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ABSTRACT

Bayesian networks formalism is becoming increas-

ingly popular in a lot of areas such as decision aid,

diagnosis and complex systems control, in partic-

ular thanks to its inference capabilities, even when

data are incomplete. Besides, estimating the pa-

rameters of a fixed-structure Bayesian network is

easy. However, very few methods are capable of

using incomplete cases as a base to determine the

structure of a Bayesian network. In this paper,

we take up the structural EM algorithm principle

[8, 9] and put forward some potential improve-

ments based upon principles recently developed in

structural learning with complete data.

1. INTRODUCTION

Bayesian networks (BN) introduced by [15] are a

formalism of probabilistic reasoning used increas-

ingly in decision aid, diagnosis and complex sys-

tems control [13, 22, 21].

Let X = {X1, . . . , Xn} be a set of discrete

random variables. A BN B =< G, Θ > is defined

by

• a directed acyclic graph (DAG) G =< N, U >

where N represents the set of nodes (one node

for each variable) and U the set of edges,

• parameters Θ = {θijk} 16i6n,16j6qi,16k6ri

the set of conditional probability tables

P (Xi = xk|Pa(Xi) = paj) (with qi and ri

as respective cardinalities of Xi and Pa(Xi)).

If G and Θ are known, many inference algo-

rithms can be used to calculate the probability of

any variable that has not been measured condition-

ally to the values of measured variables. (cf. [13,

22, 21] for a review of these methods). Bayesian

networks are therefore a tool of choice for rea-

soning in uncertainty, based on incomplete data,

which is often the case with real applications.

Determination of Θ (when G is given) is of-

ten based on expert knowledge, but several learn-

ing methods based on data have appeared. How-

ever, most of these methods only deal with com-

plete data cases.

We will therefore first recall the issues relat-

ing to structural learning, and review the various

ways of dealing with incomplete data, primarily

for parameter estimation, and also for structure de-

termination. We will then examine the structural

EM algorithm principle, before proposing and test-

ing a few ideas for improvement based on prin-

ciples recently applied in structural learning with

complete data.

2. PRELIMINARY REMARKS

2.1. Structural learning

[25] howed that r(n), the number of possible struc-
tures for Bayesian network having n nodes, is given
by the recurrence formula of equation 1.

r(n) =
n

∑

i=1

(−1)i+1
(n

i

)

2i(n−i)r(n − i) = n2O(n)
(1)

This gives r(1) = 1, r(2) = 3, r(3) = 25, r(5) =
29281 and r(10) ≃ 4, 2 × 1018. Because of the

super-exponential size of the search space, exhaus-

tive search for the best structure is impossible. Many

heuristic methods have been proposed for Bayesian

network structure determination. Some of them

rely on human expert knowledge, others use real

data which are most of the time complete [21, 7].

We are here more specifically interested in

score-based methods, primarily GS algorithms pro-

posed by [1] and MWST proposed by [4] and ap-

plied to Bayesian networks in [12]. GS is a greedy

search carried out in DAG spaces where the inter-

est of each structure located near the current struc-

ture is assessed by means of a BIC/MDL type mea-

surement (equation 2) or a Bayesian score like BDe

(see [21] for a description of these scores).



BIC(G, Θ) = log P (D|G,Θ) −
log N

2
Dim(G) (2)

where Dim(G) is the number of parameters used

for the BN representation and N is the size of the

dataset D.
The BIC score is decomposable. It can be

write as the sum of local score computed for each
node of the graph:

BIC(G, Θ) =
∑

i

bic(Xi, Pa(Xi), ΘXi|Pa(Xi)
) (3)

where

bic(Xi, Pi,ΘXi|Pi
) = (4)

∑

Xi=xk

∑

Pi=paj

Nijk log P (θijk) −
log N

2
Dim(ΘXi|Pi)

)

with Nijk the occurrence number of {Xi = xk

and Pi = paj} in D.

The MWST principle is rather different. This

algorithm determines the best tree that links all

the variables, using a mutual information measure-

ment [4] or the BIC score variation when two vari-

ables become linked [12]. The aim is to find an op-

timal solution, but in a space limited to trees. This

very fast algorithm gives good results and can also

be used for initializing greedy search carried out

with GS [7].

2.2. Dealing with incomplete data

2.2.1. Nature of missing data.

Let D = {X l
i}16i6n,16l6N our dataset, with Do

the observed but incomplete part of D, and Dm the

missing part. Let also M = {Mil} with Mil = 1
if X l

i is missing, 0 if it is not. Dealing with the

missing data depends on their nature. [26] identi-

fies several types of missing data:

• MCAR (Missing Completly At Random) :

P (M|D) = P (M), the probability for data

to be missing does not depend on D,

• MAR (Missing At Random) : P (M|D) =
P (M|Do), the probability for data to be miss-

ing depends on observed data,

• NMAR (Not Missing At Random) : the prob-

ability for data to be missing depends on both

observed and missing data.

MCAR and MAR cases are the easiest to solve

as observed data include all necessary information

to estimate missing data distribution. The case of

NMAR is trickier as outside information has to be

used to model missing data distribution.

2.2.2. Determining parameters Θ when data are

incomplete.

With MCAR data, the first and simplest possible

approach is the complete case analysis. This is a

parameter estimation based on Dco, a set of com-

pletely observed cases in Do. When D is MCAR,

the estimator based on Dco is unbiased. However,

with a high number of variables the probability for

a case to be completely measured is low and Dco

may be empty.

One advantage of Bayesian networks is that,

if only Xi and Pi == Pa(Xi) are measured, then

the corresponding conditional probability table can

be estimated. Another possible method with MCAR

cases is the available case analysis, i.e. using for

the estimation of each conditional probability den-

sity P (Xi|Pi) the cases where Xi and Pi are mea-

sured, not only the cases where all Xi’s are mea-

sured as in the previous approach.

Many methods try to rely more on all the ob-

served data. Among them are sequential updating

[27], Gibbs sampling [11], and expectation max-

imisation (EM) [6, 16] algorithms which use the

missing data MAR properties. More recently, bound

and collapse [23] and robust bayesian estimator

[24] algorithms try to resolve this task whatever

the nature of missing data.

Algorithm 1 explains in detail how EM works.

EM has been proposed by [6] and adapted by [16]

to the learning of the parameters of a Bayesian net-

work whose structure is known. Let log P (D|Θ) =
log P (Do,Dm|Θ) be the data log-likelihood. Dm

being an unmeasured random variable, this log-

likelihood is also a random variable function of

Dm. By establishing a reference model Θ∗, it is

possible to estimate the probability density of the

missing data P (Dm|Θ∗) and therefore to calcu-

late Q(Θ : Θ∗) expectation of the previous log-

likelihood:

Q(Θ : Θ∗) = EΘ∗ [log P (Do,Dm|Θ)] (5)

So Q(Θ : Θ∗) is the expectation of the likeli-
hood of any set of parameters Θ calculated using a
distribution of the missing data P (Dm|Θ∗). This
equation can be re-written as follows (cf. [21]):

Q(Θ : Θ∗) =
∑

i

∑

Xi=xk

∑

Pi=paj

N∗
ijk log P (θijk) (6)

where N∗
ijk = EΘ∗ [Nijk] = N×P (Xi = xk, Pi =

paj |Θ
∗) is obtained by inference in the network

< G, Θ∗ > if the {Xi,Pi} are not completely mea-

sured, or else only by mere counting.

The EM principle is very simple:



Algorithm 1 : Generic EM for parameter learning

1: Init : i = 0
Random or heuristic choice of initial parame-

ters Θ0

2: repeat

3: i = i + 1
4: Θi = argmax

Θ
Q(Θ : Θi−1)

5: until Q(Θi : Θi−1) 6 Q(Θi−1 : Θi−1)

• expectation: estimating the N∗ of equation

6 from a reference model < G, Θi > ,

• maximisation: choosing the best value of pa-

rameters Θi+1 by maximising Q,

• repeating these two steps until the optimal

value of Q is increased.

[6] proved this algorithm convergence, as well as

the fact that it was not necessary to find the global

optimum Θi+1 of function Q(Θ : Θi) but simply

a value which would increase function Q (Gener-

alized EM).

2.2.3. Determining structure Θ when data are in-

complete.

The main methods for structural learning with in-

complete data use the EM principle : Alternative

Model Selection EM (AMS-EM) [8] and Bayesian

Structural EM (BS-EM) [9]. We can also cite the

Hybrid Independance Test (Hybrid-IT) proposed

in [5] that can use EM to estimate the essential

sufficient statistics that are then used for an inde-

pendance test in a constraint-based method. [20]

proposes a structural learning method based on ge-

netic algorithm and MCMC.

We will now explain the structural EM algo-

rithm principle in details, and then we will put for-

ward some ideas for improvement based on some

principles recently used in structural learning with

complete data.

3. STRUCTURAL EM ALGORITHM

3.1. General principle

The expectation maximisation principle formulated

by [6], which we have described above for param-

eter learning, applies more generally to structural

learning [8, 9] with the following generic algo-

rithm:

Step 4 of algorithm 2 amounts to searching

the best structure and of the best parameters cor-

responding to this structure. In practice, these two

Algorithm 2 : Generic EM for structural learning

1: Init : i = 0
Random or heuristic choice of the initial

bayesian network (G0, Θ0)
2: repeat

3: i = i + 1
4: (Gi, Θi) = argmax

G,Θ
Q(G, Θ : Gi−1, Θi−1)

5: until Q(Gi, Θi : Gi−1, Θi−1) 6

Q(Gi−1, Θi−1 : Gi−1, Θi−1)

Algorithm 3 : More detailed generic EM for struc-

tural learning

1: Init : finished = false, i = 0
Random or heuristic choice of the initial

bayesian network (G0, Θ0,0)
2: repeat

3: j = 0
4: repeat

5: Θi,j+1 = argmax
Θ

Q(Gi, Θ : Gi, Θi,j)

6: j = j + 1
7: until convergence (Θi,j → Θi,jo

)

8: if Q(Gi, Θi,jo

: Gi−1, Θi−1,jo

) >

Q(Gi−1, Θi−1,jo

: Gi−1, Θi−1,jo

) then

9: Gi+1 = arg max
G∈V

Gi

Q(G, . : Gi, Θi,jo

)

10: Θi+1,0 = argmax
Θ

Q(Gi+1, Θ :

Gi, Θi,jo

)
11: i = i + 1
12: else

13: finished = true

14: end if

15: until finished

steps are clearly distinct :

Gi = argmax
G

Q(G, . : Gi−1, Θi−1) (7)

Θi = argmax
Θ

Q(Gi, Θ : Gi−1, Θi−1) (8)

Note that the first search (equation 7) in the

space of possible graphs takes us back to the ini-

tial problem, i.e. the search for the best structure

in a super-exponential space. However, with the

EM generalised version it is possible to look for a

better solution to function Q, rather than the best

possible one, without affecting the algorithm con-

vergence properties. This search for a better solu-

tion can then be done in a limited space, like for

example VG , the set of the neigbours of graph G
that have been generated by removal, addition or

inversion of an arc.



Concerning the search in the space of the pa-

rameters (equation 8), [8] proposes repeating the

operation several times, using intelligent initialisa-

tion. This step then amounts to running the para-

metric EM algorithm for each structure Gi, starting

with structure G0 (steps 4 to 7 of algorithm 3). The

two structural EM algorithms proposed by Fried-

man can therefore be considered as greedy search

algorithms like GS, with a learning of EM type pa-

rameters at each iteration.

[8] also suggests choosing structure G0 judi-

ciously by using an oriented chain graph linking

all the variables.

Following these considerations, the applica-

tion of the EM principle to structural learning can

be explained in more details in algorithm 3.

3.2. Choice of function Q

We now have to choose the function Q that will be

used for structural learning. The likelihood used

for parameter learning is not a good indicator to

determine the best graph since it gives more im-

portance to strongly connected structures. More-

over, it is impossible to calculate marginal likeli-

hood when data are incomplete, so that it is nec-

essary to rely on an efficient approximation like

those reviewed by [2].

In complete data cases, the most frequently

used measurements are the BIC/MDL score and

the Bayesian BDe score (see paragraph 2.1). When

proposing the MS-EM and AMS-EM algorithms,

[8] shows how to use the BIC/MDL score with in-

complete data, by applying the principle of equa-

tion 5 to the BIC score (equation 2) instead of like-

lihood. Function QBIC is defined as the BIC score

expectation by using a certain probability density

on the missing data P (Dm|G∗, Θ∗) :

QBIC(G, Θ : G∗,Θ∗) = (9)

EG∗,Θ∗ [log P (Do,Dm|G,Θ)] −
1

2
Dim(G) log N

As the BIC score is decomposable, so is QBIC :

QBIC(G, Θ : G∗,Θ∗) = (10)
∑

i

Qbic(Xi, Pa(Xi), ΘXi|Pa(Xi)
: G∗,Θ∗)

where

Qbic(Xi, Pi, ΘXi|Pi
: G∗, Θ∗) = (11)

∑

Xi=xk

∑

Pi=paj

N∗
ijk log P (θijk) −

log N

2
Dim(ΘXi|Pi

)

with N∗
ijk = EG∗,Θ∗ [Nijk] = N×P (Xi = xk, Pi =

paj |G
∗, Θ∗) obtained by inference in the network

Algorithm 4 : Structural EM in the tree space

(MWST-EM)

1: Init : finished = false, i = 0
Random or heuristic choice of the initial tree

(T 0, Θ0,0)
2: repeat

3: j = 0
4: repeat

5: Θi,j+1 = argmax
Θ

Q(T i, Θ : T i, Θi,j)

6: j = j + 1
7: until convergence (Θi,j → Θi,jo

)

8: if Q(T i, Θi,jo

: T i−1, Θi−1,jo

) >

Q(T i−1, Θi−1,jo

: T i−1, Θi−1,jo

) then

9: T i+1 = argmax
T ∈T

Q(T , . : T i, Θi,jo

)

10: Θi+1,0 = argmax
Θ

Q(T i+1, Θ :

T i, Θi,jo

)
11: i = i + 1
12: else

13: finished = true

14: end if

15: until finished

< G∗, Θ∗ > if {Xi,Pi} are not completely mea-

sured, or else only by mere counting.

With the same reasoning, [9] proposes the adap-

tation of the BDe score to incomplete data.

4. MWST-EM, A STRUCTURAL EM IN

THE SPACE OF TREES

4.1. General principle

Following [12]’s recommendations, [7] have shown

that, in incomplete data cases, the MWST algo-

rithm was able to find a simple structure very rapidly

(the best tree connecting all the nodes in the space

T), which could be used as judicious initialisation

by the GS algorithm.

Moreover, we have seen that EM algorithms

proposed by [8, 9] could be considered as GS al-

gorithms performing parametric EM at each itera-

tion, which could be called GS-EM.

It therefore seems logical now to adapt the

MWST algorithm so that it can deal with incom-

plete data, and to determine whether this new MWST-

EM algorithm has the same properties (rapidity,

”correct” solution and good initialisation of GS-

EM).

4.2. Algorithm

Step 1 of algorithm 4, like all the previous al-

gorithms, deals with the choice of the initial struc-

ture. The choice of an oriented chain graph linking



all the variables proposed by [8] seems even more

judicious here, since this chain graph also belongs

to the tree space.

Steps 4 to 7 do not change. They deal with the

running of the parametric EM algorithm for each

structure T i, starting with structure T 0.

There is a change from the regular structural

EM algorithm in step 9, i.e. the search for a better

structure for the iteration that comes next. With the

previous structural EM algorithms, we were look-

ing for the best DAG among the neighbours of the

current graph. With MWST-EM, we can directly

get the best tree that maximises function Q.

4.3. Calculaton of function Q

In paragraph 2.1, we briefly recalled that the MWST

algorithm used a similarity function between two

nodes which was based on the BIC score variation

whether Xj is linked to Xi or not. This function

can be summed up in the following (symmetrical)

matrix :

[

Mij

]

= (12)

[

bic(Xi, Pi = Xj ,ΘXi|Xj
) − bic(Xi, Pi = ∅, ΘXi)

]

where the local bic score is defined in equation 4.

Running maximum (weight) spanning algo-

rithms like Kruskal’s on matrix M enables us to

obtain the best tree T that maximises the sum of

the local scores on all the nodes, i.e. function BIC

of equation 3.

By applying the principle we described in sec-

tion 3.2, we can then adapt MWST to incomplete

data by replacing the local bic score of equation 12

with its expectation.

To do so, we use a certain probability density

of the missing data P (Dm|T ∗, Θ∗):

[

M
Q
ij

]

=
[

Qbic(Xi, Pi = Xj , ΘXi|Xj
: T ∗, Θ∗)

− Qbic(Xi, Pi = ∅,ΘXi : T ∗, Θ∗)
]

(13)

With the same reasoning, running a maximum

(weight) spanning algorithm on matrix MQ en-

ables us to get the best tree T that maximises the

sum of the local scores on all the nodes, i.e. func-

tion QBIC of equation 10.

4.4. MWST-EM as an initialisation of structural

EM algorithms

In [7], in order to initialise the greedy search al-

gorithms like GS that use complete data, we pro-

posed to take, as initial graph, the optimal tree ob-

tained with MWST. This variant, which we called

GS+T, can now be used for incomplete data; the

tree obtained with MWST-EM will serve as initial-

isation of the SEM algorithms proposed by Fried-

man. This variant of the structural EM algorithm

will be called AMS-EM+T.

4.5. Extension to classification problems

For classification tasks (where data are incomplete),

many studies like those of [14, 18] use a structure

based on an augmented nave Bayesian network,

where observations (i.e. all the variables except

class) are linked to the very best tree (TANB, Tree

Augmented Naive Bayes). [10] showed it was the

tree obtained by running MWST on the observa-

tions.

It is therefore possible to extend this specific

structure to classification problems when data are

incomplete by running our MWST-EM algorithm,

and this algorithm will be called TANB-EM.

5. EXPERIMENTS

The first experiment stage aims at comparing our

MWST-EM algorithm, the ”classical” AMS-EM

version, and our proposed initialisation for AMS-

EM (AMS-EM+T). We present the experimental

protocol, the results and the first interpretations of

the results below.

5.1. Protocol

We used Matlab, and more specifically the Bayes

Net Toolbox [19]. We are developing and distribut-

ing a structure learning package (cf. [17]) based

on this toolbox with the function codes implemented

in the tests.

We tested the three following algorithms:

• MWST-EM – structural EM in the tree space,

• AMS-EM – structural EM in the DAG space,

• AMS-EM+T – AMS-EM using the MWST-

EM result as an initialisation.

The minimised score in each of these algorithms is

the BIC approximation described in 4.3.

These algorithms were tested on a series of

toy problems as on the classical ASIA network

described in figure 1. For each problem, incom-

plete (MCAR) datasets were generated with var-

ious incompleteness rates (10%, 20% and 30%).

The sizes of these learning datasets are given in

table 1.
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Figure 1. Reference toy structures

To take into account the problems linked to

metho initialisation, and the variability of the learn-

ing datasets, each algorithm was evaluated by cal-

culating thz mean BIC score of the networks ob-

tained when running the corresponding algorithm

five times. Each BIC score was calculated on a test

dataset generated by the initial network. The size

of these dataset is given in figure 1. To assess the

interest of each metho, we also measured the mean

calculation time of each algorithm.

5.2. Results

Table 1 sums up the results obtained in our toy

problems from learning ”quality” (BIC score of

the initial network and of the obtained results) and

calculation time points of view.

With initial tree structures (Toy 1 and Toy 2),

MWST-EM finds a better graph than AMS-EM,

and does so faster.

With more complex networks (Toy 3, Toy 4,

Toy 5 and ASIA), the structure that MWST-EM

finds is less good than AMS-EM, which is also

logical. However, it should be notes that the score

of the obtained network is often closer to the best

score and always with a lower calculation time.

So our algorithm logically gives better results

in the tree space and will give a fast and not too

bad solution when the theoritical network is not a

tree. This observation confirms that MWST-EM

should be used as AMS-EM initialisation. Indeed,

table 1 also shows that the results of AMS-EM+T

are often better than AMS-EM. The initialisation

that we propose seems to lead to the same solution

faster, or to a better one.

6. CONCLUSIONS AND PROSPECTS

Bayesian networks are a tool of choice for reason-

ing in uncertainty, with incomplete data. How-

ever, most of the time, bayesian network structural

learning only deal complete data cases.

We have therefore proposed an original method

of tree structural learning using incomplete data.

In this method, the EM principle already used in

DAG space is applied to a structural learning based

on maximum weight spanning tree (MWST). MWST-

EM has been empirically compared to AMS-EM,

its equivalent in DAG space.

The first results show that this method is quite

efficient and not very complex. By using it, it

is possible to find structures which have a good

score, and to do so more rapidly than AMS-EM.

However, the drawback of our method is that it is

applied in tree space, a subspace less rich than the

DAG space.

We then have used our metho to initialise the

AMS-EM algorithm. With this initialisation, it is

often possible to get better results than with the

original initialisation.

This first conclusive experiment stage is not

final. We are now planning to test and evaluate

these algorithms on a wider range of problems, es-

pecially with MAR datasets, and on problems specif-

ically related to classification.

The MWST-EM and AMS-EM methods are

respective adaptation of MWST and GS to incom-

plete data. Both structural search algorithms are

applying in DAG space. [3] recently proposed an

optimal search algorithm (GES) which deals with

Markov equivalent space. Logically enough, the

next step in our research is to adapt GES to incom-

plete datasets.
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incomplete learning datasets, with incompleteness rates of 10%, 20% and 30%. Mean calculation times are

also given in brackets.
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