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Summary. This chapter proposes a generative model and a Bayesian learning scheme for a
classifier that takes uncertainty at all levels of inference into account. Classifier inputs will
be uncertain if they are estimated, for example using a preprocessing method. Classical ap-
proaches would neglect the uncertainties associated with these variables. However, the deci-
sions thus found are not consistent with Bayesian theory. In order to conform with the axioms
underlying the Bayesian framework, we must incorporate all uncertainties into the decisions.
The model we use for classification treats input variables resulting from preprocessing as latent
variables. The proposed algorithms for learning and prediction fuse information from different
sensors spatially and across time according to its certainty. In order to get a computationally
tractable method, both feature and model uncertainty of the preprocessing stage are obtained
in closed form. Classification requires integration over this latent feature space, which in this
chapter is done approximately by a Markov chain Monte Carlo (MCMC) method. Our ap-
proach is applied to classifying cognitive states from EEG segments and to classification of
sleep spindles.

1.1 Introduction

Once we opt for decision analysis within a Bayesian framework, we must do this
throughout the entire process. The approach studied in this chapter assumes that we
are given some segments of time series, each labelled as being in one ofK possible
states. Such a setting is typically found in biomedical diagnosis, where successive
segments of bio signals have to be classified. Usually, the number of samples within
the segments is large. However, the information contained in a segment is often rep-
resented by a much smaller number of features. Such problems are typically solved
by splitting the whole problem into two parts: a preprocessing method that extracts
some features and a classifier.

Using Bayesian inference for each part is common practice. For preprocessing it
has been considered among many others by [1] and [2]. A review of recent devel-
opments is provided by [3]. The situation in post-processing is similar: see e.g. [4],
[5] or [6] for a summary. We could follow these lines and apply Bayesian techniques
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to both stages of the decision process separately. However this would mean estab-
lishing a non probabilistic link between preprocessing and classification. Such a link
does not allow feature or model uncertainty, as found by Bayesian preprocessing, to
have an influence on the beliefs reported by the classifier. In a Bayesian sense this
is equivalent to approximating thea-posterioriprobability density over feature vari-
ables by a delta peak and ignoring the uncertainty in the stochastic model used for
preprocessing.

ρ

X

t

Fig. 1.1.A directed acyclic graph for the hierarchical model. We usedt to denote the unknown
state variable of interest,ρ is a latent (unobserved) variable representing features from prepro-
cessing andX denotes a segment of a time series. Circles indicate latent variables, whereas
the square indicates thatX is an observed quantity.

A model that allows for a probabilistic link between preprocessing and post-
processing has to have a structure similar to the directed acyclic graph (DAG) shown
in Figure 1.1. The key idea is to treat the features obtained by preprocessing as la-
tent variables. The link betweenρ andX represents preprocessing, which has to be
carried out in a Bayesian setting. The model used in this chapter for preprocessing
is a lattice filter representation of an auto regressive (AR) model. The coefficients of
this model are the well known reflection coefficients as commonly used in speech
processing [7]. We give a short summary of our derivation of “Bayesian reflection
coefficients” in section 1.2.

So far approaches using a probabilistic structure, similar to the DAG in Figure
1.1, have focused on marginalising out input uncertainties. The main emphasis in
[8] and [9] is to derive a predictive distribution for regression models where input
uncertainty is taken into account. In a Bayesian sense this approach is the only way
of consistent reasoning if perfect knowledge of inputs is not available. We provide a
similar analysis for classification problems. However our approach goes further:
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• We allow for different uncertainties at different inputs. This leads to predictions
that are dominated by inputs that are more certain. Using generative models to
link t andρ, the model provides information about thetrue input values of less
certain sensors. Using several sensors will lead to “Bayesian sensor fusion”. The
use of a generative model gives us the additional benefit that we can use unla-
belled data for parameter inference as well.

• Another extension of the work reported in [8] and [9] is that we take the model
uncertainty, inherent to all preprocessing methods, into account. Model uncer-
tainty is represented by thea-posterioriprobability of the model conditional on
the corresponding data segment,X .

In the following sections of the chapter, we derive a Bayesian solution for lattice
filter AR-models that captures both feature and model uncertainty. We show that
marginalising out latent variables in a static DAG indeed performs sensor fusion
such that predictions depend more on certain information. Equipped with this theo-
retical insight, we propose a DAG and inference scheme that is well suited for time
series classification. We assume a first order Markov dependency among class la-
bels of interest and derive MCMC updates that sample from the joint probability
distribution over latent variables and model coefficients. The experimental section of
this chapter provides a synthetic experiment to illustrate the idea and provides then
a quantitative evaluation using the proposed method for sleep spindle classification
and as a classifier in a brain computer interface experiment.

1.2 Bayesian lattice filter

The lattice filter is a representation of an auto regressive (AR) model [7]. Its param-
eters are the so called refection coefficients, below denoted asrm. Equation (1.1)
shows an AR model, wherex[t] is the sample of a time series at timet, aµ is theµ-th
AR coefficient of them-th order AR model ande[t] the forward prediction error,
which we assume to be independently identically distributed (i.i.d.) Gaussian with
zero mean and precision (inverse variance)β.

x[t] = −
m∑

µ=1

x[t− µ]aµ + e[t] (1.1)

The autocovariance function, which is the sufficient statistic of a stationary Gaus-
sian noise AR model, is invariant to the direction of time [7]. The corresponding
backward prediction model shares thus the same parameters.

x[t−m] = −
m∑

µ=1

x[t + 1− µ]aµ + b[t] (1.2)

To derive Bayesian reflection coefficients, we assume thatN data points,X =
{x[1], .., x[N ]}, are available to estimate the model. We denote them-th order
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AR coefficients asϕm, summarise the forward prediction errorse[t] asεm and all
bacward prediction errorsb[t] asbm. Applying the backward time shift operatorq−1

on bm, linear regression onto the forward prediction errors,εm, defines the likeli-
hood of them-th order AR coefficients and them+1-th reflection coefficientrm+1.

p(X|rm+1, β, ϕm) = (2π)−0.5Nβ0.5N (1.3)

× exp
(
−0.5

(
εm + rm+1q

−1bm

)T (
εm + rm+1q

−1bm

))

Since we use this model to represent segments of biological time series, we know
with certainty that the underlying AR-process must be stable. As the reflection coef-
ficients of a stable model have to be within the interval[−1, 1], we may use a flat prior
within this range. Thus the uninformative proper prior over reflection coefficients is:
p(rm+1) = 0.5. Another parameter which appears in the likelihood expression of
the lattice filter model is the noise levelβ. The noise level is a scale parameter and
following [10] we use the Jeffreys’ prior,p(β) = 1/β.

In order to obtain the posterior distribution over them+1-th reflection coefficient
rm+1, the Bayesian paradigm requires us to treat both them-th order AR coefficients,
ϕm, and the noise level,β, as nuisance parameters and integrate them out. We may
simplify calculations considerably by assuming a sharply peaked posterior overϕm.
This results in an order recursive estimation, where we condition on the forward and
backward prediction errors that result from the most probable coefficients.

p(rm+1|X ) =
1√
2πs

exp
(
− 1

2s2
(rm+1 − r̂m+1)2

)
(1.4)

as the posterior distribution of them + 1-th order reflection coefficient, in which

r̂m+1 = −εT
mq−1bm

bT
mbm

(1.5)

represents the most probable value of the reflection coefficient and,

s2 =
1− (r̂m+1)2

(N − 1)
, (1.6)

the corresponding variance. We finally need to update the forward and backward
prediction errors, to account for them + 1-st reflection coefficient.

εm+1 = εm + r̂m+1q
−1rm (1.7)

rm+1 = q−1rm + r̂m+1εm

Our analysis will also consider the uncertainty about the lattice filter model, by al-
lowing for two explanations of the dataX . We assume that the data is either modelled
by anM -th order lattice filter or that it is white noise. This uncertainty is captured
by the posterior probabilityP (IM |X ), whereIM ≡ 1 denotes the lattice filter ex-
planation andIM ≡ 0 denotes the white noise case. The Bayesian model evidence
(marginal likelihood) of theM -th order lattice filter model,IM ≡ 1, is then
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p(X|IM ≡ 1) = 0.5π−
N
2 Γ (

N

2
)
√

2πs (1.8)

× (
(εM−1 + r̂MbM−1)T(εM−1 + r̂MbM−1)

)−N
2 .

Comparing theM -stage lattice filter model with the Bayesian evidence of explaining
the data as white noise gives a measure of model uncertainty if we allow for these two
explanations only. We obtain the evidence of a white noise explanation by integrating
out the noise levelβ. We indicate the corresponding model byI0 and get:

p(X|IM ≡ 0) = π−
N
2 Γ (

N

2
)
(
εT
0 ε0

)−N
2 , (1.9)

whereε0 refers to the0-order model residuals (the original time series). Using equal
priors for both models, thea-posterioriprobability of them-th reflection coefficient
compared to a white noise explanation is:

P (IM ≡ 1|X ) =
p(X|IM ≡ 1)

p(X|IM ≡ 1) + p(X|IM ≡ 0)
. (1.10)

We useP (IM |X ) to measure the uncertainty of modelling the data by anM -th order
lattice filter, when we allow for a white noise explanation as the other possibility. Our
motivation for this two-model hypothesis is our intent to model electroencephalog-
raphy (EEG) data. EEG is often contaminated by muscle artefacts, which result in
measurements that are very similar to white noise.

Equations (1.4), (1.5) and (1.6) imply that the underlying processes are dynami-
cally stable systems since they do not allow reflection coefficients to be outside the
interval[−1, 1]. Since we intend to model the distributions in the latent feature space
by a mixture of Gaussian distribution, we have to resolve a mismatch between the
domain of the posterior overM -th order lattice filter coefficients,r ∈ [−1, 1]M and
the domain of the Gaussian mixture model, which requiresρ ∈ RM . To resolve the
problem, we follow [11] and map using Fisher’s z-transform

ρ = arctanh(r), (1.11)

which we use henceforth as representation of the feature space. Using error analysis
[12], we can approximate the posterior distribution over the transformed reflection
coefficientsρm by

p(ρm|X ) =
1√
2π

√
λ exp

(
−1

2
λ(ρm − ρ̂m)2

)
(1.12)

where ρ̂m = arctanh(r̂m)
and λ = (N − 1)(1− r̂2

m).

1.3 Spatial fusion

In our case the input uncertainty is a result of the limited accuracy of feature esti-
mates as obtained by preprocessing. If we know that the model used in preprocessing
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Fig. 1.2.A directed acyclic graph that captures both parameter uncertainty as well as model
uncertainty in preprocessing. We usedt to denote the unknown state variable of interest,ρa

andρb are two latent variables representing the true values of features estimated by prepro-
cessing. BothXa andXb are the corresponding segments of a time series. The latent binary
indicator variablesIa andIb control the dependency of the data segments on the latent vari-
ables.

is thetruemodel that generated the time seriesX , the approach taken by [8] and [9]
would be sufficient. As however was argued in section 1.2, we do not know whether
the model used during preprocessing is thetrue one and we have to consider feature
as well as model uncertainty. Thus inference has to be carried out with a DAG that
allows for both featureand model uncertainty. Sensor fusion will only take place
if different sensors are conditionally dependent on the state of interest. In order to
take this into account, we have to extend the DAG structure as shown in Figure 1.2.
We introduce binary indicator variablesIa andIb that control the conditional depen-
dency of the observed data segmentsXa andXb on the latent variablesρa andρb

respectively.
The DAG in Figure 1.2 illustrates the dependency between a state variablet,

latent variablesρa andρb and the corresponding segments of a time seriesXa and
Xb. The dependency is controlled by two model indicator variables,Ia andIb, one
for each sensor. Both models,Ia andIb, representing particular stages of a lattice
filter, areprobableexplanations of the corresponding time seriesXa andXb.

During preprocessing we allow for two possible explanations of each segment
of the time series. With probabilityP (Ia|Xa), the latent variableρa is conditional
on both the time seriesXa and the state variablet. However, with probability1 −
P (Ia|Xa), Xa is pure white noise and does not requireρa. In this case, we have to
condition ont only. Loosely speaking, we deal with a problem of “probably missing
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values”. However this interpretation of Figure 1.2 tells us that we need to use the
following definition of the conditional probability density ofXa

p(Xa|ρa, Ia) =

{
p(Xa|ρa, Ia ≡ 1)
p(Xa|Ia ≡ 0)

. (1.13)

Depending on the value ofIa, we introduce a conditional independence between the
data,Xa and the true feature valueρa which is not seen in the DAG in Figure 1.2.
When changing indices, we get the same statements for thelatentvariableρb.

As previously mentioned, we want to predict the belief of statet conditional on
all available information. This is the observed time seriesXa andXb as well as all
training dataD observed so far. Although we will not state this explicitly,all beliefs
are also conditional on training dataD. This is a requirement that humans apply
intuitively: Whenever a clinical expert wants to monitor a new recording of some
biological time series they have prior expectations about the range they should use.

In order to provide deeper insight into the model illustrated in Figure 1.2, we
will infer both thea-posterioriprobability P (t|Xa,Xb) and thea-posterioriprob-
ability density p(ρa|Xa,Xb). Using Bayes theorem, we expressP (t)p(ρa|t) as
p(ρa)P (t|ρa) and P (t)p(ρb|t) as p(ρb)P (t|ρb). Conditioning onXa andXb, the
DAG in Figure 1.2 implies:

p(t, ρa, Ia, ρb, Ib|Xa,Xb) = (1.14)

P (t|ρa, Ia)P (t|ρb, Ib)p(ρa|Ia,Xa)p(Ia|Xa)p(ρb|Ib,Xb)p(Ib|Xb)p(Xa)p(Xb)
P (t)p(Xa,Xb)

.

As none of the variables on the left side of the conditioning bar in (1.14) are observed,
we use marginal inference. We obtainP (t|Xa,Xb) by plugging (1.13) into (1.14) and
integrating outρa, Ia, ρb andIb

P (t|Xa,Xb) =
p(Xa)p(Xb)

p(Xa,Xb)P (t)
(1.15)

×
∑

Ia

∫

ρa

P (t|ρa, Ia)p(ρa|Ia,Xa)P (Ia|Xa)dρa

×
∑

Ib

∫

ρb

P (t|ρb, Ib)p(ρb|Ib,Xb)P (Ib|Xb)dρb.

The näıve Bayes structure of the DAG in Figure 1.2 allows us to expandP (t|ρa, Ia) =
P (t|ρa)P (t|Ia)

P (t) , which equivalently holds for sensorb. The influence of feature un-
certainty on the probability of the statet is most easily seen if we assume perfect
knowledge of the preprocessing model:

P (t|Xa,Xb) ∝ 1
P (t)

∫

ρa

P (t|ρa)p(ρa|Xa)dρa

∫

ρb

P (t|ρb)p(ρb|Xb)dρb.

This expression shows that that the probabilityP (t|Xa,Xb) is dominated byXa, if
ρa is, under its posterior, more informative about classt1. At a first glance we might
1 The same argument holds for the other sensorXb.
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expect that higher accuracy should dominate and this seems counter intuitive. How-
ever, perfect knowledge does not help if the extracted feature is equally likely for
different classes. Thus although known with less precision, a variable might domi-
nate if it allows on average for better discrimination. The other extreme is that we
know thatXa andXb are white noise. In this case we getP (Ia ≡ 0|Xa) = 1 and
P (Ib ≡ 0|Xb) = 1 and thus

P (t|Xa,Xb) ∝ P (t|Ia)P (t|Ib)
P (t)

.

This is a very intuitive result, as without parametersρa andρb the model indicators
Ia andIb are the only information about classt.

If we are interested in thea-posterioridistribution over one of the latent spaces,
say(Ia, ρa), we have to apply similar manipulations. Assuming that the continuous
parameterρa is a point inRM , (Ia, ρa) lies in Ia ≡ 1× ρa ∈ RM

⋃
Ia ≡ 0× ρa ∈

R0, where the dimension ofρa in the second case is zero. The posterior is then

p(ρa, Ia|Xa,Xb) =
p(Xa)p(Xb)
p(Xa,Xb)

(1.16)

×
∑

t

[
P (t|ρa, Ia)p(ρa|Ia,Xa)P (Ia|Xa)

P (t)

×
∑

Ib

∫

ρa

P (t|ρb, Ib)p(ρb|Ib,Xb)P (Ib|Xb)dρb

]
.

By exchanging marginalisation over(Ib, ρb) with marginalisation over(Ia, ρa), we
obtain the correspondinga-posterioridensity over the feature space(Ib, ρb) .

We should now point out that we did not follow an exact Bayesian scheme, since
this requires us to use all available information. The derivations presented so far de-
viate slightly, since the probabilistic dependency betweent and the latent variables
ρa andρb allows, via the conditional distributionsp(ρa|t) andp(ρb|t), for informa-
tion flow between the two sensors. Hence irrespective whether we knowt or not, we
will have information aboutρa andρb that goes beyond the “stability prior” adopted
in the last section. However, the problem is that using this information, we can not
derive any expressions analytically as was done there. Instead we have to resort to
MCMC techniques for the entire analysis including preprocessing [11]. Even with
modern computers, this is still a very time consuming procedure. A qualitative argu-
ment shows that this approximation will in practical situations not effect the results
dramatically. The usual settings in preprocessing will lead toa-posterioridensities
over coefficients that, compared with the priors, are sharply peaked around the most
probable value2. In this case using either a uniform prior in the range[−1, 1], or the
more informative prior provided viat does not make a big difference.

2 As can be seen from Equation (1.6), this is just a matter of the number of samples used to
estimate the feature values.
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As a last step it remains to provide an abstract formulation of an inference pro-
cedure of model coefficients for the DAG shown in Figure 1.2. In order to make life
easier, we assume for now that we are given only labelled samples. A generalisation
to include also unlabelled samples is provided in the next section. Assuming to know
thetruevalues of features and states, conventional model inference would condition
on training data,A = {ρa,i∀i}, B = {ρb,i∀i} andT = {ti∀i}. Denoting all model
coefficients jointly byw, inference would lead top(w|A,B, T ). In our setting the
Ia,i’s, Ib,i’s, ρa,i’s andρb,i’s are latent variables and we can not condition on them.
Instead we would like to condition on the correspondingXa,i’s andXb,i’s. Such con-
ditioning can not be done directly. Assuming independence of observations, the DAG
in Figure 1.2 implies the likelihood to be

p(T ,A, IA,XA,B, IB ,XB |w) = (1.17)

=
∏

i

p(ti, ρa,i, Ia,i,Xa,i, ρb,i, Ib,iXb,i|w)

=
∏

i

[
P (ti|ρa,i, Ia,i, w)P (ti|ρb,i, Ib,i, w)

P (ti|w)

×p(ρa,i|Ia,i,Xa,i)p(Ia,i|Xa,i)p(ρb,i|Ib,i,Xb,i)p(Ib,i|Xb,i)

]
,

where we useIA = {Ia,i∀i}, XA = {Xa,i∀i}, IB = {Ib,i∀i} andXB = {Xb,i∀i}
and made the dependency on model parametersw explicit. We finally get the poste-
rior over model coefficientsw by multiplication with a priorp(w) and marginalising
out allρa,i, Ia,i, ρb,i andIb,i.

p(w|T ,XA,XB) ∝ p(w)
∏

i

[
1

P (ti)
(1.18)

×
∑

Ia,i

∫

ρa,i

P (ti|ρa,i, Ia,i,w)P (Ia,i|Xa,i)p(ρa,i|Ia,i,Xa,i)dρa,i

×
∑

Ib,i

∫

ρb,i

P (ti|ρb,i, Ib,i, w)P (Ib,i|Xb,i)p(ρb,i|Ib,i,Xb,i)dρb,i

]

Expression (1.18) is just proportional to the posterior since we still need to normalize.
In general neither the integrals nor the normalisation constants in (1.15), (1.16) or
(1.18) will be analytically tractable. In all practical problems we will have to apply
MCMC methods.

The model in this section illustrates that marginalising out variables and model
uncertainty leads to predictions that are dominated by information that allows for
reliable discrimination. However the DAG is not optimally suited for classification of
biomedical time series. As our interest is classification of adjacent segments of a time
series, we can improve on the DAG in Figure 1.2 by allowing for additional temporal
dependencies. In the following section we propose a model which allows for a first
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order Markov dependency among additional discrete latent variables,di, and thus for
information flow across time. We propose Bayesian inference by sampling from the
joint probability density over latent variables and model coefficients.

1.4 Spatio-temporal fusion

A DAG structure that allows spatio-temporal sensor fusion is obtained by imposing a
conditional dependency among adjacent state variables and to spatially different sen-
sors. Sensor fusion is then achieved very naturally by treating this DAG within the
Bayesian framework. Bayesian preprocessing will assess both model and coefficient
uncertainties. Marginalising out these uncertainties will lead to beliefs about states
that are less affected by less reliable information. Such an approach can go even fur-
ther: it allows one to infer the expected feature values which for unreliable segments
will differ from the values obtained from preprocessing alone. This requires that the
architecture contains a generative model. Thus, as a by-product, we will be able to
use labelled as well as unlabelled data during model inference.

1.4.1 A simple DAG structure

This subsection proposes a DAG structure that allows spatio-temporal sensor fusion.
Measured in terms of model complexity (number of free parameters), we aim at a
simple solution. Assuming that we want to solve a classification task, we regard the
class labels as the state of interest. In order to exploit temporal correlations among
successive classifications we propose a model that has the latent indicator variables
di and the class labelsti connected to form a first order Markov chain. The idea
behind linking the class labelsti is that in cases where one of the state values of
di corresponds to a high uncertainty state (i.e. with similar probabilitiesP (ti|di)
for all ti) this gives us additional information about the class label. Furthermore,
we assume conditional independence between all latent variables depending on each
state variable. Figure 1.3 shows a DAG structure imposed by these assumptions.
Training data consists of labelled as well as unlabelled segments of a time series.
Unobserved states are represented by circles and the observed states by squares. We
have already decided about the latent variablesρi,j and indicator variablesIi,j : they
are stages in an AR-lattice filter andXi,j are the corresponding segments of a time
series. It remains to decide about the generative model between the state variablesdi

and the latent variablesρi,j andIi,j . In our case theρi,j ’s are continuous variables
and the generative model will be implemented as diagonal Gaussian distributions,

p(ρi,j |di) = N (ρi,j |µj,d,λj,d), (1.19)

with meanµj,d and precisionλj,d. The model indicatorIi,j is given a multinomial-1
distribution

p(Ii,j |di) = Mn(Ii,j |Πj,d), (1.20)
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Fig. 1.3. A directed acyclic graph for spatio-temporal sensor fusion: The DAG assumes a
first order Markov dependency among statesdi and conditional on these, independence of the
latent variablesρi,j . We usedti to denote the unknown state variables of interest (i.e. the class
labels of the segments under consideration), which are linked with a second Markov chain.
The idea behind this second chain is that it allows us to resolve ambiguity which might be
caused by a high uncertainty state. Bothρi,j andIi,j are latent variables, representing feature
and model uncertainty from preprocessing. FinallyXi,j denote the corresponding segments of
a time series.

whereΠj,d are the binary probabilities observing either one of the two preprocessing
models given statedi. Model inference will be based on a Markov chain Monte Carlo
(MCMC) method. We thus need to consider the likelihood function, design a DAG
that shows the relations during inference, specify convenient priors and, as a final
step, formulate the MCMC updates.

1.4.2 A likelihood function for sequence models

As already mentioned, we are interested in a fully Bayesian treatment of the model.
This can be done as soon as we are able to formulate a normalized likelihood function
and priors. We are dealing with a sequence model, where the likelihood is usually
(see [13], pp. 150) formulated via paths that are possible sequences of latent states:

P (D,Πd,Πt|w) = P (d1)
∏

j

p(ρ1,j , I1,j |d1)P (t1|d1) (1.21)

×
N∏

i=2


P (di|di−1)P (ti|di, ti−1)

∏

j

p(ρi,j , Ii,j |ti)

 .
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In (1.21) we usedD to denote a realisation of all latent variablesρi,j and model
indicatorsIi,j . A sequence of latent variablesdi is denoted asΠd and a sequence of
labels is denoted byΠt. Note that for the second sequence not all paths are possible
since we have to visit all given labels. We thus obtain the likelihood

P (D, T |w) =
∑

Πd,Πt

P (D,Πd,Πt|w), (1.22)

whereT denotes the observed class labels. If several independent sequences are
used to infer model coefficients, the overall likelihood is the product of several ex-
pressions like (1.22). In order to obtain a final expression of the likelihood of model
coefficients we have to plug Equations (1.19) and (1.20) into Equation (1.22). It is
evident that the resulting likelihood is highly nonlinear and parameter inference had
to be done by carrying out Metropolis-Hastings updates. The conventional way to
maximize such likelihood functions is to apply the expectation maximisation (EM)
algorithm [14] which was introduced for HMMs in [15]. The sampling algorithm
proposed in the next subsection uses similar ideas. We use both Gibbs updates and
Metropolis-Hastings updates to draw samples from thea-posterioridistribution over
model coefficients and latent variables.

1.4.3 An augmented DAG for MCMC sampling

The likelihood function associated with the probabilistic model in Figure 1.3 highly
non-linear in the model coefficients and we have to use MCMC methods to in-
fer them. As already indicated, we want to use Gibbs updates wherever possible.
Only such variables that do not allow Gibbs moves will be updated with Metropolis-
Hastings steps. Following the ideas of the EM procedure, we introduce latent indi-
cator variables,di, which indicate the kernel number of the Gaussian prior over the
latent variablesρi,j .

Figure 1.4 shows a DAG that results from the DAG in Figure 1.3 when aug-
mented with all coefficients of the probabilistic model and the hyper-parameters of
the corresponding priors. In order to keep the graph simple, Figure 1.4 displays only
those variables, we need to derive the MCMC updates for inference. In particular we
illustrate only one observation model. Other sensors are indicated by dots.

The state variabledi is conditionally dependent on its predecessor and on the
transition probabilityT . Class labels,ti, depend on the state variable and on the pre-
ceding labelti−1. The state conditional transition probabilities are summarized by
W . For both the transition probabilities,T = P (di|di−1) ∀ di, di−1, and prior al-
location probabilities,W = P (ti|di, ti−1) ∀ di, ti, ti−1, we use a Dirichlet-prior.
Conditional on the latent statedi, we have the observation model for the latent
variablesρi,j and the corresponding model indicatorIi,j . The observation model
for Ii,j is a multinomial-one distribution with observation probabilitiesΠj =
P (Ii,j |di) ∀ Ii,j , di. These probabilities are given a Dirichlet prior usingδΠ as prior
counts. Except that we do not infer the number opf kernesl, the model forρi,j is
largely identical to the model used by [16] for their one dimensional mixture of
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Fig. 1.4.A DAG for parameter inference. In order to keep it simple, the DAG shows only one
of the observation models forρi,j , Ii,j one pair of latent variablesdi−1, di, and one pair of
class labels,ti−1, ti. We use three dots to indicate that there could be more sensors. The DAG
shows transition probabilities for the states,T = P (di|di−1) ∀ di, di−1 and for the class
labelsW = P (ti|di, ti−1) ∀ di, ti, ti−1. The multinomial observation model for the model
indicator is specified byΠj = P (Ii,j |di) ∀ Ii,j , di. Finally we have a hierarchical model
for specifying the observation model for the lattice filter coefficients specified byµj andλj .
As before, square nodes denote observed quantities and circles are latent variables. However
there is an exception since during model inference some of theti’s are observed.

Gaussians analysis with varying number of kernels. The means,µj , are given a nor-
mal prior with meanξj and precisionκj . Each component has its own precision
(inverse variance)λj . In order to avoid problems with singular solutions the vari-
ances are coupled with hyper-parametersα andβj . The latter,βj , has itself a Gamma
prior. This hierarchical prior specification allows for informative priors without in-
troducing large dependencies on the values of the hyper-parameters. The difference
between our observation model and the one used in [16] is thatρi,j are latent vari-
ables, with the time seriesXi,j being conditionally dependent onρi,j andIi,j .
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1.4.4 Specifying priors

In order to be able to derive an MCMC scheme to sample from thea-posterioridistri-
butions of model coefficients and latent variables, we need to specify the functional
form as well as the parameters of all priors from the DAG in Figure 1.4. Gibbs sam-
pling requires full conditional distributions from which we can draw efficiently. The
full conditional distributions are the distributions of model coefficients when con-
ditioning on all other model coefficients, latent variables and data. Apart from the
EM-like idea to introduce latent variables, tractable distributions will be obtained by
using so-called conjugate priors, as discussed in [17].

In order to allow Gibbs updates for most of the parameters, we use the following
prior specification:

• Each component mean,µj,d, is given a Gaussian prior:µj,d ∼ N1(ξj , κ
−1
j ).

• The precision is given a Gamma prior:λj,d ∼ Γ (α, βj).
• The hyper-parameter,βj , gets a Gamma hyper-prior:βj ∼ Γ (g, h).
• The transition probabilities for the latent kernel indicators,T d get a Dirichlet

prior: T d ∼ D(δ1
T , ..., δD

T ), with D denoting the number of kernels.
• The transition probabilities for the class labels,W k,d, get a Dirichlet prior:

W k,d ∼ D(δ1
W , ..., δK

W ), with K denoting the number of class labels.
• The observation probabilities of the model indicators,Πd get a Dirichlet prior:

Πd ∼ D(δ1
Π , ..., δD

Π), with D denoting the number of kernels.

The quantitative settings are similar to those used in [16]: Values forα are between
1 and2, g is usually between0.2 and1 andh is typically between1/R2

max and
10/R2

max, with Rmax denoting the largest input range. The mean,µj , gets a Gaus-
sian prior centred at the midpoint,ξj , with inverse varianceκj = 1/R2

j , whereRj

is the range of thej-th input. The multinomial priors of the prior allocation counts
and the prior transition counts are set up with equal probabilities for all counters. We
set all prior counts i.e. forδT , δW andδΠ to 1, which gives the most uninformative
proper prior.

1.4.5 MCMC updates of coefficients and latent variables

The prior specification proposed in the last subsection enables us to use mainly
Gibbs updates. The latent variablesρi,j however need to be sampled via more gen-
eral Metropolis-Hastings updates. The main difficulty is that we regard “input” vari-
ables as being latent. In other words: conventional approaches condition on theρi,j ’s,
whereas our approach regards them as random variables which have to be updated
as well.

We will first summarise the Gibbs updates for the model coefficients. The expres-
sions condition on hyper parameters, other model coefficients, hidden states, class la-
bels and the latent representation of preprocessing (i.e.ρi,j andIi,j). During model
inference we need to update all unobserved variables of the DAG, whereas for pre-
dictions we update only the variables shown in the DAG in Figure 1.3. The updates
for the model coefficients are done using full conditional distributions, which have
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the same functional forms as the corresponding priors. These full conditionals fol-
low previous publications [11], with some modifications required by the additional
Markov dependency between successive class labels.

Update of the transition probabilities, T

The full conditional of the transition probabilitiesT di [di+1] = P (di+1|di) is a
Dirichlet distribution. The expression depends on the prior counts,δT , and on all
hidden states,di.

T d ∼ D(δT + nd
d,1, ..., δT + nd

d,D), (1.23)

with nd
d,1, ..., n

d
d,D denoting the number of transitions from statedi = d to di+1 =

{1, .., D}. The prior probability of the hidden statesP T is the normalised eigenvec-
tor of T that corresponds to the eigenvalue1.

Update of the transition probabilities for class labels,W

The full conditional of the transition probabilities,W di,ti−1 [ti] = P (ti|di, ti−1) is
a Dirichlet distribution. These transition probabilities are conditional on both, the
previous class label and the current state. We thus obtain the posterior counts,nτ

d,t,
by counting transitions from class labelτ to class labelt, given the current latent
state isd. The transition probability is a Dirichlet distribution.

W τ
d ∼ D(δW + nτ

d,1, ..., δT + nτ
d,K). (1.24)

Conditional ond, the prior probability of the class labelsP W,d is the normalised
eigenvector ofW d that corresponds to the eigenvalue1.

Update of the observation probability of model orders,Πj

The full conditional of the observation probabilities of model orderΠj [di, Ii,j ] =
P (Ii,j |di, j) is a Dirichlet distribution. The expression depends on the prior counts,
δΠ , on the model indicatorsIi,j and on the statedi. Each sensorj has its own set of
probabilitiesP j .

Πj,d ∼ D(δP + n
Ij

d,0, ..., δP + n
Ij

d,Imax
), (1.25)

wheren
Ij

d,I denotes the number of cases, in whichIi,j ≡ I anddi ≡ d.

Updating the Gaussian observation model

We use a separate Gaussian observation model for the latent featuresρi,j of each
sensorj. Each observation model needs three updates.

The full conditional of the kernel mean,µj , is a Normal distribution. The ex-
pression depends on the hyper parametersκj andξj , on the hidden statesdi, on the
model indicatorsIi,j , on the covariance matrixλj and on the latent coefficientsρi,j .
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µj,d[k] ∼ N (µ̂j,d[k], σµ
j,d[k]) (1.26)

with

µ̂j,d[k] = (nµ
j,d[k]λj,d[k, k] + βj [k])−1(nµ

j,d[k]λj,d[k, k]ρ̄d,j [k] + κj [k]ξj [k])

σµ
j,d[k] = (nµ

j,d[k]λj,d[k, k] + βj [k])−1,

where we use indexk to denote thek-th dimension of the latent vectorρi,j . The
dependency of Equation (1.26) onIi,j is implicit in

nµ
j,d[k] =

∑

i|Ii,j≡1

δ(di ≡ d)

and in

ρ̄d,j [k] =
1

nµ
j,d[k]

∑

i|Ii,j≡1

δ(di ≡ d)ρi,j [k].

The full conditional of the kernel covariance,λj,d[k], is a Gamma distribution. The
expression depends on the hyper parameterαj andβj , on the hidden states,di, on
the corresponding kernel meanµj,d[k]and on the model indicatorsIi,j .

λj,d[k] ∼ Γ (α̂, β̂) (1.27)

with

α̂ = αj +
nµ

j,d[k]
2

β̂ = βj [k] +
1
2

∑

i|Ii,j≡1

δ(di ≡ d)(ρi,j [k]− µj,d[k])2

The full conditional of the hyper parameterβj depends on the hyper-hyper-parameters
gj andhj , onαj and onλj,d.

wβj [k] ∼ Γ (gj + Dαj , hj [k] +
∑

d

λj,d[k]) (1.28)

1.4.6 Gibbs updates for hidden states and class labels

Updating di

The full conditionals fordi are multinomial-one distributions. The first state has
no preceding stated0. We thus use the unconditional prior probability of the state,
PT (d1) instead ofTd0 [d1].

di ∼ Mn(1, {P (di|...) ∀ di = 1..D}) (1.29)

with

P (d1|...) =
PT [d1]Td1 [d2]PW,d1 [t1]

∏
j p(ρ1,j , I1,j |d1)∑

d1
(PT [d1]Td1 [d2]PW,d1 [t1]

∏
j p(ρ1,j , I1,j |d1)

P (di 6=1|...) =
Tdi−1 [di]Tdi [di+1]Wdi,ti−1 [ti]

∏
j p(ρi,j , Ii,j |di)∑

di
(Tdi−1 [di]Tdi [di+1]Wdi,ti−1 [ti]

∏
j p(ρi,j , Ii,j |di)
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For the last state of the Markov chain, the successordi+1 does not exist and the
expression of the probability,P (di 6=1|...), does not include the termTdi

[di+1].

Updating ti

Unknown class labels,ti, are updated by multinomial one distributions.

Ti ∼ Mn(1, {P (ti|...) ∀ ti = 1..K}) (1.30)

with

P (t1|...) =
PW,d1 [t1]Wd2,t1 [t2]∑
t1

PW,d1 [t1]Wd2,t1 [t2]

P (ti 6= 1|...) =
Wdi,ti−1 [ti]Wdi+1,ti [ti+1]∑
ti

Wdi,ti−1 [ti]Wdi+1,ti [ti+1]

Since class labelti+1 does not exist for the last segment, we have to remove the term
Wdi+1,ti

[ti+1] when expressing the corresponding probabilityP (ti|...).

1.4.7 Approximate updates of the latent feature space

We finally have to formulate updates for the latent feature space, i.e. for the variables
ρi,j andIi,j . These updates involve the posteriors formulated in Equations (1.10)
and (1.12) and are drawn from the “joint conditional” distributionp(Ii,j , ρi,j |...) ∝
p(Ii,j , ρi,j |Xi,j)p(di|Ii,j , ρi,j). We draw fromp(Ii,j , ρi,j |...) by first proposing
from (I ′i,j , ρ

′
i,j) ∼ p(Ii,j , ρi,j |Xi,j) and then accepting(I ′i,j , ρ

′
i,j) by a Metropo-

lis Hastings acceptance probability. We draw model indicatorI ′i,j from p(Ii,j |Xi,j)
which is a multinomial-one distribution.

I ′i,j ∼Mn(1, {P (Ii,j |Xi,j)), (1.31)

with P (Ii,j |Xi,j) defined in Equation (1.10). Using the indicator variable we then
proposeρ′i,j .

ρ′i,j ∼
{
∀I ′i,j ≡ 1 : ρ′i,j ∼ p(ρi,j |Xi,j)
∀I ′i,j ≡ 0 : ρ′i,j = []

, (1.32)

wherep(ρi,j |Xi,j) is a product of the distributions in Equation (1.12) and the second
case denotes the white noise case, in which the latent parameterρ′i,j has dimension
zero. In order to get a sample from the full conditional distribution, we have to cal-
culate the acceptance probability

Pa = min
(

1,
P (di|ρ′i,j , I ′i,j)
P (di|ρi,j , Ii,j)

)
(1.33)

where

P (di|ρ′i,j , I ′i,j) =




∀I ′i,j ≡ 1 :

p(ρ′i,j |µj,di
,λj,di

)Πdi,j [I
′
i,j ]∑

di
p(ρ′i,j |µj,di

,λj,di
)Πdi,j [I′i,j ]

∀I ′i,j ≡ 0 : Πdi,j [I
′
i,j ]∑

di
Πdi,j [I′i,j ]
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and accept the new values of the latent features(I ′i,j , ρ
′
i,j) according to this proba-

bility. We would like to point out that this scheme is an approximation to the exact
updates of the latent space since the proposal distributions in Equations (1.10) and
(1.12) do not consider the correct prior which would be the mixture distribution
P (di)p(ρi,j |di)p(Ii,j |di). Instead we use the priors specified in section 1.2. How-
ever, we argue that the difference is not large if the number of samples is sufficient
since in this case the likelihood by far outweighs the prior.

1.4.8 Algorithms

Model inference

Algorithm 1 Pseudo-code for sweeps during model inference.

0000000000000000000000000000000000000
∀ d initialise(W d, T d)
∀ j initialise(βj)
∀ j, d initialise(µj,d, λj,d, Πj,d)
∀ i initialise(di, ti) % only missingti are initialised
∀ i, j initialise(Ii,j , ρi,j)
sweepcounter=0
REPEAT

∀ d update(T d) % according to Equation (1.23)
∀ d update(W d) % according to Equation (1.24)
∀ j, d update(Πj,d) % according to Equation (1.25)
∀ j, d update(µj,d) % according to Equation (1.26)
∀ j, d update(λj,d) % according to Equation (1.27)
∀ j update(βj) % according to Equation (1.28)
∀ i, j (ρ′i,j , I

′
i,j) ∼ p(Ii,j , ρi,j |Xi,j)% according to Eqns. (1.10) and (1.12)

accept(ρ′i,j , I
′
i,j) with Pa % according to Equation (1.33)

∀ i update(di) % according to Equation (1.29)
∀ i if ti missing

update(ti) % according to Equation (1.30)
inc(sweepcounter)
sample[sweepcounter]={T d, W d, Πj,d, µj,d, λj,d ∀j, d}

UNTIL (sweepcounter> maxcount)

For model inference we start the MCMC scheme by drawing initial model param-
eters from their priors. We initialize all(Ii,j , ρi,j) ∼ p(Ii,j ,ρi,j |Xi,j) with samples
drawn from the posteriors in Equations (1.10) and (1.12) and all unobserved states
di are drawn from the prior probabilitiesP (di). The class labels of unlabelled seg-
ments are drawn from their priorP (ti|di) as well. After this initialisation we update
according to the full conditionals and in the case of feature updates according to the
single component Metropolis Hastings step. Pseudo code of these updates is shown
in Algorithm 1.
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Predictions

Algorithm 2 Pseudo-code for sweeps during predictions.

0000000000000000000000000000000000000
∀ i initialise(di, ti)
∀ i, j initialise(Ii,j , ϕi,j)
sweepcounter=0
expcounter=0
REPEAT

inc(sweepcounter)
{T d, W d, Πj,d, µj,d, λj,d ∀j, d} = sample[sweepcounter]
∀ i, j (ρ′i,j , I

′
i,j) ∼ p(Ii,j , ρi,j |Xi,j)% according to Eqns. (1.10) and (1.12)

accept(ρ′i,j , I
′
i,j) with Pa % according to Equation (1.33)

∀ i update(di) % according to Equation (1.29)
∀ i update(ti) % according to Equation (1.30)
if sweepcounter> burnincounter

P (ti) = P (ti) + 1
expcounter= expcounter+ 1

UNTIL (sweepcounter> maxcount)
∀ ti P (ti) = P (ti)/expcounter

In order to get consistent estimates of the beliefs of the states, predictions have
to be marginalized overρi,j andIi,j . The integrals need to be solved numerically.
We use all samples drawn from the posterior in order to allow theρi,j ’s of the test
data to converge. All sample expectations are then taken after allowing for a burn
in period. Apart from beliefs about states, we can also obtain expectations from all
latent variables - most interestingly from theIi,j ’s andρi,j ’s.

Predictions are based on an approximation of thea-posterioridistribution of class
labels,ti, latent allocations,di and latent variables,ρi,j . We initialize the latent vari-
ablesdi and the class labelsti by drawing according to the respective prior prob-
abilities. The initial(I ′i,j ,ρ

′
i,j) ∼ p(Ii,j , ρi,j |Xi,j) are drawn from the posteriors

in Equations (1.10) and (1.12). The coefficients are then updated using full condi-
tional distributions forti anddi and the single component Metropolis Hastings step
for (Ii,j , ρi,j). During each round of Algorithm 2, we use the next sample from
the Markov chain obtained during parameter inference. We are interested in obtain-
ing the probabilities of class labelsti and expected values of the latent variables
(Ii,j , ρi,j). We estimate these quantities by averaging after having allowed for a burn
in period.

Assessing convergence

Although in theory MCMC algorithms can approximate arbitrary distributions, the
difficulty is that there is a random error inherent to the approach. This means that we
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need to estimate how many samples from the posterior we need in order to be able
to approximate the desired value with sufficient accuracy. Different approaches to
obtain such estimates are discussed at length in the MCMC literature (e.g. [18] and
[19]). Although all suggested approaches can diagnose non convergence, there is no
way that allows to assess convergence with certainty. We thus need to treat quoted
numbers with caution. Despite this difficulty, it is important to have at least a rough
idea about how many samples to draw. The suggested methods follow two different
strategies.

• Along the lines of [20], we can compare the samples obtained from multiple runs.
• As is suggested in [21], we can use one run and apply Markov chain theory to

assess how many samples we need to discard at the beginning to get estimates
that are independent of the starting value and how many samples we need to
converge to a sufficiently accurate result.

Although there are cases where the second case might fail to diagnose slow conver-
gence, [19] point out that the multiple chain approach is less efficient since we have
to wait more than once until the Markov chain visits a high probability region. The
model proposed in this work has definitely a very complicated structure, such that
initial convergence might be slow. We thus apply the method suggested in [21] to the
likelihood of the class labels we calculate from the Markov chain. We should point
out that we cannot use the model coefficients directly since the mixture model is not
identified and label switching might give a wrong sense of the actual mixing. Calcu-
lations suggest that we should draw around15, 000 samples which is confirmed by
observing virtually no difference in probabilities obtained from repeated runs.

1.5 Experiments

This section evaluates the proposed method on two biomedical classification prob-
lems. The first experiment classifies in segments of sleep EEG, whether sleep spin-
dles are present or not. We use this data because it reflects a problem of very un-
balanced class labels. For the second experiment we apply the proposed method to
classification of cognitive states of segments of EEG recordings. In this case the
cognitive experiments have been designed to obtain data with balanced class labels.

1.5.1 Data

Classification of sleep spindles

Sleep spindles are an important phenomenon in sleep EEG. This experiment uses
data recorded from the standard10-20 electrodes F4, C4 and P4 [22, 23] that were
recorded against averaged ear potential. The sampling frequency used here was102.4
Hz. This data is segmented into segments of0.625 seconds duration such that we get
16 segments for a10 second recording. A segment is labelled as containing a spin-
dle, if more than half of the segment shows spindle activity. This setup results in a
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prior probability for “spindle” to be roughlyPspindle = 0.15. We use data from
two different subjects, each containing7 minutes of sleep EEG that was marked for
sleep spindles by a human expert. Figure 1.5 shows the second reflection coefficient
and a1 standard deviation error bar for30 seconds of data calculated according to
Equation (1.12). The classification experiment uses two datasets from different sub-
jects. For every electrode we extract3 reflection coefficients, including the standard
deviation and the probability of the model compared against a white noise explana-
tion. We report within subject results, evaluated on672 data points using6 fold cross
validation.
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Error Bar Plot for Electrode C4

Fig. 1.5. The transformed reflection coefficient and corresponding1 standard deviation er-
ror bar for30 seconds of sleep EEG recorded from electrode C4. Positive peaks in the plot
correspond to spindle activity.

Classification of cognitive tasks

The data used in these experiments is EEG recorded from10 young, healthy and
untrained subjects while they perform different cognitive tasks. We classify 2 task
pairings: auditory-navigation and left motor-right motor imagination. The record-
ings were taken from3 electrode sites: T4, P4 (right tempero-parietal for spatial and
auditory tasks), C3’ , C3” (left motor area for right motor imagination) and C4’ ,
C4” (right motor area for left motor imagination). Note that these electrodes are3cm
anterior and posterior to the electrode positions C3 and C4, as are defined in the
classical10-20 electrode setup [22, 23] The ground electrode was placed just lateral
to the left mastoid process. The data were recorded using amplification gain of104

and fourth order band pass filter with pass band between0.1 Hz and100 Hz. These
signals were sampled with384 Hz and12 bit resolution. Each cognitive experiment
was performed10 times for7 seconds. Figure 1.6 shows the second reflection co-
efficient and a1 standard deviation error bar for140 seconds of data from the right
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Fig. 1.6.Transformed reflection coefficient plus minus one standard deviation for140 seconds
of cognitive EEG recorded in the right tempero-parietal region from electrodes T4 and P4. The
rhythmicity in the second half of the experiment corresponds to alternating cognitive states.

tempero-parietal region calculated according to Equation (1.12). We extract for both
electrodes3 reflection coefficients, the standard deviation and the probability of the
model compared against a white noise explanation. We report within subject results,
evaluated on140 data points using5 fold cross validation.

1.5.2 Classification Results

The classification results reported in this section have been obtained by drawing
15, 000 samples from the posterior distribution of the class labelsti in the test data.
This allows us to estimate the posterior probability over class labels and hence pre-
dict the Bayes optimal class label. Figure 1.8 shows the posterior probabilities for
spindle events for the data used above to illustrate preprocessing results. Figure
1.8 shows the probability for cognitive state “auditory” for the data used above to
illustrate the preprocessing result. To quantify the results, we obtain independent

Table 1.1.Generalisation accuracies for sleep spindle data and two cognitive experiments

Data Accuracy

Spindle 93%
left/right 66%
aud./navig. 80%

predictions for all data and calculate the expected generalisation accuracies. For the
cognitive experiments this is an average across10 subjects. The predictions are done
on a one second basis to get a situation similar to reality in brain computer interface
experiments, where predictions have to be done in real time. The results on spindle
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Fig. 1.7.Probabilities of “spindle” for the parameters shown in Figure 1.5.
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Fig. 1.8.Probability for cognitive state “auditory” for the parameters shown in Figure 1.6.

classification are averaged over two subjects. The overall generalisation accuracies
are shown in table 1.1. We can also obtain a more general picture by looking at the
receiver operator characteristics (ROC) curves shown in Figure 1.9.

1.6 Conclusion

Applications of machine learning to biomedical problems often separate feature ex-
traction from modelling the quantity of interest. In a probabilistic sense this must be
regarded as approximation to the exact approach, which should model the quanti-
ties of interest asonejoint distribution similar to the DAG in Figure 1.1. To further
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Fig. 1.9.Receiver operator characteristics (ROC) curve for the three different problems used
in this chapter. Plot “spindle” shows the ROC curve for classification of sleep spindles. Plot
“left/right” shows the ROC curve for classifying left/right movement imagination. The last
plot, “aud./navig.” shows the ROC curve when classifying the auditory versus navigation task.

illustrate this idea, we consider the problem of time series classification which is
often found in medical monitoring and diagnosis applications. By time series clas-
sification, we mean the problem of classifying subsequent segments of time series
data. Examples of that kind are: sleep staging which is usually based on recordings
of brain activity (EEG), muscle activity (EMG) and eye movements (EOG); scor-
ing of vigilance, which is again based on EEG; or classifying heart diseases from
ECG. The examples used in this chapter to illustrate the proposed approach are clas-
sifying of sleep spindles and classifying cognitive activity. The latter is used as part
of a brain computer interface. The spatio-temporal nature of these problems is very
likely to introduce both spatial and temporal correlations. We thus propose a proba-
bilistic model with dependencies across space and time. For model inference and to
obtain probabilities of class labels, we have to solve marginalisation integrals. In this
chapter this is done by Markov chain Monte Carlo methods. Algorithms 1 and 2 are
approximations of [11], where we use exact inference and allow for different model
orders of the latent feature space. The advantage of the approximation proposed here
is a significantly reduced computational cost without losing much accuracy.
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