value, which
reflects to what extent a topic is relevant to the news articihand. Tagging each individual
article is clearly a laborious and time consuming task. Ias paper we describe and analyze an
efficient algorithmic framework for learning and inferripgeferences over labels. In addition to
the task described above, our learning apparatus incliedgsegial cases tasks ranging from binary
classification to total order prediction.

We focus on batch learning in which the learning algorithgeiges a set of training examples,
each example consists of an instance and a target vectorgddieof the learning process is to
deduce an accurate mapping from the instance space to ¢fed $gace. Our setting in particular
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generalizes the notion of a single tag or lapet ¥ = {1,2,...,k}, typically used in multiclass
categorization tasks to a full set of preferences over thel$a Preferences are encoded by a vector
v € R¥, wherey, > v,» means that labej is more relevant to the instance than lapel The
preferences over the labels can also be described as a eaidinected graph: the nodes of the
graph are the labels and weighted edges encode pairwisrgmeés over pairs of labels. In Fig. 1
we give the graph representation for the target vectdr, 0, 2, 0, —1) where each edge marked with
its weight. For instance, the weight of the edgel) isv3 — v1 = 3.

The class of mappings we employ in this paper is the set ddifivenctions. While this function
class may seem restrictive, the pioneering work of Vapn#98) and colleagues demonstrates that
by using Mercer kernels one can employ highly non-lineadisters and still entertain all the
formal properties and simplicity of linear predictors. Weose a SVM-like learning paradigm for
predicting the preferences over labels. We generalize ¢fiaition of the hinge-loss used in SVM
to our setting. Our generalized hinge loss contrasts thdiqiesl preferences graph and the target
preferences graph by decomposing the target graph intetidgpsub-graphs. As we discuss in the
next section, this decomposition into sub-graphs is rdthgrible and enables us to analyze several
previously defined loss functions in a single unified settifigis definition of the generalized hinge
loss lets us pose the learning problem as a quadratic optiimiz problem while the structured
decomposition leads to an efficient and effective optinraprocedure.

The main building block of our optimization procedure is &oathm which performs fast and
frugal soft pProjectionsonto arpdyhedron and is therefore abbreviated SOPOPO. Generglilm
iterative algorithm proposed by Hildreth (1957) (see alsogdr and Zenios (1997)) from half-space
constraints to polyhedra constraints, we also derive aalyaa an iterative algorithm which on each
iteration performs a soft projection onto a single polyleadrThe end result is a fast optimization
procedure for a rich family of learning problems.

The paper is organized as follows. In Sec. 2 we start with m&bdefinition of our setting. To
illustrate the applicability of our setting we discuss speroblems which fall into our framework
and make reference to previous work on related problemsatieatovered by our setting. In Sec. 2
we also describe the preferences learning task as a quagiagramming problem. We present our
efficient solution for this quadratic problem in two step&st in Sec. 3 we present the SOPOPO
algorithm for projecting onto a single polyhedron. TherSet. 4 we derive and analyze an iterative
algorithm that solves the original quadratic optimizatmoblem based on SOPOPO. Experiments
are provided in Sec. 5 and concluding remarks are given inGec

Before moving to the specifics, we would like to stress thatenthe learning task discussed in
this paper is well rooted in the machine learning commuititg, focus of the paper is the design
and analysis of an optimization apparatus. The readensstezl in the broad problem of learning
preferences, including its learning theoretic facets agcheneralization properties are referred for
instance to (Cohen et al., 1999, Herbrich et al., 2000, Retiah., 2005, Agarwal and Niyogi, 2005,
Clemenon et al., 2005) and the many references therein.

2. Problem Setting

In this section we introduce the notation used throughceiptiper and formally describe our prob-
lem setting. We denote scalars with lower case letters (e@nd«), and vectors with bold face
letters (e.g.x and«). Sets are designated by upper case Latin letters (e.g. cE3etrof sets by
bold face (e.g.E). The set of non-negative real numbers is denote@®by For anyk > 1, the
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V=2
7=0
v=-1

Figure 1: The graph induced by the feedback (—1,0,2,0, —1).

set of integerd1, ..., k} is denoted byk]. We use the notatiofn) , to denote the hinge function,
namely,(a), = max{0,a}.

Let X be an instance domain and [Et= [k] be a predefined set of labels. A target for an
instancex € X is a vectory € R* where~y, > ~,» means thay is more relevant t thany’. We
also refer toy as a label ranking. We would like to emphasize that two diffietabels may attain
the same rank, thatis, = ~,» while y # y/. In this case, we say thatandy’ are of equal relevance
tox. We can also describgas a weighted directed graph. The nodes of the graph arethbglthe
elements ofk| and there is a directed edge of weight- ~; between the nodesandr iff ~, > .

In Fig. 1 we give the graph representation for the label-iramkectory = (—1,0,2,0, —1).

The learning goal is to learn a ranking function of the fofm X — RF which takesx as
an input instance and returns a rankii{g) € R*. We denote byf,(x) therth element off (x).
Analogous to the target vectoy, we say that label is more relevant than label with respect
to the predicted ranking if,(x) > f,/(x). For simplicity of the presentation, we focus on linear
label-ranking functions which take the form,

fr(x) =w; - x

where eachw, is a vector inR” and X C R". As discussed briefly at the end of Sec. 4, our
algorithm can be generalized straightforwardly to noedinranking function by employing Mercer
kernels (Vapnik, 1998).

We focus on a batch learning setting in which we are providigdalatraining sets = {(x?, v)}™,.
Thus, each example consists of an instartec X and a label-rankingy’ € R*. The per-
formance of a label-ranking functiofion an examplgx, ) is evaluated using a loss function
¢ : RF x RF — R. Clearly, we want the loss of a predicted ranking to be srhilekpresses similar
preferences over pairs as the given label-ranking. Moreowe view the difference,. — +, for a
pair of labelsr ands as an encoding of the importance of the ordering ahead ofs. That is, the
larger this difference is the more we prefeovers. We view this requirement as a lower bound on
the difference betweefi.(x) and fs(x). Formally, for each pair of labelg, s) € J x Y such that
v > s, We define the loss df with respect to the pair as,

brs(£(x), ) = (=) = (fr(%) = fs(x))) 1 (1)

The above definition of loss extends the hinge-loss usedhiarpiclassification problems (Vapnik,
1998) to the problem of label-ranking. The logs; reflects the amount to which the constraint
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fr(x) — fs(x) > v — 75 Is not satisfied. While the construction above is defined &rspour goal
though is to associate a loss with thietire predicted ranking and not a single pair. Thus, we need
to combine the individual losses over pairs into one meduairgss. In this paper we take a rather
flexible approach by specifying an apparatus for combinimgindividual losses over pairs into a
single loss. We combine the different pair-based loss@sargingle loss by grouping the pairs of
labels into independent sets each of which is isomorphicdonaplete bipartitegraph. Formally,
given a target label-ranking € R¥, we setE(~) = {Ey, ..., E;} to be a collection of subsets of
Y x Y. For eacly € [d], defineV; to be the set of labels which support the edgeE jnthat is,

Vi={yeY:3rst(ry) € E;V(y,r) € E;} . 2
We further require thaE(~) satisfies the following conditions,
1. For eacly € [d] and for each{r, s) € E; we havey, > ~,.
2. Foreach # j € [d] we haveE; N E; = 0.

3. For eachy € [d], the sub-graph defined Wy, E;) is a complete bipartite graph. That is,
there exists two setd andB, suchthad N B =, V; = AU B, andE; = A x B.

In Fig. 2 we illustrate a few possible decompositions infaaltiite graphs for a given label-ranking.

The loss of each sub-gragh’;, £;) is defined as the maximum over losses for the pairs belong-
ing to the sub-graph. In order to add some flexibility we aldowadifferent sub-graphs to have
different contribution to the loss. We do so by associatingeaght o; with each sub-graph. The
general form of our loss is therefore,

(£(x),7) = >0 e Lns(£(x).7) (3)

r,s)eE;

where eacly; € Ry is a non-negative weight. Note that the loss can also begepted as the
solution of the following optimization problem,

d
(f(x),y) = min Zaj &
i=1

d
gerd

(4)
st.Vjeld, V(r,s) € Ej, f.(x)—fs(x)>v% —7s—§& -

Equipped with a loss function we can define our learning mwblAs in most learning setting,
we assume that there exists an unknown distribufioover ¥ x R* and that each example in our
training set is identically and independently drawn frém Our ultimate goal is to learn a label
ranking functionf which entertains a small generalization l0E$, -)..p [¢(f(x),v)]. Since the
distribution is not known we use instead an empirical sanfigtn D and encompass a penalty
for excessively complex label-ranking functions. Gerienad) the Support Vector Machine (SVM)
paradigm, we define a constrained optimization problem,setaptimal solution would constitute
our label-ranking function. The objective function we néedninimize is composed of two terms.
The first is the empirical loss of the label-ranking functmmthe training set and the second is the
aforementioned penalty for complexity, often referredd@aaegularization term. This term amounts
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Figure 2: Three possible decompositions into completertiipasub-graphs of the graph in Fig. 1.
Top: all-pairs decomposition; Middle: all adjacent laydsttom: top tier versus the rest.
The edges and vertices participating in each sub-graphegietdd in black while the rest
are presented in gray. In each graph the nodes constitiiengdtA are designated by
black circles while for the nodes iB the circles are filled with black.

to the sum of the squared norms{of,...,wy}. The trade-off between the regularization term
and the empirical loss term is controlled by a paraméterhe resulting optimization problem is,

Gmin anynz +C Z ((f (5)

where f,(x") = w, - x'. Using the definition of the loss function from Eq. (4) we cawrite the
optimization problem as a quadratic optimization problem,

m |E(y

min ZHW]H2 + CZ Z ijg

Wi, Wi, € i=1 j=1 (6)
S.t. Vz € [m],VE; € E(v"), Y(r,8) € Ej, W, X' —ws-x >~~~ {;
Vi j, §=0 .
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To conclude this section, we would like to make a note in pasgegarding our specific choice
of loss and the decomposition into bipartite graphs. Fastwe discuss in the sequel, this general
approach encompasses numerous special cases such akesuttitegorization. Furthermore, one
of the major contributions of the paper is a very efficientoalpm for updatingf based on the
loss attained on an entire bipartite graph. The end resalflexible and general learning paradigm
which maintains the efficiency of binary classification feag algorithms. Second, we would like
to underscore rationale for choosing an asymmetry lossdoh @air. Indeed, it is fairly easy to
define the loss of a pair in a way that mimics regression progld-ormally, we could have defined
the loss ofr ands to be| f,(x) — fs(x) — (7 —7s)|- This loss penalizes fanydeviation from the
desired difference of,. — v5. Instead, our loss is one sided as it penalizes only for rueaing
a lower-bound. This choice is more natural in ranking a@piéns. For instance, suppose we need
to induce a ranking ovet labels where the target label ranking(is1,2,0,0). Assume that the
predicted ranking is instead-5, 3,0,0). In most ranking and search applications such a predicted
ranking would be perceived as being right on target sincepthéerences it expresses over pairs
are on par with the target ranking. Furthermore, in mostirankpplications over demoting the
most irrelevant items and promoting the most relevant ongeiseived as beneficial rather than
a deficiency. Put another way, the set of target values engudignal margin requirements and
over-achieving these margin requirements should not balized.

Derived problems To further motivate our setting we would like to underscdre tisability of
our (rather general) approach for solving various supedviearning problems. We do so by
showing that these problems are special cases of the seiisngssed and analyzed in this pa-
per. First note that when there are only two labels we obtarotiginal constrained optimization
of support vector machines for binary classification (Coread Vapnik, 1995) with a bias term
set to zero. Moving to multiclass problems, we sgt= 1 and~, = 0 for all » # y. A few
special-purpose algorithms have been suggested to s@vaulhiclass SVM problems. The mul-
ticlass version of Weston and Watkins (1999) is obtainedéfinthg E() = {{(y,7)}},,, that

is, each subset consists of a single pairr). The multiclass version of Crammer and Singer
(2001) is obtained by simply settifg(~) to be a single set containing all the pajitsr), E(vy) =
H(y,1),....(y,y — 1), (y,y +1),...,(y, k) } }. While the learning algorithms from (Weston and
Watkins, 1999) and (Crammer and Singer, 2001) are seemdfiifigyent, they can be solved using
the same algorithmic infrastructure presented in this papeceeding to more complex decision
problems, the task of multilabel classification or rankisgdncerned with predicting a set or rele-
vant labels or ranking the labels in accordance to theivaglee to the input instance. This problem
was studied by numerous authors (Elisseeff and Weston,, ZD@mmer and Singer, 2002, Dekel
et al., 2003). Among these studies, the work of Elisseeff\dledton (2001) is probably the clos-
est to ours yet it can still be derived as a special case. delifand Weston focus on-a which
constitutes a bipartite graph by itself and define a comstthoptimization problem with separate
slack variable for each edge in the graph. Formally, eactamecgx is associated with a set of
relevant labels denoted. The multilabel case can thus be realized by setting: 1 forall » € Y
andv, = 0 for all s ¢ Y. The construction of Elisseeff and Weston can be recoveyatebning
E(v) = {{(r,s)}7 > vs}. Out approach is more flexible as it allows much richer andiflex
ways to decompose the multilabel problem as well as morergkladel ranking problems.
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3. Fast “Soft” Projections

In the previous section we introduced the learning appsaraf@ur goal now is to derive and ana-
lyze an efficient algorithm for solving the label ranking blem. In addition to efficiency, we also
require that the algorithm would be general and flexible sait be used witlany decomposition
of the feedback according #8(~y). While the algorithm presented in this and the coming sastio
is indeed efficient and general, its derivation is rather glem We therefore would like to present
it in a bottom-up manner starting with a sub-problem whichatitutes the main building block.
In this sub-problem we assume that we have obtained a lahking function realized by the set
uy,...,u and the goal is to modify the ranking function so as to fit vetteewly obtained exam-
ple. To further simplify the derivation, we focus on the cadeereE(~) contains a singleomplete
bipartite graph whose set of edges are simply denotefl.byhe end result is the following simpli-
fied constrained optimization problem,

k
1 2
in - - C
o min 22_:\\% w|® + C¢

v=! )

St V(rs)€E, Wy X—Ws-X2>7 —7 —§&
§>0.

Herex € X is a single instance anil is a set of edges which induces a complete bipartite graph.

The focus of this section is an efficient algorithm for sotylq. (7). This optimization problem
finds the set closest thuy, ..., u;} which approximately satisfies a system of linear constsaint
with a single relaxation variable. Put another way, we cawwhe problem as the task of finding
a relaxed projection of the sét1y, ..., ux} onto the polyhedron defined by the set of linear con-
straints induced fronk’. We thus refer to this task as the soft projection. Our aigoric solution,
while being efficient, is rather detailed and its derivatommsists of numerous quite complex steps.
We therefore start with a high level overview of its derigati First, we derive a dual version of
the problem defined by Eq. (7). Each variable in the dual prbtorresponds to an edge in
Thus, the total number of dual variables can be as Iargé?fﬁ We then introduce a new and
more compact optimization problem which has ohlyariables. We prove that the reduced prob-
lem nonetheless attains the same optimum as the origin&pdoislem. This reduction is one of
the two major steps in the derivation of an efficient soft @ctipn procedure. Next we show that
the reduced problem can be decoupled into two simpler ainstt optimization problems each of
which corresponds to one layer in the bipartite graph induneF. The two problems are tied by
a single variable. We finally reach an efficient solution bywgimg that the optimal value of the
coupling variable can be efficiently computed(rik log(k)) time. We recap our entire derivation
by providing the pseudo-code of the resulting algorithmhatend of the section.

3.1 The Dual Problem

To start, we would like to note that that the primal objectivaction is convex and all the primal
constraints are linear. A necessary and sufficient comdftio strong duality to hold in this case is
that there exists a feasible solution to the primal probleee for instance (Boyd and Vandenberghe,
2004)). A feasible solution can indeed obtained by simptyirsgw, = 0 for all y and defining

§ = max(, s e (1 —7s). Therefore, strong duality holds and we can obtain a seiutidhe primal
problem by finding the solution of its dual problem. To do sofi& write the Lagrangian of the
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primal problem given in Eq. (7), which amounts to,

k
1
L= §Z||Wy_uy”2+05+ Z7'7",8('77*_'78_£+WS‘X_WT'X)_<£
y=1 (r,s)eE

k
1
- §Z||Wy_uy”2+£ C+ Z Trs =G| + Z Trs (Vr = Wr X — % + Ws - X) .
y=1 (r,s)eE (r,s)eE

Recall our assumption that induces a complete bipartite grap¥i, &) (see also Eq. (2)). There-
fore, there exists two set$ andB suchthatAN B =0,V = AU B, andE = A x B. Using the
definition of the setsl and B we can rewrite the last sum of the Lagrangian as,

Z Tr,s(’Yr_Wr’x_’Ys"i_Ws'x):

rcA,seB
2 Or =W X) 3 T = D (0 =W X)) T
reA seEB seB reA
Differentiating with respect t§ and setting the result equal to zero gives the following trairg,
C— > 7s—(=0. (8)
(r,s)eE

Differentiating with respect tow, for all y € A and setting the result to zero gives the set of

constraints,
Vw,L = wy —u, — (ZTy’s> x = 0. 9
seB
Similarly, fory € B we get that,

Vw,L = wy —uy + (Z Tr’y> x =0 . (20)

reA
Finally, we would like to note that for any labgl¢ A U B we get thatw,, — u,, = 0. Thus, we can
omit all such labels from our derivation. Summing up, we et
uy+ (Lepys)x yE€A

Wy = ) W (Creamy)x yEB (11)
uy otherwise

Plugging Eg. (11) and Eg. (8) into the Lagrangian gives,

2 2
L) = 5P Y (Z) SIS (Z) (12)

yeA \seB yeEB \reA

+ Z(yy—uy-x)ZTyﬁ—Z(yy—uy-x)ZTny .

yeA seB yeB reA
In summary, the resulting dual problem is,

max L(T) s.t. Z Trs <C and Vr,s: 7,4 >0 . (13)
TERL | (r,s)eE
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3.2 Reparametrization of the Dual Problem

Each dual variable; ; corresponds to an edge . Thus, the number of dual variables may be
as large ag?/4. However, the dual objective function depends only on sumgagablesr, s.
Furthermore, each primal vecter, also depends on sums of dual variables (see Eq. (11)). We
exploit these useful properties to introduce an equivadgtitnization of a smaller size with onky
variables. We do so by defining the following variables,

VyeA ay=> 1. and WEB, B=) Ty . (14)
seB rcA

The primal variablesv, from Eq. (11) can be rewritten using, and 3, as follows,

u, —GByx yebB . (15)

u, +ax yeA
Wy =
uy otherwise

Overloading our notation and usimy «, 3) to denote dual objective function in termsefandg,
we also rewrite the dual objective of Eq. (12) as follows,

LleB) =5 Ixl? (a2 + 62| + 3 G- wy ey = Gy -y x) 5, - (16)

yeA yeDB yeA yeDB

Note that the definition ofv, and 3, in Eq. (14) implies thaty, and 3, are non-negative. Further-
more, by construction we also get that,

day=> 8= > n.<C. (17)

yeA yEB (r,s)EE

In summary, we have obtained the following constrainednoigéition problem,

max  L(e,B) st day=> 8,<C,VWeAa,>0,VeBa, >0 . (18)
O‘ERL " ﬁERL | yeA yeB

We refer to the above optimization problem asrducedoroblem since it encompasses at most
k = |V variables. We now need however to prove that the solutiottseafeduced problem and our
original dual problem from Eg. (13) are equivalent. To doissyffices to show that for each feasible
solution of the reduced problem there exists an equivakailble solution of the original problem
and vice versa. Clearly, givenwhich satisfies the constraints imposed by Eq. (13), definirzgnd
(3 as given by Eqg. (14) would satisfy the constraints of Eq. @8) furthermoreC(a, 3) = L(1).
Denoting the optimal solution of Eq. (13) by* and that of Eq. (18) bya*, 3*), we immediately
get thatL(a*, B*) > L(7*). We are thus left to show that for each feasible solutgr8 there
exists a feasible solutiom such thatl(7) = L(«,3). This reverse mapping is non-trivial and
there does not exist a closed form description of the mapipamg o, 3 to 7. The existence of such
a mapping is provided in the following theorem which usesnttae-flow / min-cut duality.

Lemmal Let(«, 3) be a feasible solution of the reduced problem given in Eq). (I&en, there
exists a feasible solution of the original problem (Eq. (13)) such that{r) = L(«, 3).
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Figure 3: An illustration of the construction of a flow gragit A = {1,2} andB = {3,4,5}.

Proof Our proof is based on the max-flow min-cut duality (see fomasle Cormen et al. (1990)).
Given a feasible solutioricr, 3) defined over the setd and B we construct a directed graph
(V',E"). The set of nodes of the graph consists of the original noééisatl by the sets! and
B and two additional nodeswhich serves as a source anghich is a sink,V’ = AU B U {s, t}.
In addition to the original edges of the bipartite graph sutgd byA and B we add edges fromto
all the nodes i and from all the nodes iB to t and thusk’ = (A x B)U ({s} x A) U (B x {t}).
Each edge € E’ is associated with a capacity value). For eacke € A x B we definec(e) = oo.
For each edge of the foris, a) wherea € A we definec(e) = «, and analogously fofb, t) where
b € B we setc(e) = (5. Anillustration of the construction is given in Fig. 3 whete= {1, 2} and
B ={3,4,5}. We are now going to define a flow problem fd¢’, E’). We show in the sequel that
maximalflow in the graph above defines a feasible solution for theirmalgoptimization problem.
Furthermore, by using the max-flow min-cut duality, we albovg that the value attained by the
induced solution coincides with the value of the reducedhapation problem for(c, 3).

A flow for the graph above is an assignment of non-negativeegato edgesF : £F' — R,
which satisfies

(i)  V(r,v) e E, F((r,v)) <c(rv)
(i) YveV, Z F((rv)) = Z F((v,7)) . (19)
r:(rv)eE’ r:(v,r)eE’

The value of a flow function is defined as the total flow outgdimg source,
vallr) = > Fl(sr)) .
r:i(s;r)ebB’

Let 7* denote the flow attaining the maximal value among all posdibivs, that is valF*) >
val(F). We next prove that vaF*) = > 4 a,. To do so we use the max-flow min-cut duality
theorem. This theorem states that the value of the maximaldtpals the value of the minimal cut
of a graph. Formally, a cut of the graph is a sulfset V'’ such that s S and t¢ S. The value of
a cut is defined as the tote@pacityof edges outgoing fron§' to V' \ S,

val(s) = > c(r,v) .

(rv)eSx(V\S)NE!

10
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A cut is said to be minimal if its value does not exceed theevaluany other cut of the graph. The
value of the cutS = {s} is equal toy _, . 4 o,. We now show that'is a minimal cut. (While there
are other cuts attaining the minimum value, for our purposeiffices to show that = {s} is a
minimal cut.) LetS” be a cut different front. Clearly, if valS’) = co thenS” cannot be minimal.
We thus can safely assume that(\#) < co. If there exists a node € AN S’ then all the nodes in
B must also reside i’. Otherwise, there exists an edgeb) of an infinite capacity which crosses
the cut and vdlS’) = oo > val(S). Sincet cannot be inS” we get that for each € B, the edge
(b,t) crosses the cut and therefore the value of the cut is at}egsk 6, = > ,c4 @a- If ON the
other handA N S" = () then all the edges from s to the nodesdircross the cut. Therefore, al)
is again at leas} _, . 4 o, We have thus shown that= {s} is a minimal cut of the flow graph.

From the max-flow min-cut duality theorem we get that theristexa minimal flow/* such
that valF*) = > .4 aq. Since each outgoing edge from s hits a different nodd,inve must
have that7*( (s,a) ) = «, in order to reach the optimal flow value. Similarly, for edch B we
get that7*((b,t) ) = . We now setr, , = F*((a,b) ) for each(a,b) € A x B. Since a proper
flow associates a non-negative value with each edge we det,tha 0. From the conservation of
flow we get that,

@ =F((8.0)) = Y F*((ab) =D Tap

beB beB
and

Bb:F((b7t)):ZF((aab)):ZTa,b'
aeB acA
Thus, this construction of from the optimal flow satisfies the equalities given in Eq.)(1By
construction, each nodec A has one incoming eddge, a) and outgoing edges to all nodesih
Thus, the flow conservation requirement of Eq. (19) agairligaghat

C>YF(sa)= Y Flah))= Y 7.

acA reA,seB reA,seB

Therefore,m adheres with the constraints of Eq. (13). In summary, we kawstructed a feasible
solution to the original constrained optimization probletmich is consistent with the definitions of
a andg. Therefore L(T) = L(a, B) as required. [ |

The above lemma immediately implies thatr*) > L£(a*,3%). In addition we have already
argued thatZ(7*) < L(a*, 3*). Combining the two inequalities into one equality we obthie
following corollary.

Corollary 2 Let (a*, 3*) be the optimal solution of the reduced problem in Eq. (18).firige
{wi,...,wi} asin Eq. (15). Then{wy,...,wy} is the optimal solution of the soft projection
problem defined by Eq. (7).

We now move our focus to the derivation of an efficient aldnitfor solving the reduced
problem. To make our notation easy to follow, define: |A| andg = |B| and let us construct two
vectorsu € R? andv € R? such that for each € A there is an elemerity, — u, - x)/|x||? in p
and for eacth € B there is an element (v, — u, - x)/||x||? in v. Then, the reduced problem can

11
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be rewritten as,

: 1 2 1 2
min —|lax — + - — v
el gl sl 518 v

p q
S.t. ZO&Z‘ = Zﬁ] < C.
j=1

1=1

(20)

3.3 Decoupling the reduced optimization problem

In the previous section we showed that the soft projectiablem given by Eq. (7) is equivalent
to the reduced optimization problem of Eq. (20). First ndtat the variablesx and 3 are tied
together through a single equality constrdjnt||; = ||3]|:. We represent this coupling ef and3
by rewriting the optimization problem in Eq. (20) as,

min - g(z; p) +g(z5v) |

z€[0,C]
where
1 p
g(z;p) = m‘in§||a—u\|2 s.t. Z;ozi =z, o >0, (21)
-
and similarly ,
o(5v) = ming 8wl st S =2 20, (22)
=

The functiong(z; -) takes the same functional form whether we pser v as the second argument.
We therefore describe our derivation in termg 0f; 1) and clearly the derivation is also applicable
to g(z;v). The Lagrangian of(z; u) is,

1 ) P
L = §Ha—uH +9<Zaz——z> ¢ a,

i=1
whered € R is a Lagrange multiplier andl € R”, is a vector of non-negative Lagrange multipliers.
Differentiating with respect to,; and comparing to zero gives the following KKT condition,
ac
dai

The complementary slackness KKT condition implies that nédver«; > 0 we must have that
¢;i = 0. Thus, ifay; > 0 we get that,

=a—pi+0—-G¢G =0.

a = wi—0+G = w—0. (23)

Since all the non-negative elements of the veetoare tied via a single variable we would have
ended with a much simpler problem had we known the indicebedd elements. On a first sight,
this task seems difficult as the number of potential subgets i3 clearly exponential in the di-
mension ofa. Fortunately, the particular form of the problem rendersticient algorithm for
identifying the non-zero elements af The following lemma is a key guiding tool in deriving our
procedure for identifying the non-zero elements.

12
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Lemma 3 Let a be the optimal solution to the minimization problem in Edl)(2Lets and j be
two indices such that, > y;. If ay = 0 thena; must be zero as well.

Proof Assume by contradiction that, = 0 yeta; > 0. Let& € R¥ be a vector whose elements are
equal to the elements of except fora, anda; which are interchanged, that 8, = o, &; = a,
and for every other ¢ {s, j} we havea, = «,. It isimmediate to verify that the constraints of
Eq. (21) still hold. In addition we have that,

oo — pl)? =l — pl* = 2+ (a5 — pj)* = (0 — ps)® — 13 = 205(ps — p15) > 0,

which contradicts the fact that is the optimal solution. |

Let I denote the sefti € [p] : a; > 0}. The above lemma gives a simple characterization of the set
I. Let us reorder thes such thatu; > pe > ... > p,. Simply put, Lemma 3 implies that after the
reordering, the settis of the form{1, ..., p} for somel < p < p. Had we knowrp we could have
simply use Eqg. (23) and get that

p P P 1 (2
Z%‘ZZ%ZZ(M—Q):Z = 92_(2"“_2)
i=1

i=1 i=1 i=1 P

In summary, giverp we can summarize the optimal solution teras follows,

1 (2
i~ = i—z] 1<

0 1> p

We are left with the problem of finding the optimal value @f We could simply enumerate all
possible values gf in [p], for each possible value compuieas given by Eq. (24), and then choose
the value for which the objective functiofig — p||?) is the smallest. While this procedure can
be implemented quite efficiently, the following lemma p®s an even simpler solution after we
permute the elements pfto be in a non-increasing order.

Lemma 4 Leta be the optimal solution to the minimization problem giveiin (21) and assume
thatuy > po > ... > p,. Then, the number of strictly positive elementsirs,

J
Pz ) = max{je[p] YR (Zur—z> >o}
r=1

The proof of this technical lemma is deferred to the appendix

Had we known the optimal value af i.e. the argument attaining the minimum gifz; 1) +
g(z;v) we could have calculated the optimal dual variakd¢sand 3* by first findingp(z, 1) and
p(z,v) and then findingx and3 using Eq. (24). This is a classical chicken-and-egg problem
can easily calculate the optimal solution given some siétenmation, however, obtaining the side
information seems as difficult as finding the optimal soluti®One option is to perform a search
over ane-net of values forz in [0,C]. For each candidate value ferfrom thee-net we can find
« andg3 and then choose the value which attains the smallest olgeiiz; 1) + g(z; v)). While
this approach may be viable in many cases, it is still quiteetconsuming. To our rescue comes

13



SHALEV-SHWARTZ AND SINGER

the fact thaty(z; u) and g(z; v) entertain a very special structure. Rather than enumgrater
all possible values of we need to check at mokt+ 1 possible values fot. To establish the last
part of our efficient algorithm which performs this search tfee optimal value ot we need the
following theorem. The theorem is stated wijitbut clearly it also holds for .

Theorem 5 Letg(z; ) be as defined in Eq. (21). For eacke [p], define

i
zi = Z,Ur — Ui -
r=1

Then, for each € [z;, z;11] the functiong(z; ) is equivalent to the following quadratic function,

i 2 p
g(zp) = %(Zm—z> + > e
r=1

r=i+1

Moreover,g is continuous, continuously differentiable, and conve)iid].

The proof of this theorem is also deferred to the appendixe Jdod news that the theorem carries
is thatg(z; u) and g(z; v) are convex and therefore their sum is also convex. Furthernbe
function g(z; -) is piecewise quadratic and the points where it changes freergaadratic function

to another are simple to compute. We refer to these pointsiais k In the next sub-section we
exploit the properties of the functianto devise an efficient procedure for finding the optimal value
of z and from there the road to the optimal dual variables is dedrsimple.

3.4 Putting it all together

Due to the strict convexity of(z; i) + g(z; ) its minimum is unique and well defined. Therefore,
it suffices to search for a seemindgbcal minimum over all the sub-intervals in which the objective
function is equivalent to a quadratic function. If such alaninimum point is found it is guaranteed
to be the global minimum. Once we have the value @fhich constitutes the global minimum we
can decouple the optimization problems &mand3 and quickly find the optimal solution. There
is though one last small obstacle: the objective functiothés sum of two piecewise quadratic
functions. We therefore need to efficiently go over aiméon of the knots derived fronqu andv. We
now summarize the full algorithm for finding the optimum oéttiual variables and wrap up with
its pseudo-code.

Given u andv we find the sets of knots for each vector, take the union of wtedets, and
sort the set in an ascending order. Based on the theorems,ab&lows immediately that each
interval between two consecutive knots in the union is alsadeatic. Sincey(z; ) + g(z;v) is
convex, the objective function in each interval can be attar&zed as falling into one of two cases.
Namely, the objective function is either monotone (incie@®r decreasing) or it attains the unique
global minimum in the interval. In the latter case the obyectunction clearly decreases and then
increases. See also Fig. 5 for an illustration. If the olbjecfunction is monotone in all of the
intervals then the minimum is obtained at the boundary poiatC. (The pointz = 0 cannot be a
minimum point since the derivatives 9fz; u) andg(z;v) are negative at = 0.) Otherwise, we
simply need to identify the interval bracketing the globahimum and then find the optimal value
of z by finding the minimizer of the quadratic function assoaateth the interval. For instance, in

14
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INPUT: instancex € X ; targetrankingy ; setsA,B

current prototypest!, ..., u”*

; regularization parameter
MARGINS:
p = sort{ (v, — ut - x)/||x||? | a € A}
v =sort{(u’-x—) /|x[*| b€ B}
KNOTS:
Vielpl s m=Y e —ip Vi€lg =20l ve— gy
Q={z:2<C}U{z:Z < C}U{C}
INTERVALS:
V2e Qi R()=[u:z<2| 5 S()=H5:% <2

V€ Q: N(z)=min{z' € Q:2' > 2} U{C}

LocCAL MIN:
R(2) S(z)
O(z) = (5(2) S+ R(2)> Vr) /(R(z) + 5(2))
r=1 r=1
GLOBAL MIN:

If (3z€ Q s.t. O(z) € [2,N(z)]) Then
2*=0(z) ; i*=R(z) ; 77 =15(»)
Else
*=C ; i*=R(C) ; j5=5(C)

DUAL’S AUXILIARIES:
1 (& 1 J*
bo= 5 | 2om == b == > =2
r=1 r=1

Vr<r*: ar=p—04 ; Yr>r " a =0
Vs<s": fBs=vs—03 ; Vs>5", B,=0

OuUTPUT:

VacA: w, = u, + (7“_“‘5'x —Ha) x
+

[

Voe B : wy, = u, — (m—9ﬁ>+x

(1[I

Figure 4: Skeleton of the soft-projection onto polyhedr@P®PO) algorithm.
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0 2 4 6 8 10

Figure 5: An illustration of the functiog(z; i) + g(z;v). The vectorsu andv are constructed
from, vy = (1,2,3,4,5,6), u-x = (2,3,5,1,6,4), A= {4,5,6}, andB = {1,2, 3}.

Fig. 5 the minimum is attained just belawat the interval defined by the second and third knots. If
C is say10 then the optimal value fot coincides with the minimum belo®. If howeverC lies to
the left of the minimum, say &, then the optimum of is at3. We now formally recap the entire
procedure.

We utilize the following notation. For eache [p], define the knots derived fropa

%
5= e =i
r=1

and similarly, for eaclj € [¢] define

J
Zj = E Vp — Jvj .
r=1

From Lemma 5 we know that(z; p) is quadratic in each segment, z;+1) andg(z; v) is quadratic
in each segmerig;, Z;11). Therefore, as already argued above, the funajionp) + g(z;v) is
also piecewise quadratic |, C] and its knots are the points in the set,

Q={z:24<C}lU{z:z <C}U{C} .
For each knot € Q, we denote byV (z) its consecutive knot i@, that is,
N(z)=min ({' € Q:7' >z}u{C}) .
We also need to know for each knot how many knots precedeverE knot: we define

R(z)=|H{zi:2z <z} and S(z) = [{z; : z2; < z}| .
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Using the newly introduced notation we can find for a giverugal its bracketing intervalz €
[/, N(2')]. From Thm. 5 we get that the value of the dual objective fumcétz is,

g(zpm) +g(zv) =

R(2") S(2") 2 D
Z My — 2 + Z lur Z Vp — 1/7? .
r=R(z’)+1 r:S(z’)+1

The unique minimum of the quadratic function above is a@idiat the point.

S(z")

O(z ( Zu,JrR )Y v )/(R(z')—l—S(z’))

=1

Therefore, ifO(2") € [/, N(2')], then the global minimum of the dual objective function imated
atO(z’). Otherwise, if no such interval exists, the optimum is whea C. The skeleton of the
pseudo-code for the fast projection algorithm is given ig. . The most expensive operation
performed by the algorithm is the sorting operationucdndy. Since the sum of the dimensions of
these vectors i% the complexity of the algorithm i® (% log(k)).

4. From a single projection to multiple projections

We now describe the algorithm for solving the original babchblem defined by Eq. (6) using the
algorithm for the single soft-projection problem. We wofildt like to note that the general batch
problem can also be viewed as a soft projection problem. \Wesast the batch problem as finding
the set of vector§wy, ..., wi} which is closest td& zero vectorq0, ..., 0} while approximately
satisfying a set of systems of linear constraints where sgsfem is associated with an independent
relaxation variable. Put another way, we can view the fuitb@ptimization problem as the task of
finding a relaxed projection of the sf, ..., 0} onto multiple polyhedra each of which is defined
via a set of linear constraints induced by a single sub-giphe E(v'). We thus refer to this
task as the soft-projection onto multiple polyhedra. Weiskean iterative algorithm which solves
the batch problem by successively calling to the SOPOPCrittigo from Fig. 4. We describe
and analyze the algorithm for a slightly more general camséd optimization which results in a
simplified notation. We start with the presentation of ougioral formulation as an instance of the
generalized problem.

To convert the problem in Eq. (6) to a more general form, werasswithout loss of generality
that |[E(y%)| = 1 for all i € [m]. We refer to the single set iB(~*) asE*. This assumption does
not pose a limitation since in the case of multiple decontimrss, E(v%) = {F1, ..., E;}, we can
replace theth example withi pseudo-examplesi(x’, E), ..., (x*, E;)}. Using this assumption,
we can rewrite the optimization problem of Eq. (6) as follpws

1 k m
. 2 1
min — w + C;
e S Sa

, . S (25)
stvie[m],V(rs)e ', w,-xX'—ws- X' > —7,—&

Vi, £€>0,
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whereC; = Co' is the weight of theith slack variable. To further simplify Eq. (25), we use
w € R™ to denote the concatenation of the vectpss, ..., wy). In addition, we associate an
index, denoted, with each(r, s) € E* and definea’’ € R™ to be the vector,

a’J=(_0, ,...,0, x, ,0,,...,0, —x; ,0, ..., 0 ). (26)
1st block rth block sth block kth block

We also definé’/ = ~! — ~.. Finally, we definek; = |E|. Using the newly introduced notation
we can rewrite Eq. (25) as follows,

W7E
st Vie[m], V)€ k], w-a >p —¢
&>0.

N N i

min §HWH2+ZCZ{
i=1

(27)

Our goal is to derive an iterative algorithm for solving E&7Y based on a procedure for solving a
single soft-projection which takes the form,

1 .
min  ~|w—ul* + ;¢
w2
s.t.Vje [k], w-abd > b — ¢l (28)
£€>0.

By construction, an algorithm for solving the more generabfem defined in Eq. (27) would also
solve the more specific problem defined by Eq. (6).

The rest of the section is organized as follows. We first d@ettie dual of the problem given in
Eq. (27). We then describe an iterative algorithm which ocheateration performs a single soft-
projection and present a pseudo-code of the iterativeittigotailored for the specific label-ranking
problem of Eqg. (6). Finally, we analyze the convergence efsiiggested iterative algorithm.

4.1 The dual problem

First, note that the primal objective function of the geh@mblem is convex and all the primal

constraints are linear. Therefore, using the same argenasnin Sec. 3.1 it is simple to show that
strong duality holds and a solution to the primal problem barobtained from the solution of its

dual problem. To do so, we first write the Lagrangian,

m m  k; m
L LD TS 3 SE I B P B glcro
i=1 =1

i=1 j=1

where)\; ; and(; are non-negative Lagrange multipliers. Taking the dexeadf £ with respect to
w and comparing it to zero gives,

w = Z Aij a™l . (29)
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INPUT:  training set{(x’,~")}", ; decomposition functioE(y) ;
regularization parametér
INITIALIZE :
Vi € [m], Aj x B; € E(v'), (a,b) € A; x B;, setag’ =0, ;7 =0
Vr € [k], setw, =0
LooP:
Choose a sub-graphe [m], A; x B; € E(v%)
UPDATE:
Vaec Aj: u, = w, —abix; Vb€ Bj:u = Wb—i-ﬂé’jx,-
SOLVE:
(™, 3", {w,}) = SOPOPQ{u, },x",v", A;, B;, C)

OuTPUT. The final vectordw, }*_,

Figure 6: The procedure for solving the preference grapbisliem via soft-projections.

Similarly, the derivative with respect 8 gives the conditions,

ki
Viem], Y Aij=Ci—G . (30)

j=1

Since); ; and(; are non-negative Lagrange multipliers we get that the sttasfible solutions of
the dual problem is,

k;
S = A Vi, Z)\i’j < (C; and Vi, 7, )\i,j >0

j=1

Using Eq. (29) and Eg. (30) to further rewrite the Lagrangjams the dual objective function,
1l K - ’ m ki -
D()\) = — 5 ZZ)\Z'J a"’ + Zz/\i’j b .

i=1 j=1 i=1 j=1

The dual of the problem defined in Eq. (27) is therefore,

max D) . (31)
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4.2 An iterative procedure

We are now ready to describe our iterative algorithm. We aitiké to stress again that the method-
ology and analysis presented here have been suggesteddoglsawthors. Our procedure is a slight
generalization of row action methods (Censor and Zenid37 1@ hich is often also referred to as
decomposition methods (Lin, 2002). The iterative procedmorks in rounds and operates on the
dual form of the objective function. We show though that eemind can be realized as a soft-
projection operation by modifying®’/. Let A’ denote the vector of dual variables before ttre
iteration of the iterative algorithm. Initially, we s&' = 0, which constitutes a trivial feasible
solution to Eq. (31). On th&h iteration of the algorithm, we choose a single exampleseglindex
is denoted- and update its dual variables. We freeze the rest of the duibles at their current
value. We cast theth iteration as the following constrained optimization ipeom,

AL = argmax D(A) st Vi#r Vje k], hij=X; . (32)
Note thatA’*! is essentially the same @€ except of all the variables corresponding to itil
example, namely{\, ;| 7 € [k-]}. In order to explicitly write the objective function convay by
Eqg. (32) let us introduce the following notation,

k;
u=> Y \a". (33)

i#r j=1
The vectoru is equal to the current estimate wfexcluding the contribution of theth set of dual
variables. Withu on hand, we can rewrite the objective function of Eq. (32)ddis\vs,

2

1 T . ! . 1 2 . . - i.q
a1 DL e DIl R LD BN AR D B DR L
j=1 j=1 7=1 i#r j=1
1| e
-5 Z Arjal|| 4 Z A b7 4T (34)
j=1 Jj=1

wherel is a constant that does not depend on the variabl¢s,in| j € [k.]} and
Brvj — brvj —1u- arvj .
In addition the set of variables which are not fixed must egids, therefore,
ki

> Ay < CrandVj, Ay >0 (35)
j=1

The fortunate circumstances are that the optimizationlprmoldefined by Eq. (34) subject to the
constraints given in Eq. (35) can be rephrases as a sotgbiay problem. Concretely, let us define
the following soft-projection problem,

1 2

N oo

min o flw —uf” + G-

s.t. Vj € [ky], W.amzbﬁj_gr
§=>0.

(36)
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The value of)\f;.l is obtained from the optimal value of the dual problem of B§)(as we now
show. The Lagrangian of Eq. (36) is

k
1 r . .
L = §||W—u\|2 + C &+ § Arj (b7 =€ —w-all) — & .
j=1

Differentiating with respect tev and comparing to zero give,
w = u+Z Arja™
j=1
and similarly, differentiating with respect 6 gives,
Co—G=Y Aj =0 = Y X\; <Cr.
j=1 j=1

Therefore, the dual problem of Eq. (36) becomes,

2

k k
I s . r . .
g~ [Yo A YA ) s
’ 7j=1 j=1 i
ki (37)
D Mg <Cr
j=1

vj € [kT’]a )\r,j Z 0 )

which isidenticalto the problem defined by Eq. (34) subject to the constraintngoy Eq. (35).

In summary, our algorithm works by updating one set of dualaldes on each round while
fixing the rest of the variables to their current values. Figdhe optimal value of the unrestricted
variables is achieved by defining an instantaneous sofeqiion problem. The instantaneous prob-
lem is defined by modifying the targe$’ so as to take into account the contribution of the dual
variables which are being freezed. The instantaneouspsojitction problem is readily solved us-
ing the machinery developed in the previous section. Thedizseode of this iterative procedure is
given in Fig. 6. It is therefore left to reason about the fdrpraperties of the iterative procedure.
From the definition of the update from Eq. (32)we clearly geat bn each round we are guaranteed
to increase the dual objective function unless we are ajratithe optimum. In the next subsection
we show that this iterative paradigm converges to the glop&num of the dual objective function.

To conclude this section, we would like to note that a préalicof our label-ranking function is
solely based on inner products between vectors ffem, . .., w; } and an instance. In addition,
as we have shown in the previous section, the solution of saitlprojection takes the formw, =
u, +a.x’ andw;, = u, — 3,x’. Since we initially set all vectors to be the zero vector, wethat at
each step of the algorithm, all the vectors can be expresskidear combinations of the instances.
Thus, as in the case of support vector machines for cladsificaroblems, we can replace the inner
product operation with any Mercer kernel (Vapnik, 1998).

21



SHALEV-SHWARTZ AND SINGER

4.3 Analysis of Convergence

To analyze the convergence of the iterative procedure we teeimtroduce a few more definitions.
We denote byD! the value of the dual objective functidsefore the tth iteration and byA; =
D'l — Dt the increase in the dual on thh iteration. We also denote h‘(\) the potential
increase we have gained had we chosentivexample for updating. We assume that on each
iteration of the algorithm, we choose an example, whosexinsle, which attains the maximal
increase in the dual, therefo® (A) = max; AY(A"). Last, letD* and\* denote the optimal value
and argument of the dual objective function. Our algorithiaximizes the dual objective on each
iteration subject to the constraint that for ali£ » and;j < [k;], the variables\; ; are kept intact.
Therefore, the sequend?', D2, . .. is monotonically non-decreasing.

To prove convergence we need the following lemma which dagssiftthe algorithm is at sub-
optimal solution then it will keep increasing the dual oljez on the subsequent iteration.

Lemma 6 LetA be a suboptimal solution))(X\) < D*. Then there exists an exampiéor which
AT(X) > 0.

Proof Assume by contradiction that for all A%(\) = 0 and yetD(\) < D*. In this case we
clearly have thal # A*. Letv = A* — X denote the difference between the optimal solution and
the current solution and denot¢f) = D (A + 6v) the value of the dual obtained by moving along
the directionv from X. SinceD() is concave then so is. Therefore, the line tangent foat 0
resides abové at all points but = 0. We thus get thaf,(0) + 4/(0)6 > h(6) and in particular for
6 = 1 we obtain,

h'(0) > h(1) — h(0) = D(A*) — D(A) >0 .

Let VD denote the gradient of the dual objective\atSinceh/(0) = VD - v we get that,
VD-v > 0 . (38)

We now rewritev as the sum of vectors,

o i i ’UTJ r=1
v—;z Whel’ezm—{0 oy
In words, we rewritev as the sum of vectors each of which corresponds to the duelbles
appearing in a single soft-projection problem induced &yith example. From the definition of
z' together with the form of the dual constraints we get thatwietor A + z* is also a feasible
solution for the dual problem. Using the assumption thagfbi, A*(\) = 0, we get that for each
6 € [0,1], D(A) > D(A+0z"). Analogously tah we define the scalar functidn (9) = D(A+60z").
This function is monotonically non-increasing [ih 1]. Sinceh; is derived from the dual function
by constraining the dual variables to reside on the Mne 0z’, then like D, h; is concave and
continuously differentiable. We thus get thigf0) < 0 and furthermoreVD - z' = h(0) < 0 for
all i which gives,

m
VD-v =V-Y 72 <0,
i=1

which contradicts Eg. (38). [ |

Equipped with the above lemma we are now ready to prove thateahative algorithm converges to
optimal solution.
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Theorem 7 Let D! denote the value of the dual objective after thk iteration of the algorithm
defined in Eq. (32). Denote ly* the optimum of the problem given in Eq. (31). Then, the samuen
D', D? ..., Dt ...converges td*.

Proof Recall that the primal problem has a trivial feasible solutivhich is attained by setting
w = 0 and¢ = max; b/, For this solution the value of the primal problem is finiteinc®
the value of the dual problem cannot exceed the value of fiheapproblem we get thab* < oo.
Therefore, the sequence of dual objective values is a mpimptaon-decreasing, and upper bounded
sequenceD! < D? < ... < D! < ... < D* < oo. Thus, this sequence converges to a limit which
we denote byD'. It is left to show thatD’ = D*. Assume by contradiction th@* — D’ = ¢ > 0.
The set of feasible dual solutionS, is a compact set. Lek’ : S — R be the average increase of
the dual over all possible choices for an example to use fdatipg A,

AN = %Z AV(A)

On each iteration we have by construction that> A’(AX"). DefineA = {X : D(X\) > D* —¢/2}.
From the concavity ob we get that the sef \ A is a compact set. Sinak’ is a continuous function
it attains a minimum value ovet\ A. Denote this minimum value byand letA be the point which
attains this minimum. From Lemma 6 we know that- 0 since otherwiséD(X) would have equal
to D* which in turn contradicts the fact thétgé A. Since for allt we know thatD! < D' = D* —¢

we conclude thad! € S \ A. This fact implies that for alt ,
Ay > AA) > AN =k .

The above lower bound on the increase in the dual impliesttieasequencd!, D2, D3, ... di-
verges to infinity and thu®’ = oo which is in contradiction to the fact th@®’ = D* — ¢ < co. B

5. Experiments

In this section we present experimental results which camffe SOPOPO algorithm from Fig. 4
and our iterative procedure for soft-projection onto nplétipolyhedra from Fig. 6 to a commercial
interior point method called LOQO (Vanderbei, 1999).

Our first set of experiments focuses on assessing the efficeEnSOPOPO for soft-projection
onto asingle polyhedron. In this set of experiments, the data was gestbiad follows. First, we
chose the number of classkés= || and definedFE to be the setd x B with A = [k/2] and
B = [k] \ [k/2]. We set the value of, to be one forr € A and otherwise it was set to zero. We
then sampled an instanseand a set of vector$uy, ..., u;} from a 100-dimensional Gaussian
of a zero mean and with the identity matrix as a covarianceixnafter generating the instance
and the targets, we presented the optimization problem o{Bgo SOPOPO and to the LOQO
optimization package. We repeated the above experimerdifferent values oft ranging from
10 through100. For each value of we repeated the entire experiment ten times, where in each
trial we generated a new problem. We then averaged the sesugt the ten trials. The average
CPU time consumed by the two algorithms as a functiotk &f depicted on the left hand side of
Fig. 7. We would like to note that we have implemented SOPO&® imn Matlab and C++. We
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Figure 7: A comparison of the run-time of SOPOPO and LOQO endtiginal soft-projection
problem defined in Eq. (7) (left) and on the reduced probleamfEq. (20) (right).

used the Matlab interface to LOQO, while LOQO itself was rarits native mode. We report
results using our Matlab implementation of SOPOPO in ordetitninate possible implementation
advantages. Our Matlab implementation follows the psewaite of Fig. 4. Nevertheless, as clearly
indicated by the results, the time consumed by SOPOPO isgitdgl and exhibits only a very
minor increase wittk. In contrast, the run time of LOQO increases significantlyhvii The large
advantage of our algorithm over LOQO can be attributed tovafdetors. First, LOQO is a general
purposenumericaloptimization toolkit. Its generality is clearly a two edgedord as it employs
a numerical interior point method regardless of the probdenmand. Furthermore, LOQO was set
to solve numerically the soft-projection problem of Eq. (while SOPOPO solves optimally the
equivalent reduced problem of Eq. (20). To eliminate thietamnitigating factor which is in favor
of SOPOPO, we repeated the same experiment as before wasderping to LOQO the reduced
optimization problem rather than the original soft-préj@e problem. The results are depicted on
the right hand side of Fig. 7. Yet again, the run time of SOP@88ill significantly lower than
LOQO for k > 300 and as before there is no significant increase in the run th$®0OPO a%
increases.

The second experiment compares the performance of théveedgorithm from Fig. 6 and
LOQO in the batch setting given by Eq. (6). In this experimemet generated synthetic data as
follows. First, we chose the number of clas¢es= |)| and sampledn instances from d00-
dimensional Gaussian with a zero mean and an identity masria covariance matrix. Next, we
sampled a set of vectofsvy, ..., w;} from the same Gaussian distribution. For each instasdice
we calculated the vector’ € R*, whoser'th element isw, - x*. We then setd’ to be the indices
of the topk /2 elements of* while B? constituted the rest of the elemert,\ A*. (For example,
assume that’ = (0.4,4.1,3.5, —2) then A* = {2,3} and B* = {1,4}.) As feedback we se{"
for all » € A’ and forb ¢ B’ we sety, = 0. (In the our running example, the resulting vector
~* amounts ta(0,1,1,0).) Finally, we setE(y") = {E'}, whereE* = A x B. We repeated the
above process for different values/ofanging from 20 through 100. The number of examples was
fixed to bel0k and thus ranged fror200 through1000. The value ofC was set to bd /m. In
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Figure 8: A comparison of the run-time in batch settings oP8P O and LOQO (using the reduced

problem in Eg. (39)). The number of examples was set tthlianes the number of labels
(denotedk) in each problem.

each experiment we terminated the wrapper procedure tedcim Fig. 6 when the gap between
the primal and dual objective functions went bel6ow1. We first tried to feed LOQO with the
original optimization problem of Eq. (6). However, the rigisig optimization problem was too
large for LOQO to manage it in a reasonable time, even for mhallest problem X = 20). Our
iterative algorithm solves such small problems in less thaecond. To facilitate a more meaningful
comparison, we used the techniques described in Sec. 3 plated the original optimization
problem from Eq. (6) with the following reduced problem,

1 k m m 2 k m m
SRR M DO S IED o DT o S
r=1lli:reA? ireB? r=1 ireA? ireB?
stVic[m]:Vac A, o/ >0andVbe B, 8.>0
[m

J: > ab= Y a,<C.

acAl beB?

(39)

Vie

By presenting the reduced problem Eq. (39) to LOQO, we irfquite a bit of prior knowledge
that made the task manageable for LOQO. The derivation oaltlowe reduced problem is given
in appendix B. The results are summarized in Fig. 8. As clezah be seen from the graph, our
iterative algorithm outperforms LOQO, in particular as #iee of the problem increases. Due to
the nature of the decomposition procedure, our running tnm® longer oblivious to the value of
k as the number of graphs grows withNonetheless, even fér= 100 the run time of SOPOPQO’s
wrapper does not exceed 4 seconds. These promising resyitesize the viability of our approach
for large scale optimization problems.

The last experiment underscore an interesting propertyioterative algorithm. In this experi-
ment we have used the same data as in the previous experirtlerit w 100 andm = 1000. After
each iteration of the algorithm, we examined both the irewea the dual objective after the update
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Figure 9: The increase in the dual objective (left) and thmalk-dual gap (right) as a function of
the number of iterations of the iterative algorithm in Fig. 6

and the primal-dual gap. The results are shown in Fig. 9. Taghsg exhibit a phenomena reminis-
cent of a phase transition. After abalft00 iterations, which is also the number of examples, the
increase in the dual objective is becomes miniscule. Thas@lransition is also exhibited for other
choices ofim, k andC. Note in addition that as the number of epochs increasesthease of the
dual objective becomes very small relative to the duality.d&is common to use the increase of
the dual objective as a stopping criterion and the last eéxy@et indicates that this criterion does
not necessarily imply convergence. We leave further inyatbn of these phenomena to future
research.

6. Discussion

We described an algorithmic framework for solving variolassification and prediction problems.
Each iteration of our algorithm is based on SOPOPO, a fastepiae for soft projection onto a
single polyhedron. There are several possible extensibtieavork presented in this paper. One
of them is further generalization of SOPOPO to more comptayhedra. Recall that SOPOPO is
designed for projecting onto a polyhedron which is definembetting to a complete bipartite graph.
The generalization of SOPOPO to decompositions consistirigpartite graphs is one particular
interesting task. Another type of polyhedra that naturallgerges is regression problems with
multiple outputs. In this setting, we would like the preditdifferenced, (x) — fs(x) to be as close
as possible to the target differencgs— 5, possibly up to an insensitivity tere This problem can
be formalized by replacing the constrajf){x) — fs(x) > =, —vs — & with the constraint( f, (x) —
fs(x)) — (7 —vs)| < e+&. Another interesting direction is the applicability of SOPO to online
learning ranking (Crammer and Singer, 2005) where eacim@nlpdate is performed efficiently
using SOPOPO. The phase transition phenomenon underscomd experiments surfaces the
important issue of generalization properties of our atponi In particular, the fact that increases in
the value of dual become miniscule suggests the usage gfstadping so long as the predictions
capabilities are not harmed. Finally, we plan to work on meafld applications of SOPOPO to
tasks such as category ranking for text documents.
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Appendix A. Technical Proofs

Proof of Lemma 4
Throughout the proof we assume that the elements of the vactse sorted in a non-ascending
order, namelyu; > po > ... > p,,. Recall that the definition of(z, p) is,

. 1 (<
Pz, p) = maX{J €lpl ¢ pj —3 (ZW—Z) > 0}
r=1
For brevity, we refer tg(z, ) simply asp. Denote bya* the optimal solution of the constrained
optimization problem of Eq. (21) and let
p*=max{j : af >0} .

From Eq. (24) we know that} = u, — 6* > 0 for r < p* where

* 1 p
0 =— | Dmi—=] .
A\

and thereforg > p*. We thus need to prove that= p*. Assume by contradiction that> p*. Let
us denote byx the vector induced by the choice gfthat is,«,. = 0 for » > p anda, = p,- — 6 for
r < p, where,

1 P
b= 22wz
r\S

From the definition ofp, we must have that, = p, — 6 > 0. Therefore, since the elements of
p are sorted in a non-ascending order, we get that= . — 6 > 0 for all » < p. In addition,
the choice of) implies that||a||; = z. We thus get thatx is a feasible solution as it satisfies the
constraints of Eq. (21). Examining the objective functittaiaed aix we get that,

p* p D
lo—pl®> = DY 02+ > 2+ > p
r=1 r=p*+1 r=p+1

where to derive the inequality above we used the factihat 6 > 0 for all » < p. We now need to
analyze two cases depending on whetteis greater tham or not. If #* > 6 than we can further
bound||a — p||? from above as follows,

p p

p* p*
loe—pl®> < D7+ > opk < Y0+ > pk= o —pl,
r=1

r=p*+1 r=1 r=p*+1
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which contradicts the optimality at*. We are thus left to show that the case- 6* also leads to a
contradiction. We do so by constructing a veafofrom a*. We show that this vector satisfies the
constraints of Eq. (21) hence it is a feasible solution. linave show that the objective function
attained by is strictly smaller than that af*. We define the vecta® € R” as follows,

ape—e r=p"
Qr =14 € r=p+1 |

ar otherwise

T

wheree = %(,u,p*_H — 6*). Since we assume thét> 6* andp > p* we know thato -1 =
Hp+1 — 0 > 0 which implies that

- 1 1 1
Qpr+1 = 5(:“/)*-!—1 —0") > §(Mp*+1 —0)= SO+l > 0.

Furthermore, we also get that,

- 1 1 1 1
O[p* = Iup*—iup*_i_l_ie* > 5(/’6/7*"‘1_9) = iap*_;’_l > 0.

In addition, by construction we get that the rest of comptmeh & are also non-negative. Our
construction also preserves the norm, thatag|; = ||a*|[1 = z. Thus, the vectofx is also a
feasible solution for the set of constraints defined by Ef).(2las, examining the difference in the
objective functions attained by anda* we get,

ok — pl? =& =l = (072 + 2oy = (0 + O+ (prs1 — )
= 2e(ppip1 —0%) =22 = 26> > 0.
N——
=2¢

We thus obtained the long desired contradiction which aated the proof. [ |

Proof of Thm.5
Plugging the value of the optimal solutienfrom Eq. (24) into the objectivéa — p||? and using
Lemma 4 give that,

1 p(z;p 2

)
Z Hr — 2 + Z lu’% )
r=1

r=p(z;p)+1

)= )

where, to remind the reader, the number of strictly positveis,

1 P
p(Z;u)zmaX{p:up—; (ZMT—Z> 20}

r=1

Throughout the proof: is fixed and known. We therefore abuse our notation and usshthrthand
p(z) for p(z; u). Recall thaty is given in a non-ascending order;; < u; fori € [p — 1].
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Therefore, we get that

i+1
Zi+l = Z/Lr— (t+1Dpip1 = Z,ur+,uz+1 Mig1 — T i1
r=1
%
= Zﬂr_iﬂi-i-l > Zur—im =z .
r=1 r=1
Thus, the sequencs, 23, . . ., 2, is monotonically non-decreasing and the interalsz;, ) are

well defined. The definition of(z) implies that for allz € [z;, z;+1) we havep(z) = p(z) = i.
Hence, the value of(z; ) for eachz € [z;, zi11) IS,

i 2 P
):%<Zﬂr_z> +Zﬂ3'
r=1

r=i+1

We have thus established the fact thét; 1) is a quadratic function in each interv@;, z; 1) and
in particular it is continuous in each such sub-interval. show thatg is continuous in0, C] we
need to examine all of its knotg. Computing the left limit and the right limit of at each knot we
get that,

2
p
limg(z;p) = lim— (Zur—z> + Y

zlz; zlz; 1 r— ’i+1

- ;(ZW Zur+zuz> + Zur

r=i+1
.2 2
= Wy + E Ky s
r=i+1

and

limg(z;pu) = lim

z.Tzi = 21z 10— 1 (ZMT—,Z> +Z'u7‘
1 11— (] P
= Z._1<Zur—2m+im> + p
r=1 r=1 r=i
p p
= (= Dpf+ Y up =g+ Y pp
r=1i

r=i+1

Therefore,lim, |, g(z; u) = lim,,, g(2; u) andg is indeed continuous. The continuity of the
derivative ofg is shown by using the same technique of examining the rigthtiefh limits at each

knot z; for the function, ‘
2 1

g'(zp) == (2 - Z;ur>
r—=
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Finally, we use the fact that a continuously differentiaflaction is convex iff its derivative is
monotonically non-decreasing. Singés quadratic in each segmelt, z;11], ¢’ is indeed mono-
tonically non-decreasing in each segment. Furthermooe) the continuity ofy’ we get thaty’ is
monotonically non-decreasing on the entire intefoal’]. Thus,g is convex on0, C]. [ |

Appendix B. Derivation of Eq. (39)

In this section we derive conversion of the optimizationkppean from Eq. (6) to its reduced form
given in Eq. (39). In Sec. 4 (Eq. (31)) we derived the dual of &). Assuming that for each
example, E(y) = {A’ x B*}, and using the definitions af'/, b/, andw from Sec. 4, we can
rewrite the dual of Eq. (6) as

k
Hl7E_LX ZHWTH2 Z Z Z >‘ab 7a
=1

i=1 aqc A’ beB?

st.Vie[m]:V(ab) €A x B, Ny>0 (40)
Vie [ ] Z fz,b <C )
(a,b)€ A’ x B
where '
= > > A= D> > N (41)
iir€ Al beB? i:r€B? acA?
For eachu € A’ define,
= > Ny (42)
beBi
and similarly, for eachh ¢ B’ define,
> Ny (43)
ac Al

Using these definitions, we can rewrite Eq. (41) as,
> - Y aix
1re At ireB?
Therefore, the dual objective can be rewritten as,
2

1 k m m k m m
= —52 doax = 3 AxX| o+ 3 | D@m= Y A
=1 ||i:reAl iir€B? r=1 \ircAl iir€B?

As in Sec. 3, we need to enforce the additional constraints and3,

Vie[m] :Yac A, o/, >0 andVbe B, >0

Vie[m]:ZaiL: ZaégC.

ac Al be B

Combining the dual definition with the above constraintegithe reduced problem from Eq. (39).
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