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Inspiration — 1

Yeast protein network Internet hosts
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Inspiration — 2

Digits '3’ and '8’ graph using 3 nearest neighbours

-0.08 -0.06 -0.04 —-0.02

USPS digits 3 and 8 Random graph G5 _,,(26;2)
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Online Learning Model

Aim: learn a functiong: V — {—1,+1} corresponding
to a labeling ofagraph G = (V, E)and V = {1, ... n}.

Learning proceeds In trials
t=1,....¢
1. Nature selects v; € V
2. Learner predicts g, € {—1,+1}
3. Nature selects y; € {—1,+1}
4. If 4, # y; then mistakes = mistakes + 1

Learner’s goal: minimize mistakes
Bound: mistakes < f(complexity(g))
What Is a natural complexity for a graph labeling?
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RKHS on a Graph
Graph Laplacian L := D — A where A is the
adjacency matrix and D := diag(dy, ..., d,)
Define S, :={g: > ", g; = 0}; assume G is connected
Define

(f,g) = f'Lg f,geSs,
lol* = > (9—9)
(i,7)€E(G)

Graph kernel: K = L™ (pseudoinverse)
Reproducing property:

g; = e;L"Lg = K;Lg = (K;, g)



Example




Projection Algorithms

Perceptron-inspired (but non-conservative)
Projection: P(N;w) := arg ming . ||lu — w)|
Protypical algorithm:

Input: A sequence of closed convex sets {4, }t_, C H
Initialization: g; = 0
Fort=1,...,¢do

0141 = P (U 9y)

Three variants:
1. 1-Proj : Uy ={g: y(Ky.9) > 1}

2. MNI : U =N {g: 4(K,,g) = 1}
3. C-proj :cycle thru {U,...,U;} until no “mistakes”

PredICtIOn: @t — Sign(<Kvt7 gt>) — Sign(gt7vt2n|ineLearningoverGraphs(|CML’05)—P-7/17




Bounds

Given a sequence of vertex label pairs
{(vi,y:) Y., €V x {—1,1} where M is the index set of
mistaken trials then the cumulative mistakes of the
algorithm is bounded by

* 112
M| <|lg"||"B
for all consistent g* € S,, where

B = harmonic-mean({ K, ,, }icar) < maVX(Kzi)
bl

mistake — generalization bounds see [CCGO04, etc]
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Interpretation of Bounds — 1

da(p, q) length of shortest path p to ¢ for p,q € V.
Eccentricity: p, := max,cyv da(p, q)

Diameter: D¢g := max,cy p,

Algebraic connectivity: A\, 2nd smallest eigenvalue of L

1
| mm()\—27 Op)

Label partition: (g7,97) = {i:g=1}{i: g9, = —1})
s.t. lg7| + |g7| = n.

Cut: d(gt,97) :={(i,j) €e E(G):icgt,jeg}
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Interpretation of Bounds — 2

For 1- Proj and C- Pr 0]

cut size

partition balance structure of G

for all consistent label partitions.

First terms data-dependent, 3rd data-independent

Bound implies C- Pr 0j

polynomially many updates

Compare to cyclic updating with
Alternate graph kernel K = (L +al)™' , 0 < a.

Ry,
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Online Active Learning — 1

A Is an Index set of active trials. On an active trial
t now the learner selects ;.

Given a seqguence of vertex label pairs
{(vi,y:)}_, CV x {—1,1} where M is the index set of
mistaken trials then the cumulative mistakes of the
algorithm is bounded by

M\A < (9P = Za) B

for all consistent g* where 74 = Z lg: — g’
teA

‘progress”
Maximize the “progress”. Z4
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Online Active Learning — 2

On trial t € A choose v; to max-minimize the
per-trial progress ||g; — g;.,||” thus choose vertex

v = argmax min |lg, — P({g: (g, K;)y > 1};9,)|°
eV oye{-1,1}

in(|gi, 1) — 1)2
e (001D =
eV K/L

The top Is the current “uncertainty” (margin) of vertex :
The bottom Is a “structural” property of vertex :
Since K;; < p; as an approximation posit that iK;; ~ p;
the above criteria trades the label uncertainty
(“nearness to previous labels”) with “centrality” of vertex
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Online Active Learning — 3

even if vertex 15 Is
maximally uncertain (g5 =
0) vertex 30 is still preferred
If the margin |g30| < 0.51.

Hierarchal random graph Gz_out(G; 2)

Grey'Scaled Kpp ; Kgo)go = .21 (rniﬂ)7 K15’15 = .94 (maX)
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Experiments — 1 (Random Graph)
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Hierarchal random graph Gi_out(%; 2)

/26 Nodes labeled by a noisy diffusion process
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Experiments — 2 (USPS Even vs Odd)
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1000 random samples 100 per digit
Graph built via 3-NN with Euclidean distance
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Active Learning Demo

Active Learning on Digits 5 and 8 with MNI

0 points selected
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