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Abstract— Nonlinear diffusion filtering can be improved if
viewed as Bayesian Gaussian process regression. We relate the
covariance functions of the diffusion process outcome to the
spatial diffusion operator and show how Bayesian evidence
criterion can be utilized to determine the parameters of the
nonlinear diffusivity and the optimal diffusion stopping time.
Computational example is given where the nonlinear diffusion
filtering outperforms typical Gaussian process regression.

I. INTRODUCTION

Nonlinear diffusion of noisy discontinuous data is especially
useful when filtering very large observation sets with low
input dimension. It avoids O(n?...n3) complexity common
in support vector machines and Gaussian process regression
in general. Additive operator splitting (AOS) implementations
require O(n) number of multiplications to estimate the optimal
regressor, and they scale well with increasing input dimen-
sionality [14], [3]. The values of the signal or its derivatives
on the boundary of the data domain, the periodicity and
discontinuities can be utilized very effectively.

Many existing regression techniques, including multilayer
perceptron networks, can be viewed as parametric representa-
tions of the mean and covariance functions of the correspond-
ing Gaussian process (GP) model. In this light the paradigm of
nonlinear diffusion filtering is a source of efficient covariance
functions and an extension to the GP regression. Intuitively, we
can think of diffusion filtering as either (i) an iterated Gaussian
process regression with the covariance as the Green’s function
of the spatial part of the diffusion operator or (ii) the standard
Gaussian process regression, but with a nonlinear covariance
function.

The analysis of nonlinear diffusion, however, is very limited
as neither Green’s functions, nor the source solutions of
the nonlinear diffusion equation are generally known. Few
exceptions exist, e.g. fast diffusions, where the diffusivity is
a polynomial function of the diffused quantity. As a con-
sequence, correlation properties of the nonlinear diffusion
outcome are unknown and obtaining good regression results is
often difficult. Careful experimenting is required when deter-
mining optimal time evolution of a variety of key parameters
which strongly affect the regression outcome. The absence of
rigorous criteria for these parameters is not the only problem.
Diffusion filtering is always iterative, and whereas the outcome
of linear filtering might tend towards the average value of the
signal, the issue of convergence of the nonlinear diffusion

outcome to the true signal is more subtle [6]. Therefore,
determination of the stopping time is crucial.

There are two principally different approaches in construct-
ing nonlinear diffusion filtering. The classical method solves
the boundary value problem of the second order parabolic
partial differential equation (PDE) whose initial solution is
formed by a complete set of noisy observations [14]. Nu-
merous stable and efficient algorithms that work on massive
meshes are known, but the diffusion in this framework is
usually performed until the steady state is reached or it is
stopped by utilizing heuristic means [9].

Another view focuses on the diffusion of a single observa-
tion. For this purpose, one postulates the infinitesimal drift and
variance functions and then utilizes the framework of stochas-
tic differential equations (SDE) [2]. The classical diffusion
equations now have to be solved for the probability density
of the values of a chosen observation. Such a methodology is
important in applications which demand higher-dimensional
inputs and would be especially valuable when performing
regression at few locations without obtaining a complete
solution. A particular improvement to this framework is the
application of Girsanov’s formula in deriving Bayes factors
for the identification of the drift and variance functions of
several well-established diffusion processes [11]. However,
this methodology cannot be easily extended to the case of
nonlinear diffusion filtering.

We believe that diffusion filtering can be optimized by
considering the joint probability density of both: the diffusion
outcome and its parameters. This can be achieved by viewing
the classical diffusion filtering as Bayesian GP regression [10].
For this purpose, Section II-A first states a common numerical
implementation of the diffusion equations based on the AOS
scheme. Sect. II-B then briefly discusses the GP framework
and provides its simple interpretation from an unconstrained
quadratic minimization viewpoint. Sect. III bridges the GP
regression and diffusion filtering by providing a relationship
between the GP kernel and the propagated-in-time discrete
version of the spatial diffusion operator. Sect. IV shows
an example of the correlation functions of the linear and
nonlinear diffusion outcomes. The Bayesian evidence criterion
is then employed to determine the optimal diffusion stopping
time. Speed and accuracy comparison between the typical
GP regression models and nonlinear diffusion filtering is also
presented. Conclusions are drawn in Sect. V.



II. MASSIVE NONLINEAR DIFFUSION FILTERING AND
FIXED-INPUT GAUSSIAN PROCESS REGRESSION

A. Semi-Implicit AOS-based Diffusion Filtering

For the sake of brevity, let us directly start with the
semi-implicit AOS-based numerical algorithm of the isotropic
nonlinear diffusion filtering [14]. Initially, it sets the model
output equal to the observations, i.e. ug(-) = y(-), and then
proceeds by iterating three basic steps:
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Here the signal wy is first pre-filtered with a Gaussian filter h,
of variance o in order to obtain an estimate of its gradient. The
diffusivity D = D(Vu,) € R%*? is next evaluated, whose
parameter ¢ can always be chosen so that the smoothing of u
will take place only in the regions of a small Euclidean norm
of the gradient, i.e. ||Vu,|| < A, thus preserving fronts and
discontinuities [3], [9]. The specific choice of the boundary
conditions in Eq. (4) will be clarified in Sect. III-A, but
otherwise it can be arbitrary. The variance o, the contrast
parameter A, the sharpness of nonlinearity s, the time step
size 7 and the termination time m = ki, should be specified
beforehand.

Egs. (1)-(3) state a paradoxical way to sharpen the edges
of the signal by applying the diffusion equations, which are
normally thought of as the process of smoothing, obtainable
in the case of D = I [4]. Analytical solutions are very
much unknown, and the remaining text is devoted to the
interpretation and better utilization of Egs. (1)-(3).

Eq. (3) can be solved by employing the AOS princi-
ple [14]. If we gather the values of the signal u = {u;|i =
1,2,...,n,u; € R'} given at n spatial locations x = {x;|i =
.,n,x; € R}, then Eq. (3) becomes

d
1 _
Wet = - E_: (T—7dA;(up)) "y, )

The matrix A; approximates the second order derivatives of
the function u along the space axis /. Numerical derivatives are
weighted according to the diffusivity values and they essen-
tially depend on the discrete space step h. Eq. (5) approximates
Eq. (3) with o(7) and o(h?) accuracy. It is efficient, because
the matrices A; are tri-diagonal, and the products with their
inverses can be estimated by applying only O(n) number
of multiplications via the Thomas algorithm [14], [3]. The
numerical stability holds for all step sizes 7 > 0, but the
condition number of the diagonally dominant matrices I—7A;
increases at large values of 7 [14].

B. Gaussian Process Model

Let us now postulate the joint probability density of the
observation vector y € R" and the diffusion outcome u € R":

(3)-1()(5 )
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Eq. (6) assumes that each value of the measurement vector y
is contaminated by additive Gaussian noise, whose variance
is denoted by 6, and the marginal distribution p(u) is a zero
mean Gaussian process [10], defined by a symmetric matrix
Ky € R™*™. The next section will give the precise meaning
to this matrix whose parameters 8 will appear as the unknown
diffusion quantities.

GP regression then proceeds by estimating a Gaussian
conditional density function p(u|y) with the following mean
and covariance [8]:
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Here we assume that the same input locations correspond to
the measurements and estimated signal. This is not a limitation
of GP regression, but it simplifies the equations. It is important
to notice that Eq. (7) also solves
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Therefore, an intuition behind the GP regression is simply to
solve the regularization problem by minimizing the Euclidean
||-|]> norm between the data and model output while maintain-
ing certain regularity properties of the model outputs via their
quadratic form determined by the inverse kernel matrix K;l.
As we will see later, this is directly related to the variational
form of the diffusion equations.

In general, the model Eq. (6) should be completed so that
the averaging in Eq. (7) could be performed also w.r.t. the
density of the unknown diffusion parameters @ or simply
hyperparameters. However, as their number is small, it is
convenient to postulate a noninformative (possibly improper)
prior and perform the approximate Bayesian regression with
a single parameter setting 6™:

pmwr:/mmmomwmezmmxeﬂ,

where the hyperparameters 8* can be chosen to maximize the
loglikelihood (logevidence of the observations) [13]:
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Here Cyp = Ky + 6oI. The gradient-based optimization
circumvents the evaluation of the log-determinant in Eq. (11),
but also the Monte Carlo sampling of the determinant values
can be employed [13]. Section IV-B will attempt to describe
the role of Eq. (11) in optimal diffusion stopping, but we have
observed that it is also useful in determining the diffusivity
parameters A and s as well. Normally, they would have to be
chosen in an ad hoc way.
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III. Two VIEWS ON NONLINEAR DIFFUSION FILTERING

A. Green’s Function Viewpoint

A greater picture comes into view after interpreting the
diffusion as an energy balance. For this purpose, Eq. (5) can
be alternatively expressed as

Upq1 = (12)
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where uy41,; € R™ denotes uy, smoothed along the [-th axis:
Up41; = arg min (i||u—u;€||2 — 1uTAl(uk)u) (13)
+h u ‘27 2 '

This can be obtained by applying basic rules of matrix calculus
to Eq. (5), but its understanding comes through multiplication
of the Eq. (3) by ug41 followed by the integration over the
domain x € ) with the employment of the Green’s identity:

/qu-(Dvu):/aQ u(DVu-n)—/Q(Vu)TDVu. (14)

The key point here is that the negative term in Eq. (13) should
not be mistaken for ‘de-regularizing’ as in the total least
squares framework. Under the boundary conditions, stated in
Eq. (4), the quadratic form in Eq. (13) is discrete counterpart of
its continuous form in Eq. (14), whose purpose is to penalize
non-Euclidean norm of the gradient Vu.

Comparing Eq. (13) to Eq. (9), we can see that the diffu-
sion filtering step is the same as the GP regression, applied
iteratively along each space dimension [ with the kernel

K; ' = —A(uy). (15)
Eq. (15) indicates that the covariance functions in the matrix
K; are determined by the nonuniform Green’s functions of the
[-th component of the spatial diffusion operator £ = 0, D;;0x,
with the corresponding boundary conditions in Eq. (4). This
can be seen by applying the analytical formulae of the inverses
of the tridiagonal matrices [16].

This connection emphasizes the classical notion of ‘dif-
fusion kernel’ and it seems that it is more useful to the
GP regression than to the nonlinear diffusion filtering on
two major accounts. Green’s functions present a method to
choose GP kernels in the boundary value problems, and a
single regression with the GP kernel K; is very efficient. The
difference in computational complexity between the typical
GP regression and the regression with diffusion kernel is huge:
O(n?...n?) vs. O(n) number of scalar multiplications.

In addition, the principal contribution of Eq. (15) lies in
the possibility to iterate the GP regression and as we will
indicate in Section IV-A, the covariance properties of the
diffusion outcome can be very different from the ones seen
in the Green’s functions. Here it is also worth mentioning that
the diffusion kernels find even broader range of applications
than filtering [5].

B. A More Complete View of Diffusion Filtering

The notion of the ‘diffusion kernel’ as the Green’s function
is different from the general meaning of the kernel in the GP
framework. The first case assumes the GP regression applied
in a repetitive manner which smooths the initial data along
each data dimension and at each time iteration according to
Eq. (13). On the other hand, we can ask the question about
the corresponding GP kernel which embodies the covariance
between the outputs of the finally diffused quantity at two
arbitrary spatial locations.

Such GP model can be deduced by first expressing the
final diffusion outcome at the time index k = m through the
initial solution uy = y according to Eq. (5) and then relating
the corresponding operator to Eq. (7). The precise connection
between the GP regression and nonlinear diffusion filtering
can then be written compactly:
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Therefore, nonlinear diffusion filtering is a GP regression with
a particular kernel which is related to the weighted finite
difference matrices A; or the diffusion kernel in Eq. (15) in
a nonlinear way.

Eq. (16) has infinitely many solutions, in particular, it is
easy to see that any scaling of the solution, i.e. the kernel
matrix Ky and the noise level 6y leaves Eq. (16) invariant.
However, if we assume that the noise level can be reasonably
guessed or estimated, then the corresponding GP kernel matrix
can be computed according to

Ky =6(I—A)'A. (17)
Here the matrix A denotes the right side of Eq. (16). This
equation is important for two reasons: (i) it directly links the
regularization operators of linear and nonlinear diffusion with
the correlation properties of the diffusion outcome, and (ii) it
indicates that diffusion filtering is suboptimal if its parameters
do not optimize any sensible probabilistic criteria.

An important problem in diffusion filtering is determining
the optimal diffusion stopping time [9], [2]. The iteration
according to Eq. (5) creates the so called scale space of the
diffusion outcomes with progressively smaller details (linear
diffusion) or smoothed ‘staircasing’ (if Eq. (2) is utilized). The
latter does not necessarily converge to the true solution.

A particular recently discussed insight [9] to optimal diffu-
sion stopping is based on the assumption that the true signal
and the noise is uncorrelated. Therefore, the diffusion can be
stopped when the correlation between the vectors up—u,, and
u,, is minimal. Eq. (11) will also embody the ‘decorrelation’
if one notices that chgly = %ﬁTC(;K;l(y — ). The
main difference is in that Bayesian evidence Eq. (11) will
‘decorrelate’ only at small values of noise variance 6y. We
can see that Eq. (11) clarifies and extends the decorrelation-
based stopping by using the explicit probabilistic assumptions
of Section II-B.



Fig. 1.

Diffusion filtering from Gaussian process viewpoint: (a) indicates the outcome of the linear diffusion, (b) the covariance functions at eight locations

indicated in the plot (a), (c) the corresponding smoothing factors, which in the linear diffusion filtering represent a simple weighted averaging, (d) indicates
the result of the non-linear diffusion filtering, (e) shows the corresponding covariance kernels of the nonlinear diffusion, whereas (f) states its smoothing

factors which depend on the discontinuities of the signal.
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IV. COMPUTATIONAL ANALYSIS
A. What Do GP Kernels of Diffusion Filtering Look Like?

Consider the test problem of estimating discontinuous signal
from its observations contaminated with additive Gaussian
noise. The analysis of similar problem in the non-optimized
diffusion case can be found in [7]. The outcome of linear and
nonlinear diffusion u,,, a sample of the corresponding GP
covariances Ky at eight chosen locations and their smoothing
factors h Ko(Ky + 0oI)~! are shown in Fig. 1. The
actual noise level of the signal is set to 6y = 0.44, but we
assume that in a realistic situation it would be unknown.
Therefore, we set it to the estimate éo ~ 0.538 which
can be obtained by a typical GP regression model with the
isotropic Gaussian kernel function. This value is utilized when
applying Eq. (16) and (17). Fig. 1 indicates that by imposing
the reflecting boundary conditions stated in Eq. (3), one
assumes that the outcome of the linear and nonlinear diffusion
filtering will have more correlated values in the vicinity of
the boundaries. Notice that the smoothing factors of nonlinear
diffusivity Eq. (2) follow the discontinuities of the signal. The
correlation functions of both processes are positive, which can
be advocated to the fact that diffusions are Markovian [11].

B. Evidence Maximizing Diffusion Stopping

Fig. 2 indicates that Bayesian evidence criterion is help-
ful when determining the optimal diffusion stopping time.

Notice how the outcome of the nonlinear diffusion, mean
squared error (MSE) values and the logevidence match each
other. MSE achieves its minimum and Bayesian evidence its
maximum at m € [10,20]. We have also observed that the
sharpness of nonlinearity s 2 and the gradient threshold
A = 0.01 represent global maximum of the evidence criterion
in this case. A more detailed analysis of the optimal diffusion
stopping is summarized in Figs. 3a-c. We have observed that
at the adequate noise levels, such as 6 0.25---0.5, the
evidence criterion yields best filtering results, whereas the
decorrelation criterion [9] overestimates the optimal stopping
time, especially at larger noise variances, where it tends to-
wards oversmoothing. As Section III-B has already predicted,
when the noise variance is small, decorrelation can be close to
Bayesian evidence maximization. We observe that both criteria
are rather flat in this case.

C. Comparison with Typical GP Regression Models

A comparison of several frequently used GP regression
models [12] and the diffusion filtering is presented in Ta-
ble I. Here we first apply Bayesian GP regression with the
Gaussian kernel, Brownian motion covariance min(wi,xj),
the integrated step-function kernel 1 + 67 — 26 |x; — x;| and
the Laplacian kernel exp(—61|z; — z;|). The latter free GP
models yield similar results, with the best one indicated in
Table I. The question whether the chosen covariance function
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TABLE I
REGRESSION RESULTS
n = 260 n = 1000
Method mse time, S. mse time, S.
GP, Gaussian kernel 0.0932 3.87 0.0501 113
GP, neural network kernel [15]  0.0789 8.48 0.0382 218
Linear diffusion 0.0905 0.20 0.0378 0.23
GP, Laplacian kernel 0.0792 0.32 0.0375 0.4
Nonlinear diffusion 0.0588 0.21 0.0247 0.25

is stationary (Laplacian kernel) or nonstationary (covariance
of the Brownian motion) can be irrelevant to the regression
task. More importantly, the covariance functions should ap-
proximately follow sharp changes of the true signal hidden in
its noisy observations. To make a comparison more complete,
we have also experimented with the covariance function of the
multilayer perceptron, which can be obtained in the limit of
an infinite number of hidden neurons with the ‘erf’ activation
functions [15]. Table I shows that increasing the number of
measurements from n 260 to n 1000 results in a
significant increase of the computational complexity of the
GP regression in the case of gaussian and the neural network
kernel functions.

The regression outcome of the best representative of the GP
models, namely the one with the Laplacian kernel, and also
the optimized linear and nonlinear diffusion filtering can be
seen in Fig. 3d. Clearly, the diffusion filtering better preserves

the sharp changes of the signal, which is also supported by
the MSE values, shown in Table 1.

The diffusion filtering could be continued even in the cases
n > 105, but the evaluation of the log-evidence requires
further numerical analysis. The condition number of the AOS
matrix A is already 10'° in the case n = 260. Therefore,
Eq. (17) requires careful implementation.

Finally, it is important to emphasize that a typical GP regres-
sion with Gaussian covariance functions will be very hard to
implement in a large scale problem, whereas Laplacian kernel
does not present significant difficulty as it yields tridiagonal
inverse covariance matrix, e.g. see [1]. Nonlinear diffusion
filtering, on the other hand, represents a much broader class
of efficiently implementable covariance functions. They can
be Green’s functions of Eq. (16) or, more generally, iterated
Green’s functions in Eq. (17), which are especially useful
when recovering signals with discontinuities.

V. CONCLUSIONS

Nonlinear diffusion filtering presents a source of efficient
covariance functions useful in regression analysis. In this work
we have explored the connection between the discrete AOS
regularization operators of the nonlinear diffusion filtering and
their corresponding Gaussian process kernels. Depiction of
these kernels provides a visual insight into mathematics of
diffusion filtering, whereas the utilization of Bayesian evidence
helps to clarify the model assumptions and is particularly
useful in determination of the parameters of the nonlinear



Fig. 3. Optimal diffusion stopping according to: (a) MSE evolution when a true signal is known, (b) minima of the negative logevidence and (c) decorrelation

criterion. The comparative results with the best typical GP regression model (d).
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diffusivity function and optimal diffusion stopping. It improves
heuristic practical principles such as diffusion stopping by
decorrelation of the signal and noise values.
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