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Abstract

Theproblemof computingaresampleestimatefor thereconstructioner-
ror in PCA is reformulatedasaninferenceproblemwith thehelpof the
replicamethod. Using the expectationconsistent(EC) approximation,
theintractableinferenceproblemcanbesolvedefficiently with two vari-
ationalparameters.A perturbative correctionto the result is computed
andanalternative simplifiedderivationis alsopresented.

1 Introduction

Thispaperwasmotivatedby recentjoint work with OleWintheronapproximateinference
techniques(theexpectationconsistent(EC) approximation[1] relatedto Tom Minka’s EP
[2] approach)which allows usto tacklehigh–dimensionalsumsandintegralsthatarenec-
essaryfor Bayesianprobabilisticinference.

I was looking for a nice model to which this approximationwould apply. It had to be
simpleenoughsothatI would not beboggeddown by largenumericalsimulations.But it
hadto benontrivial enoughto beof at leastmodestinterestto MachineLearning.With the
applicationof approximateinferenceto resamplingin PCA I hopeto beableto stressthe
following points:

� Approximateefficient inferencetechniquescan be useful in areasof Machine
Learningwhereonewould not necessarilyassumethat they areapplicable.This
canhappenwhenthe underlyingprobabilisticmodel is not immedeatelyvisible
but shows only upasa resultaof mathematicaltransformation.� Approximateinferencemethodscanbe highly robust allowing for analyticcon-
tinuationsof modelparametersto the complex planeor even noninteger dimen-
sionalitiesinto areaswheretherealprobabilisticmodelno longerexists.� It is notalwaysnecessaryto usea largenumberof variationalparametersin order
to getreasonableaccuracy.� Inferencemethodscould be systematicallyimproved usingperturbative correc-
tions.

Thework wasalsostimulatedby previous joint work with DörtheMalzahn[3] on resam-



pling estimatesfor generalizationerrorsof GaussianprocessmodelsandSupportvector–
Machines.

2 Resampling estimators for PCA

Principal ComponentAnalysis(PCA) is a well known and widely appliedtool for data
analysis. The goal is to project datavectors � from a typically high ( � -) dimensional
spaceinto anoptimally chosenlower ( � -) dimensionallinearspacewith ������� , thereby
minimizing the expectedprojectionerror �
	���
�
���������������
�
 � , where ����� ��� denotesthe
projection. � standsfor anexpectationover thedistribution of thedata.In practicewhere
the distribution is not available,onehasto work with a datasample� � consistingof !
vectors ��"#	%$'&(")$+*�,.-/&(")$10�,/-3242323-.&(")$/�5,6,87 , 9
	%*:-3232423-3! . Arrangingthesevectorsinto a$.�<;�!=, datamatrix >?	@$A�CBD-E� � -3232324-D�GF�, . Assumingcentereddata,theoptimalsubspace
is spannedby the eigenvectors HJI of the �=;K� data covariancematrix LM	 BF >N> 7
correspondingto the � largesteigenvaluesO " . We will assumethatthesecorrespondto all
eigenvectorsO "�P O above somethresholdvalue O .

After computingthePCAprojection,onewouldbeinterestedin findingoutif thecomputed
subspacerepresentsactually the datawell by estimatingthe averageprojectionerror on
noveldata � (ie not containedin � � ) whicharedrawn from thesamedistribution.

Fixing theprojection ��� , theerrorcanberewrittenas

Q 	 RTSVU5RW�YX[Z ��� 7 H\IVH 7I (1)

wheretheexpectationis only over � andthetrainingdataarefixed.Thetrainingerror

Q^] 	 RTSVU5RWO � I (2)

canbeobtainedwithout knowledgeof thedistribution but will usuallyonly give anopti-
mistically biasedestimatefor � .
2.1 A resampling estimate for the error

New artificial datasamples� of arbitrarysize _ canbecreatedby resamplinga number
of datapointsfrom � � with or without replacement.A simplechoicewould beto choose
all dataindependentlywith the sameprobability *:`3! , but otherpossibilitiescanbe im-
plementedwithin our formalism. Thus,some �Ga in � � will appearmultiple times in �
andothersnot at all. The ideaof performingPCA on resampleddatasets � andtesting
on the remainingdata �b�dce� , motivatesthe following definition of a resampleaveraged
reconstructionerror

Q)f 	 *!g� �<h i^j/kl hnm R S U5R X[Z � a � 7a H I H 7I (3)

asa proxy for
Q

. � h is the expectationover the resamplingprocess.This is an estima-
tor of the bootstrap type [3,4]. !g� is the expectednumberof datain � � which arenot
containedin therandomset � . Therestof thepaperwill discussa methodfor efficiently
approximating(3).



2.2 Basic formalism

We introduce“occupationnumbers” oEa which statehow many times �Ga is containdin � .
Wealsointroducetwo matricesp and L . p is diagonalrandommatrix

pqaras	t�uav	 *w\x $.oDa\y
z|{~} j�� �T, LN$.zD,s	 x
! >qp�> 7 2 (4)

and Lq$1��, is proportionalto thecovariancematrixof theresampleddata.w is thesampling
rate,i.e. w !�	�� h � a oEa1� is theexpextednumberof datain � (countingmultiplicities).
Theroleof x will beexplainedlater. Using z , wecangenerateexpressionsthatcanbeused
in (3) to sumover thedatawhicharenot containedin theset �

Lu�/$���,s	 *w ! � {~}~�
� �:� � � 7� 2 (5)

In the following O " and H\I will alwaysdenoteeigenvaluesandeigenvectorsof the data
dependent(i.e. random)covariancematrix LN$���, .
Thedesiredaveragescanbeconstructedfrom the ��;�� matrixGreen’s function

� $ x ,v	�$�LN$���,Jy xv� ,6� B 	 "
H " H 7"O " y x (6)

Using the well known representationof the Dirac { distribution given by {�$'�s,�	�r�����D� �|��� B�)��� � a �|� where��	�� ��* and � denotestheimaginarypart,weget

���r��D� � � *� � � $ x ���A ¡,v	 " H " H 7" {s$.O " y
x ,�2 (7)

Hence,wehave Q f 	 Q �f y
R
� � �TOT�5� f $.OT�/, (8)

where

� f $/OJ,v	 *� �r�r��D� � � � *!g� � h � {~}~�
� �JX[Z � � � 7� � $+�bO����A ¡, (9)

definesthe error densityfrom all eigenvalues P � and
Q �f is the contribution from the

eigenspacewith O " 	
� . Thelattercanalsobeeasilyexpressedfrom
�

as

Q �f 	 ���r�¢ � � *!g� �<h � { }~�
� � X¡Z � � � 7� x � $ x , (10)

Wecanalsocomputetheresampleaverageddensityof eigenvaluesfrom

£ $.O�,v	 *� w ! ���r��D� �|� Im � h � X[Z � $.�bO����A ¡,1� (11)

3 A Gaussian probabilistic model

ThematrixGreen’s functionfor x P � canbegeneratedfrom aGaussianpartitionfunction¤
. This is a well known constructionin statisticalphysics,andhasalsobeenusedwithin

theNIPScommunityto studythedistribution of eigenvaluesfor anaveragecaseanalysis
of PCA [5]. Its usefor computingthe expectedreconstructionerror is to my knowledge
new.



With the( !¥;�! ) kernelmatrix ¦?	 BF > 7 > wedefinetheGaussianpartitionfunction

¤ 	 �e§K¨3©(ª � *0 § 7 ¦ � B y«p § (12)

	 
�¦=
|¬­ xC®
k
� $�0 � , � F � ® �

k
� � ®:¯ ¨3©(ª � *0 ¯ 7 $ALN$.zD,Jy xv� , ¯ 2 (13)

§ is an ! dimensionalintegrationvariable.Theequalitycanbeeasilyshown by expressing
the integralsasdeterminants.1 The first representation(12) is useful for computingthe
resamplingaverageand the secondoneconnectsdirectly to the definition of the matrix
Green’s function

�
. Note,thatby its dependenceon thekernelmatrix ¦ , a generalization

to �°	?± dimensionalfeaturespacesandkernel PCA is straightforward. The partition
function canthenbe understoodasa certainGaussianprocessexpectation. We will not
discussthispoint further.

Thefreeenergy ²³	�� �r´ ¤ enablesusto generatethefollowing quantities

�µ0 ¶ ��´ ¤¶ z¸·1¹ � 	 *w !
F
� ¹ B {~}3º

� �JX[Z�� � � 7� � $ x , (14)

�µ0 ¶ ��´ ¤¶ x 	 �x y�X[Z � $ x , (15)

wherewe have used(5) for (14). While (14) will be usedfor (9) and (15) appliesto
the densityof eigenvalues. Note that the definition of the partition function

¤
requires

that x P � , whereasthe applicationto the reconstructionerror (8) needsnegative valuesx 	��bO��°� . Hence,ananalyticcontinuationof endresultsmustbeperformed.

4 Resampling average and replicas

(14)and(15)showsthatwecancomputethedesiredresamplingaveragesfromtheexpected
freeenergy � � h � �r´ ¤ � . Thiscanbeexpressedusingthe“replicatrick” of statisticalphysics
(seee.g.[6]) using

� h � �r´ ¤ �¡	 �r�r�» � � *¼ ��´ � h � ¤ » �G- (16)

whereoneattemptsanapproximatecomputationof � h � ¤ » � for integer ¼ andusesa con-
tinuationto realnumbersat theend.The ¼ timesreplicatedandaveragedpartitionfunction
(12)canbewritten in theform

¤ � » � 2	t� h � ¤ » �[	 �3��½¾B4$'�s,^½ � $r�s, (17)

whereweset� 2	�$A§CBE-3232324-D§ » , and

½¾B4$r�s,s	t� h ¨4©Tª � *0
»
¿ ¹ B § 7¿ pÀ§ ¿ ½ � $r�s,s	
¨3©(ª � *0

»
¿ ¹ B § 7¿ ¦ �

B § ¿ (18)

Theunaveragedpartitionfunction
¤

(12) is Gaussian,but theaveraged
¤ � » �

oneis not. In
factit is for mostinterestingresamplemethodsintractable.

1If Á haszeroeigenvalues,adivisionof ÂYÃ ÁqÃ ¬­ maybenecessary. Thisadditive renormalization
of thefreeenergy Ä�Å�Æ Â will not influencethesubsequentcomputations.



5 Approximate inference

To approximate
¤ � » �

, we will usetheEC approximationrecentlyintroducedby Opper&
Winther[1]. For this methodweneedtwo auxiliarydistributions

Ç B4$r�s,s	 *¤ B ½¾B3$'�s,.È �5É ¬ �eÊd� Ç �T$'�s,v	 *¤ � È � ¬­ É)Ë �eÊd� - (19)

where ÌbB and ÌÍ� are“variational” parametersto be optimized. Ç B tries to mimic the in-
tractableÇ $r�s,ÏÎÐ½¾B3$'�s,<½ � $'�s, , replacingthe multivariateGaussian½ � by a simpler, i.e.
tractablediagonalone. Onemaythink of usinga generaldiagonalmatrix ÌbB , but we will
restrictourselves in the presentcaseto the simplestcaseof a sphericalGaussianwith a
singleparameterÌ�B .
Thestrategy is to split

¤ � » �
into a productof

¤ B anda termthathasto befurtherapproxi-
mated: ¤ � » � 	 ¤ B �3� Ç B3$'�s,Ñ½ � $'�s,[È É ¬ �eÊd� (20)

Ò ¤ B �3� Ç �T$'�s,Ñ½ � $'�s,[È É ¬ �eÊd��Ó ¤ � »
�Ô¡Õ $�Ì�BD-+Ì<�T,\2

Theapproximationreplacestheintractableaverageover Ç B by a tractableoneover Ç � . To
optmizeÌbB and ÌÍ� we argueasfollows: We try to make Ç � ascloseaspossibleto Ç B by
matchingthemomentsÖ'� 7 �v×~B�	�Ö�� 7 �v×V� . Theindex denotestehdistributionwhichis used
for averaging.By this step,ÌÍ� becomesa functionof Ì�B . Second,sincethetruepartition
function

¤ � » �
is independentof ÌbB , we expectthata goodapproximationto

¤ � » �
should

be stationarywith respectto variationsof ÌbB . Both conditionscanbe expressedby the
requirementthat

�r´ ¤ � » �Ô\Õ $1ÌbBE-+ÌÍ�(, mustbe stationarywith respectto variationsof ÌbB andÌÍ� .
Within this EC approximationwe cancarry out the replicalimit � h � �r´ ¤ � Ò �r´ ¤ Ô\Õ 	�r��� » � � B» �r´ ¤ � » �Ô\Õ andgetaftersomecalculations

� ��´ ¤ Ô¡Õ 	 � � h �r´ ��§YÈ � ¬­DØ ÊÑ�'Ù¡ÚÍ� É^ËÛ�5É �+Ü�� Ø � (21)

� ��´ �e§YÈ � ¬­EØ ÊÑ�'ÝsÞ ¬ Ú É Ür� Ø y �r´ ��§YÈ � ¬­ É)Ë Ø Ê Ø
wherewehavesetÌ�	
ÌÍ�^�¾ÌbB . Theresamplingaveragein theapproximation(21)appears
muchsimplerthat in theoriginal freeenergy, especiallyif we assumea samplingscheme
whereall dataaresampledindependentlyform eachothers. E.g., we could take Poisson
probabilitiesÇ $/oe,s	�È �^ßµà[á(â}3ã which givesa goodapproximationto thecaseof resamplingw ! pointswith replacement.

Thevariationalequationswhichmake (21)stationrayare

� h *ÌÍ�g�=Ì°yä��a 	 *Ì<� *! "
å a*�y å " Ì 	 *ÌÍ� (22)

where å " are the eigenvaluesof the matrix ¦ . The variationalequationscanbe solved
withoutproblemsnumericallyin theregion x 	�� Oq�°� wheretheoriginalpartitionfunc-
tion doesnot exist. TheresultingparametersÌÍ� and Ì will usuallycomeout ascomplex
numbers.Their correspondingvaluescanbe usedfor the computationof the resampling
errors,e.g.weget

Q)æ 	�� 0 w !!g� � � ¶ ��´ ¤ Ô¡Õ¶ z ·1¹ � 	 !� O � *ÌÍ�g��Ì 2 (23)
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Figure 1: Left: Errors for PCA on !ç	éè�0 sphericallyGaussiandatawith �Ð	é0�ê .
Samplingrate w 	ëè . Smoothcurve: approximateresamplederror estimate,upperstep
function: true error. Lower stepfunction: Training error. Right: Comparisonof EC ap-
proximation(line) andsimulation(histogramme)of the resampleddensityof eigenvalues
for !ì	íê�� sphericallyGaussiandataof dimensionality��	í0�ê . Thesamplingratewasw 	
è .
6 Simulations

Eliminatingtheparameterîb� from (22) it is possibleto reducethenumericalcomputations
to solvinganonlinearequationfor asinglecomplex parameterî whichcanbesolvedeasily
andfastby a Newton method.While theanalyticalresultsarebasedon Poissonstatistics,
thesimulationsof randomresamplingwasperformedby choosingafixednumber(equalto
theexpectednumberof thePoissondistribution)of dataat randomwith replacement.

Thefirst simulationwasfor asetof datageneratedatrandomfrom asphericalGaussian.To
show thatresamplingmaybeuseful,we give on on theleft handsideof (1) thereconstruc-
tion errorasafunctionof thevalueof O below whicheigenvaluesaredicarded.Thesmooth
functionis theapproximateresamplingerror(èC; oversampledto leave not many dataout
of thesamples)from ourmethod.Theupperstepfunctiongivesthetruereconstructioner-
ror (easyto calculatefor sphericaldata)for thefull sample.Thelower stepfunctionis the
trainingerror. Theright paneldemonstratestheaccuracyof theapproximationonasimilar
setof data.Wecomparetheanalyticalresampleddensityof stateswith theresultsof a true
resamplingexperiment,whereeigenvaluesfor many samplesarecountedinto smallbins.
Thetheoreticalcurve follows closelytheexperiment.

Sincethegoodaccuracy might beattributedto thehighsymmetryof thetoy data,we have
alsoperformedexperimentson a setof !ï	%*D��� handwrittendigits with �=	%ðDñeò . The
resultsin (2) arepromising.Althoughthedensityof eigenvaluesis moreaccuratethanthe
resamplingerror, thelattercomesstill out reasonable.

7 Corrections

I will show next thattheECapproximationcanbeaugmentedby aperturbationexpansion.
Goingbackto (20),wecanwrite¤ � » �¤ B 	 �3� Ç B4$'�s,^½ � $r�s,CÈ É ¬ �eÊd� 	 �3�Ñ½ � $'�s,CÈJ¬­ É �eÊd� �T9$10 � , F » È � a " ÊT�Ûó $.9Ñ,
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Figure2: Left: Resamplingerror(w 	@* ) for PCA on a setof *D��� handwrittendigits (“5”)
with �ô	�ðDñ�ò . The approximation(line) for w 	�* is comparedwith simulationsof the
randomresampling.Right: Resampleddensityof eigenvaluesfor thesamedataset.Only
thenonzeroeigenvaluesareshown.

where
ó $/9Ñ, 2	 �3� Ç B4$r�s,�È � a " Êd� is the characteristic functionof the density Ç B (19).�r´ ó $.9Ñ, is the cumulantgenerating function. Using the symmetriesof the densityÇ B , we

canperformapowerseriesexpansionof
��´ ó $/9Ñ, , whichstartswith aquadraticterm(second

cumulant)

�r´ ó $.9Ñ,v	�� _ �0 9 7 9uyäõ�$.9Ñ,J- (25)

where_ � 	�Ö�§ 7¿ § ¿ ×~B . It canbeshown thatif weneglect õu$.9Ñ, (containingthehigherorder
cumulants)andcarryout theintegralover 9 , weendupreplacingÇ B by asimplerGaussianÇ � with matchingmoments_ � , i.e. the EC approximation.Higher ordercorrectionsto
the free energy �b� h � �r´ ¤ �¾	%� ��´ ¤ Ô¡Õ y«ö÷²vB�yø24232 canbe obtainedperturbatively by

writing
ó $.9Ñ,v	tÈ �gù ­­ " Ê " $6*JyNõ�$.9Ñ,�yN23232�, . Thisexpansionis similar in spirit to Edgeworth

expansionsin statistics. The presentcaseis more complicatedby the extra dimensions
introducedby thereplicatingof variablesandthelimit ¼äú � . After a lengthy calculation
onefindsfor thelowestordercorrection(containingthemonomialsin 9 of order ò ) to the
freeenergy:

ö÷²vB�	�� *ò a Ì<� ¦ � B y�Ì � � Ba'a �û* � ; a � h
Ì<�ÌÍ�g�=Ì°yä��a �K*

�
(26)

To illustratetheeffectof ö÷² B , I haveusedit sofaronly for obtainingacorrectionto there-
constructionerrorin the“zero–subspace”using(10)and(14)of thedigit data.Preliminary
resultsarenot yet conclusive. For sufficiently small samplingratescorrectionsincrease
andreachamaximumat w 	�*:2 ê . For üý�ûè correctionsarequiteaccuratecomparedwith
thesimulations(averagedover5000samples).E.g.,with w 	�* , wehave

Q �f $rþ3ÿ�,v	�ð:2 �Ñð�ðDò
from the theoryand

Q �f $.o6�Aü
,�	ýð 2 ò�ñ�ê . The differenceof �^2 ò���ð � is well accountedfor
by the computedcorrectionof �)2 è�ñ�ò . Simlarly for w 	ýè , we had

Q �f $'þ3ÿG,=	ýè^2 ñe��è�ê
and

Q �f $.o+��ü
,g	�ò)2 ��� � with a differenceof 0^2 ��è comparedto the theoreticalcorrectionof�^2 0 ��� ñ . Thepredictedrapiddecreaseof correctionsfor larger w is not found in thesimu-
lations.Thedifferencebetweentheoryandsimulationis ratherincreasing.For w 	Kò , we
have

Q �f $.o6�Aüä,\� Q �f $'þ3ÿG,n	��)2�ðD0 comparedto thepredictedvalueof �)2 ��ê . This behaviour
needsfurtherinvestigation.



8 The calculation without replicas

Knowing with hindsighthow the final EC result(21) looks like, we canrederive it using
anothermethodwhich doesnot rely on the “replica trick”. We first write down an exact
expressionfor � �r´ ¤ before averaging. ExpressingGaussianintegrals by determinants
yields

� ��´ ¤ 	 � �r´ ��§YÈ � ¬­EØ ÊÑ��Ù\ÚÍ� É)ËÛ�5É �.Ü�� Ø � ��´ �e§�È � ¬­EØ ÊÑ�'ÝsÞ ¬ Ú É Ür� Ø y (27)

y �r´ ��§YÈ � ¬­ É)Ë Ø Ê Ø y *0 �r´�� ¨��Û$ � y	�T,
wherethematrix � haselements

�4a � 	 *µ� ÌÍ�ÌÍ�g��Ìûy
�ua Ì<� ¦ � B y�Ì � � B � � a � 2 (28)

TheECapproximationis obtainedby simplyneglecting � . Correctionsto thisarefoundby
expanding ��´�� ¨
�¡$ � y	�d,s	
X[Z �r´ $ � y��d,s	

�

" ¹ B
$+��*�, " Ú B9 X[Z � " (29)

Thefirst ordertermin theexpansion(29)vanishesafteraveraging(see(22))andthesecond
ordertermgivesexactly thecorrectionof thecumulantmethod(26).

9 Outlook

It will be interestingto extendtheperturbative framework for thecomputationof correc-
tions to inferenceapproximationsto other, morecomplex models. However, our results
indicatethattheuseandconvergenceof suchperturbationexpansionneedsto becritically
investigatedandmaynotgive aclearindicationof theaccuracy of theapproximation.The
alternative derivationfor our simplemodelcouldpresentaninterestinggroundfor testing
theseideas.
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