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Abstract

The problemof computingaresampleestimatefor thereconstructiorer-
ror in PCA s reformulatedasaninferenceproblemwith the help of the
replicamethod. Using the expectationconsistenf{EC) approximation,
theintractableinferenceproblemcanbe solvedefficiently with two vari-
ational parameters A perturbatve correctionto the resultis computed
andanalternatve simplifiedderivationis alsopresented.

1 Introduction

This papemnwasmotivatedby recenfjoint work with Ole Wintheron approximatenference
techniquegthe expectationconsisten{EC) approximation1] relatedto Tom Minka’'s EP
[2] approachvhich allows usto tacklehigh—dimensionasumsandintegralsthatarenec-
essaryfor Bayesiarprobabilisticinference.

| waslooking for a nice modelto which this approximationwould apply. It hadto be
simpleenoughsothat| would not be boggeddown by large numericalsimulations.But it
hadto benontrivial enoughto be of atleastmodestinterestto MachineLearning.With the
applicationof approximatdanferenceto resamplingn PCA | hopeto be ableto stresshe
following points:

e Approximateefficient inferencetechniquescan be usefulin areasof Machine
Learningwhereonewould not necessarilyassumehatthey areapplicable.This
canhappenwhenthe underlyingprobabilisticmodelis not immedeatelyisible
but shawvs only up asaresulta of mathematicatransformation.

e Approximateinferencemethodscan be highly robust allowing for analyticcon-
tinuationsof modelparameters$o the comple planeor even nonintgyer dimen-
sionalitiesinto areaswvherethereal probabilisticmodelno longerexists.

e It is notalwaysnecessaryo usealarge numberof variationalparameter# order
to getreasonablaccurag.

¢ Inferencemethodscould be systematicallyimproved using perturbatve correc-
tions.

Thework wasalsostimulatedby previous joint work with Dorthe Malzahn[3] on resam-



pling estimatedor generalizatiorerrorsof Gaussiarprocessmodelsand Supportector-
Machines.

2 Resampling estimatorsfor PCA

Principal ComponentAnalysis(PCA) is a well knovn and widely appliedtool for data
analysis. The goal is to project datavectorsy from a typically high (d-) dimensional
spaceinto an optimally choserlower (¢-) dimensionalinear spacewith ¢ << d, thereby
minimizing the expectedprojectionerrore = E|ly — P,[y]||?, where P,[y] denoteghe
projection. £/ standdor anexpectationover the distribution of the data.In practicewhere
the distribution is not available, one hasto work with a datasampleD, consistingof N
vectorsyy = (yx(1), yx(2),-...ux(d))”, k = 1,..., N. Arrangingthesevectorsinto a
(dx N) datamatrixY = (y1,y2,...,¥yn~). Assumingcenterediatatheoptimalsubspace
is spanneddy the eigervectorsu; of the d x d data covariance matrix C = %YYT
correspondingdo the ¢ largesteigervalues);. We will assumehatthesecorrespondo all
eigervectors);, > A above somethresholdvalue A.

After computingthe PCA projection,onewouldbeinterestedn finding outif thecomputed
subspaceepresentactually the datawell by estimatingthe averageprojectionerror on
novel datay (ie notcontainedn D) which aredravn from the samedistribution.

Fixing theprojectionP,, theerrorcanberewritten as

&= Z ETr [nyulu,T] 0}
A<

wherethe expectationis only overy andthetrainingdataarefixed. Thetraining error

=D N (2)

A<

canbe obtainedwithout knowledgeof the distribution but will usuallyonly give an opti-
mistically biasedestimatefor .

2.1 Aresampling estimate for the error

New artificial datasamplesD of arbitrarysize M canbe createdby resamplinga number
of datapointsfrom Dy with or without replacementA simplechoicewould beto choose
all dataindependentlywith the sameprobability 1/, but other possibilitiescanbe im-

plementedwithin our formalism. Thus,somey; in Dq will appeamultiple timesin D

andothersnot at all. Theideaof performingPCA on resamplediatasetsD andtesting
on the remainingdata D, \ D, motivatesthe following definition of a resampleaveiaged
reconstructiorerror

1
Er=yEo | D0 Tr(viyiwl) )
yigD;AL<)\

asaproxy for £. Ep is the expectationover the resamplingprocess.This is an estima-
tor of the bootstap type [3,4]. N, is the expectednumberof datain Dy which are not
containedn therandomset D. Therestof the paperwill discussa methodfor efficiently
approximating3).



2.2 Basicformalism

We introduce“occupationnumbers”s; which statehow mary timesy; is containdin D.
We alsointroducetwo matricesD andC. D is diagonalrandommatrix

1 r
D;i=D; = u_F(Si +€ds,0)  Cle) = NYDYT ) 4)

andC(0) is proportionalto the covariancematrix of theresamplediata. . is the sampling
rate,i.e. uN = Epl[>_, s is the expexted numberof datain D (countingmultiplicities).
Therole of I will beexplainedlater Usinge, we cangeneratexpressionshatcanbeused
in (3) to sumover thedatawhich arenot containedn thesetD

1
C'(0) = N Z 85,0555 - (5)
J

In the following A\, andu; will alwaysdenoteeigetvaluesand eigervectorsof the data
dependen(i.e. random)covariancematrix C(0).

Thedesiredaveragesanbe constructedrom thed x d matrix Greens function

G(D) = (C(0) + 1) = 37 el ©
o o A A +T
Using the well known representatiorof the Dirac ¢ distribution given by §(z) =
lim,, o+ Sm wherei = v/—1 and3 denotesheimaginarypart, we get
o1 SN T
nlgng -9 G —in) = %ukuk S +T) . (7)
Hencewe have
A
E =%+ / d\N e,.(\) (8)
o+
where
1 .. o1 T .
ET()\) = ; 7]11%1_‘_ (\5 FOED ; 553'70 Tr (ny] G(—)\ — 7/7})) (9)

definesthe error densityfrom all eigervalues> 0 and £ is the contritution from the
eigenspacwith \; = 0. Thelattercanalsobeeasilyexpressedrom G as

1
0 _ 1. T
& = %1% FOED zj: 0s;,0 Tr (.ijj I'G(T)) (10)
We canalsocomputetheresampleaveragediensityof eigervaluesfrom
1 . .
PN = 7 lim, Im Bp [Tr G(—A— in) )

3 A Gaussian probabilistic model

Thematrix Greensfunctionfor I' > 0 canbegeneratedrom a Gaussiarpartitionfunction
Z. Thisis awell known constructionin statisticalphysics,andhasalsobeenusedwithin

the NIPS communityto studythe distribution of eigervaluesfor an averagecaseanalysis
of PCA[5]. Its usefor computingthe expectedreconstructiorerror is to my knowledge
new.



With the (IV x N) kernelmatrix K = %YTY we definethe Gaussiarpartitionfunction
1
7 = /dx exp {—ixT (K_1 + D) x] (12)
1 1
= \K\Erd/z(%r)(N*d)m/ddz exp {—QZT (Cle) +IT)z| . (13)

x isanN dimensionalntegrationvariable. Theequalitycanbeeasilyshovn by expressing
the integralsasdeterminants! The first representatioif12) is usefulfor computingthe
resamplingaverageand the secondone connectddirectly to the definition of the matrix
Greensfunction G. Note,thatby its dependencen the kernelmatrix K, ageneralization
to d = oo dimensionalfeaturespacesandkernel PCA is straightforvard. The partition
function canthenbe understoodas a certain Gaussiarprocessexpectation. We will not
discusghis pointfurther.

Thefreeenegy F' = — In Z enablesisto generatahe following quantities
N
olnZ 1 .
e o T N ; ds,0 Try;y; G(T) (14)
olnZz d
2 = TGO (15)

wherewe have used(5) for (14). While (14) will be usedfor (9) and (15) appliesto
the densityof eigervalues. Note that the definition of the partition function Z requires
thatT" > 0, whereaghe applicationto the reconstructiorerror (8) needsnegative values
I' = =)\ < 0. Henceananalyticcontinuationof endresultsmustbe performed.

4 Resampling average and replicas

(14)and(15) shavsthatwe cancomputehedesiredesamplingiveragegrom theexpected
freeenegy — Ep[In Z]. Thiscanbeexpressedisingthe“replicatrick” of statisticalphysics
(seee.g.[6]) using

1
Ep[lnZ] = lin%) —In Ep[Z"], (16)
n—0n
whereoneattemptsan approximatecomputatiorof Ep[Z"] for integer n andusesa con-

tinuationto realnumbersattheend. Then timesreplicatedandaveragedpartitionfunction
(12) canbewrittenin theform

2 = Ep(2") = [ do wr(a) balo) 7
wherewe setz = (x1,...,x,) and
Y1(z) = Ep |exp {—% Z ngxa}l () = exp [—% ZxaTleal (18)
a=1 a=1

Theunaverged partitionfunction Z (12)is Gaussianbut theaveraged Z (™) oneis not. In
factit is for mostinterestingresamplenethoddntractable.

1If K haszeroeigervaluesadivisionof Z |K|% maybenecessaryThis additve renormalization
of thefreeenegy — In Z will notinfluencethe subsequentomputations.



5 Approximateinference

To approximateZ (™, we will usethe EC approximatiorrecentlyintroducedby Opper&
Winther[1]. For this methodwe needtwo auxiliary distributions
1
e (@) = e BT, (19)
0
whereA; and Ay are“variational” parameters$o be optimized. p; triesto mimic thein-
tractablep(z) o< ¥1(x) ¥2(z), replacingthe multivariate Gaussianp, by a simpler i.e.
tractablediagonalone. Onemay think of usinga generaldiagonalmatrix A, but we will
restrictourselhesin the presentcaseto the simplestcaseof a sphericalGaussiarwith a
singleparameterA ;.

i) = Zilzpl(x)e

Thestratey is to split Z(") into a productof Z; andatermthathasto be furtherapproxi-
mated:

zm = Zl/dI () Pa(x) M1 (20)

Q

Z / dz po(w) Ya(z) €M7 = Z00(Ay, Ao) -

Theapproximatiorreplaceghe intractableaverageover p; by atractableoneoverpy. To
optmizeA; and A, we agueasfollows: We try to male p, ascloseaspossibleto p; by
matchinghemomentszz); = (z7z),. Theindex denotesehdistributionwhichis used
for averaging.By this step,Aq becomes functionof A;. Secondsincethetrue partition
function Z(") is independentf A, we expectthata goodapproximatiorto Z(™ should
be stationarywith respectto variationsof A;. Both conditionscan be expressedy the
requirementhatin Z%(Al, Aq) mustbe stationarywith respecto variationsof A; and
Ao.

Within this EC approximationwe cancarry out thereplicalimit Ep[ln Z] ~ In Zgc =
lim,,_,¢ + In ZJ(E"CZ andgetaftersomecalculations

n

—InZgc = —-FEp {ln/dx e—%xT(D+(A0—A)I)x] _ 1)

fln/dX e~ 3% (KT +ADx + ln/dx e 3hox"x

wherewe havesetA = Ag—A;. Theresamplingaveragan theapproximation(21) appears
muchsimplerthatin the original free enepgy, especiallyif we assumea samplingscheme
whereall dataare sampledindependentlfform eachothers. E.g., we could take Poisson
probabilitiesp(s) = e*m“*s‘—f which givesa goodapproximatiorto the caseof resampling
N pointswith replacement.

Thevariationalequationsvhich make (21) stationrayare

1 1 1 wi 1
Ep|l—= )=+ ). — <=+ 22
D(AO—A—i-DZ-) Ao Nzk:Hka Ao (22)

wherew, arethe eigervaluesof the matrix K. The variationalequationscan be solved

without problemsnumericallyin theregionI' = —\ < 0 wheretheoriginal partitionfunc-

tion doesnot exist. The resultingparameters\y, and A will usuallycomeoutascomple

numbers.Their corresponding/aluescanbe usedfor the computationof the resampling
errors,e.g.we get

2uN _ 0lnZge N 1
b Nom VT 0 o an (Ao — A) (23)
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Figure1: Left: Errorsfor PCA on N = 32 sphericallyGaussiandatawith d = 25.
Samplingrate y = 3. Smoothcurve: approximateresamplederror estimate upperstep
function: true error Lower stepfunction: Training error Right: Comparisorof EC ap-
proximation(line) andsimulation(histogramme)pf the resamplediensityof eigervalues
for N = 50 sphericallyGaussiardataof dimensionalityd = 25. The samplingratewas
w=3.

6 Simulations

Eliminatingtheparameten, from (22)it is possibleto reducethe numericalcomputations
to solvinganonlinearequatiorfor asinglecomple parameteA whichcanbesolvedeasily
andfastby a Newton method.While the analyticalresultsarebasedon Poissonstatistics,
thesimulationsof randomresamplingvasperformedoy choosingafixednumber(equalto
the expectednumberof the Poissordistribution) of dataatrandomwith replacement.

Thefirst simulationwasfor asetof datagenerateé@trandomfrom asphericalGaussianTo
shaw thatresamplingnaybeuseful,we give on ontheleft handsideof (1) thereconstruc-
tion errorasafunctionof thevalueof )\ below which eigervaluesaredicarded.Thesmooth
functionis the approximateesamplingerror (3 x oversampledo leave not mary dataout
of thesamplesfrom our method.The upperstepfunctiongivesthetruereconstructiorer
ror (easyto calculatefor sphericaldata)for thefull sample.Thelower stepfunctionis the
trainingerror. Theright paneldemonstratetheaccuiacy of theapproximatioronasimilar
setof data.We comparehe analyticalresamplediensityof stateswith theresultsof atrue
resamplingexperiment,whereeigervaluesfor mary samplesare countedinto smallbins.
Thetheoreticalcurve follows closelythe experiment.

Sincethegoodaccurag might be attributedto the high symmetryof thetoy data,we have
alsoperformedexperimentson a setof N = 100 handwrittendigits with d = 784. The
resultsin (2) arepromising.Althoughthe densityof eigervaluesis moreaccurateahanthe
resamplingerror, the lattercomesstill outreasonable.

7 Corrections

I will shawv next thatthe EC approximatiorcanbeaugmentedby a perturbatiorexpansion.
Goingbackto (20), we canwrite

(n) T 1A,.T ikT
ZZ1 Z/dl‘m(l") Pa(w) ehww :/dm/@(@ e {/%‘gm xX(k)}
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Figure2: Left: Resamplingerror (1 = 1) for PCA onasetof 100 handwrittendigits (“5”)
with d = 784. The approximation(line) for ;. = 1 is comparedwith simulationsof the
randomresampling.Right: Resampledlensityof eigervaluesfor the samedataset. Only
thenonzerceigermvaluesareshawn.

wherex (k) = [dz pi(x) e~ "= is the characteristic function of the densityp; (19).
In x(k) is the cumulantgenerting function Usingthe symmetriesof the densityp;, we
canperformapower seriesexpansiorof In x (k), which startswith aquadraticerm(second
cumulant)

M

In x(k) = ka + R(k), (25)

whereM, = (xI'x,);. It canbeshavn thatif we neglect R(k) (containingthehigherorder
cumulantsiandcarryouttheintegral over k, we endup replacingp; by asimplerGaussian
po With matchingmomentsMs, i.e. the EC approximation.Higher order correctionsto

thefreeenegy —Ep[lnZ] = —In Zgc + AF; + ... canbe obtainedperturbatively by

writing x(k) = e~ 2k *(1+ R(k)+. . .). Thisexpansionis similarin spirit to Edgeworth

expansionsin statistics. The presentcaseis more complicatedby the extra dimensions
introducedby thereplicatingof variablesandthelimit n — 0. After alengthy calculation
onefindsfor the lowestordercorrection(containingthe monomialsin & of order4) to the

freeenengy:

1 2
AFlz—ZZ(Ao(K +AT) ) ZED(AO—A+D 1) (26)

2

Toillustratetheeffectof AFy, | have usedit sofaronly for obtaininga correctionto there-

constructiorerrorin the“zero—subspacelsing(10) and(14) of thedigit data.Preliminary
resultsare not yet conclusve. For sufficiently small samplingratescorrectionsincrease
andreachamaximumaty = 1.5. Form < 3 correctionsaarequiteaccuratecomparedvith

thesimulationgaveragedcbver 5000samples)E.g.,with . = 1, wehave £0(th) = 7.0774

from the theoryand &Y (sim) = 7.485. The differenceof 0.4076 is well accountedor

by the computedcorrectionof 0.384. Simlarly for 4 = 3, we had £%(th) = 3.8035

and&?(sim) = 4.096 with a differenceof 2.93 comparedo the theoreticalcorrectionof

0.2668. The predictedrapid decreasef correctionsor larger i is not foundin the simu-

lations. The differencebetweenheoryandsimulationis ratherincreasing.For © = 4, we

have £2(sim) — £2(th) = 0.72 comparedo the predictedvalueof 0.05. This behaiour

needdurtherinvestigation.



8 Thecalculation without replicas

Knowing with hindsighthow thefinal EC result(21) looks like, we canrederve it using
anothemmethodwhich doesnot rely on the “replica trick”. We first write down an exact
expressionfor —In Z before averaging. ExpressingGaussiarintegrals by determinants
yields

—-InZ = fln/dx e~ 2% (D+(Ao—A)Dx fln/dx e 3X (KTHHADx | (97)

1 1
+ ln/dx em3hox"x 3 Indet(I+r)
wherethe matrixr haselements

B TR -1 -1_
ry; = (1 AO_A+D1) (A0 (52 + AT) 1)@_ : (28)

The EC approximatioris obtainedby simply neglectingr. Correctiondo this arefoundby
expanding

o~ (=D
Indet (T+r)=Trin(T+r)=>_ — T (r®) (29)
k=1

Thefirst ordertermin theexpansion(29) vanishesfteraveraging(see(22)) andthesecond
ordertermgivesexactly the correctionof the cumulantmethod(26).

9 Outlook

It will beinterestingto extendthe perturbatve framework for the computationof correc-
tions to inferenceapproximationgo other more complex models. However, our results
indicatethatthe useandconvergenceof suchperturbatiorexpansionneedgo becritically
investicatedandmay not give a clearindicationof theaccurag of theapproximationThe
alternatve derivationfor our simplemodelcould presenfaninterestinggroundfor testing
theseideas.
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