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Summary. Hidden Markov Models (HMM) have proven to be very useful in a variety of
biomedical applications. The most established method for estimating HMM parameters is the
maximum likelihood method which has shortcomings, such as repeated estimation and pe-
nalisation of the likelihood score, that are well known. This paper describes an Variational
learning approach to try and improve on the maximum-likelihood estimators. Emphasis lies
on the fact, that for HMMs with observation models that are from the exponential family of
distributions, all HMM parameters and hidden state variables can be derived from a single loss
function, namely the Kullback-Leibler Divergence. Practical issues, such as model initialisa-
tion and choice of model order, are described. The paper concludes by application of 3 types
of observation model HMMs to a variety of biomedical data, such as EEG and ECG, from
different physiological experiments and conditions.

1 Introduction

Hidden Markov models (HMM)are well established tools with widespread use in
biomedical applications. They have been applied to sleep staging [3], non stationary
biomedical signal segmentation [15], brain computer interfacing [12], and of course
speech [23]. Their strength lies in the fact that they are capable of modelling sudden
changes in the dynamics of the data, a situation frequently observed in physiological
data. Another crucial factor is their ability to segment thedata into informative states
in a completely unsupervised fashion. When very little about the underlying physio-
logical state is knownapriori, unsupervised methods are a useful way forward.

The most established method of training the parameters of a HMM uses the
maximum-likelihood framework [16, 23]. The methods leads to simple parameter
update equations. There are, however, some problems with the maximum-likelihood
approach. Leaving the Bayesian argument aside, maximum-likelihood estimators
are, comparatively slow in their convergence. From our experience, maximumapos-
teriori estimators are considerably faster, presumably because the priors somewhat
smooth the likelihood surface and thus optimisation homes in quicker on a local
maximum. Also, in maximum-likelihood estimation, specialcare must be taken not
to over-fit the data. To avoid this, models of different complexity must be repeatedly
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estimated and the residuals computed and penalised for complexity of the model until
an optimal model is found. While some heuristics may well be available to overcome
such a computationally expensive approach they nonetheless remain expensive [22]
and the finiteness of training data means that larger models cannot be computed with-
out running into computational problems, such as near-singular covariance matrices.

These drawbacks of maximum-likelihood base estimation of HMM parameters
have lead us to investigate Bayesian approaches to learningmodel parameters and
structures. Unlike Maximum likelihood estimators which estimate a single value for
the parameters, a Bayesian estimator results in a distribution for the HMM parame-
ters and thus confidence measure for the model. In computing this distribution, which
is known as the posterior, the Bayesian estimator requires the likelihood of the data
under the model and the prior distributions of the model parameters. The priors in
Bayesian approaches play a role similar to information gathered from previously
collected data [7] and thus allow us to overcome the problemsof singularities in the
presence of limited actual training data. In addition, if new data does not support the
hypothesised model complexity, posterior densities of themodel parameters will be
no different from their prior densities, which in effect results in an automatic prun-
ing process. The main difficulty of Bayesian methods tends tobe of a mathematical
nature. Complex models can quickly become mathematically intractable, i.e. inte-
grating out nuisance parameters becomes impossible. This is often resolved by the
use of sampling approaches to estimate the posterior densities [19]. Analytic approx-
imations also exist. They might lead to slightly inferior solutions when compared to
sampling, as they often seek onlylocal maxima. Being analytic, however, we expect
them but converge must faster than sampling estimators.

In this paper we describe the use of an analytical approximation to the exact
Bayesian posterior densities by means of the variational framework. This framework
provides a unified view of estimating all unknown HMM variables - parameters and
hidden states. We will describe how update equations can be obtained for a wide
range of HMMs with various observation densities. We finallyapply the HMMs to
biomedical data, such as electrocardiogram derived R-waveinterval series, respira-
tion recordings and elecroencephalographic signals (EEG).

2 Principles of Variational Learning

Chapters on variational calculus can be found in many mathematics text books, yet,
their use in statistics is relatively recent (see [8] and [10] for excellent tutorials). In
essence, the aim is to minimise a cost function which, in thiscase, is the Kullback-
Leibler (KL) divergence [2]. The KL divergence measures a distance between two
distributions, sayQ andP , by the integral1

F = D(Q(H)||P (H, V )) =

∫

Q(H) log
Q(H)

P (H |V )
dS + log P (V ) . (1)

1 Physicists have noted that the same function occurs in statistical mechanics and therefore
often refer to it as minimising the so-called variational free energy [9].
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Here, the distributionsQ(H) andP (H |V ) are defined over the set of all hidden
variablesH , such as parameters or hidden states, conditioned on the observed data
V .

The choice of cost function, like that of the squared error, is primarily influenced
by its practicability, i.e. it often results in simple solutions. One way of achieving this,
in the case of the KL divergence, is to stay within the group ofthe exponential family
and to approximate the full but intractable posterior probability density P (H |V ),
which parameterises the true model, by a simpler but tractable distribution,Q(H).
Minimising or differentiating the KL divergence with with respect to the approximate
posterior distribution,Q(H), results in simple equations, which are often coupled
and thus need to be re-estimated in an iterative fashion.

By approximating the full posterior, one can enjoy some of the benefits of
Bayesian analysis, such as full Bayesian model estimation and automatic penalties
for over-complex models to avoid over-fitting. Note, the first term on the right-hand
side in equation (1) is always non-negative, and thus the divergence is a bound to the
true log-probability of the dataP (V ). This means that optimal model selection takes
place within the class of approximated and thus suboptimal models.

The simplest of all approximations to the true posterior distribution, P (H |V ),
can be obtained by assuming that, if one is given a set of hidden variablesH =
{H1, . . . , HN}, the Q-distribution factorises

Q(H) =

T∏

i=1

Q(Hi) , (2)

with the additional obvious constraint that the distributions integrate to unity, that is
∫

Q(Hi) dHi = 1. This assumption is known as the as the “mean-field” assumption.
Under the mean-field assumption, the distributionsQ(Hi) which maximise the KL
divergence (1) can be shown [6] to have the general form

Q(Hi) =
1

Z
exp

∫

Q(H̄i) log P (Hi|H̄i)dH̄i , (3)

whereH̄i = H \Hi is the set of all hidden variablesH excludingHi andZ is just a
normalisation constant. For completeness, we repeat the derivation of the model-free
form (3) of [6] in Appendix A.

There is, in principle no reason to restrict oneself to the independence assumption
of the Hi. One can easily defineHi to be actually a subset of variables forming a
partition ofH . In this paper for instance, we form such a partition by grouping all
HMM variables into the set of hidden state variables and the set of HMM model
parameters (governing the probability of observing the datum at a particular time
instance and the probability of transit to the next time step). The actual set of model
parameters we denote byθ = {θ1, . . . , θM} and the set of hidden state variables
by S = {S0, . . . , ST }. The hidden state variables,S form one partition within the
overall set of variables and are updated jointly. In contrast the members of the set of
HMM model parameters,θ, are assumed to be independent from one another. With
these assumptions, the approximating distributionQ(H) may be expressed as
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Q(H) , Q(S)Q(θ) = Q(S0)

T∏

t=1

Q(St|St−1)

M∏

j=1

Q(θj). (4)

This is useful because the distributionQ(S) has the structure of a simple chain. This
makes it tractable and an exact updating scheme can be found jointly for all Q(St).

Finally, we make one further assumption. Models of different structures or sizes,
e.g. state space dimensions or observation model order, aretaken to be independent
from one another. The set of all model sizes is denoted byA and a particular model
size is indexed witha. We can then write the posterior probability of all model sizes
A and unknown variables in the following form

P (S, θ, A) =

A∏

a=1

P (S|a)P (θ|a)P (a) , (5)

where each factor,P (S|a)P (θ|a)P (a), corresponds to a different model size. As-
suming that all model structures inA are equally likely, the posterior model proba-
bility can be computed as

Q(a) ∝ exp{−Fa} , (6)

whereFa is the KL divergence of the entire model for a fixed model size,i.e.

Fa =

∫∫

Q(S|a)Q(θ|a) log
Q(S|a)Q(θ|a)

P (S, V, θ, a)
dSdθ . (7)

The assumption is primarily chosen to make it easier to select a particular model,
which will be the model with the smallest KL divergence between the true and ap-
proximate model distribution. In general, such an assumption should be used with
caution as models are very likely to overlap significantly. However, this assumption
used widely though in a different form. It is identical to theassumption of uniform
priors over model structures.

3 Variational Learning of Hidden Markov Models

Consider a set ofT random variables,S = {S1, · · · , St, · · · , ST }. Each random
variable can take on one of, sayM , discrete values,St = {s1, · · · , sM}. If we
impose, fort > 0 a probability on observing the variableSt that is conditioned on the
value of the variableSt−1 and denote this probability byP (St|St−1), one obtains a
Markov Chain sinceP (St|St−1) is known as the Markov property. A Hidden Markov
process supposes further that what is actually observed arenot the individualSt, but a
corrupted version of them. The variablesSt are thus hidden from the observer and the
observations, sayXt are dependent on the variableSt. This probability distribution
over the entire sequence of observationsX = {X1, · · · , Xt, · · · , XT } and states
S = {S1, · · · , St, · · · , ST } then takes the mathematical form of

P (S, X) = P (S0)

T∏

t=1

P (St|St−1)P (Xt|St) . (8)
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The state transition probability,P (St|St−1) is a multinomial (i.e. discrete) distribu-
tion, encoded in anM ×M matrix since there areM possible valuesSt can take for
every valueSt−1 has taken. These probabilities are denoted byπtt−1

and are assumed
to be independent of the timet, i.e. we assume the Markov Chain is homogeneous.
The initial state probabilityS0 is parameterised byπ0 and is also a multinomial with
M probability values. The valueM is called the state space dimension. The proba-
bility P (Xt|St) is called the observation probability and is parameterisedby θObs.
Its form depends on the assumed observation model, which in the case of a Gaussian
corrupted Markov Chain is simply a set ofM Gaussian densities, one for each value
of St.

The speech community represents a HMM graphically, shown infigure (1[a]) for
a HMM with M = 2, by representing each state a variableSt can take by a vertex.
The transitions from one state into the next are depicted by arcs and labelled with
the probability of making the transition. Unlike the state space representation of the
HMM, the graphical model representation, shown in figure (1[b]), depicts the HMM
using vertices for the state variablesS and observationsX . This has its origin in
interpreting the HMM as a Bayesian network in which all random variables are as-
signed a vertex. Observed (a.k.a. instantiated) random variables vertices have shaded
vertices. Arrows between vertices represent statistical relationships between the ran-
dom variables. The functional form of the relationship is often left out and results
in ambiguities. A factor graph makes the functional form of variable dependencies
clearer. Such a graph is shown in figure (1[c]).

The concepts of variational learning described in the previous section can be
readily applied to a first order hidden Markov model. We assume a HMM of lengthT ,
state space dimensionM , hidden state variables,S = {S1, . . . ST }, and observations
X = {X1, . . .XT }, transition model and the observation model. The HMM param-
etersθ, consist ofπtt−1

which determine the state transition probabilityP (St|St−1),
π0 which parameterise the initial state probabilityP (S0) andθObs which describe the
observation probabilitiesP (Xt|St). The full true posterior probability of the model
is then given by

P (S, X, θ) = P (S, X |θ)P (θ) (9)

, P (S, X |πtt−1
, π0, θObs)P (πtt−1

, π0, θObs) (10)

= P (S0|π0)
T∏

t=1

P (St|St−1, πtt−1
)P (Xt|St, θObs)

P (πtt−1
)P (π0)P (θObs) . (11)

What remains to apply the cost function (1) is the distribution which approxi-
mates the full posterior probabilityP (S, X, θ). First, we assume that all the HMM
model parameters,θ (i.e. all variables but the state space variables) are independent
(mean field assumption). Second, all the hidden state variables are grouped together
and are governed by one distributionQ(S). With these assumptions, the resulting
KL divergence (1) then becomes
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(a) State Space Representation of a
HMM
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(b) Graphical Model Representation
of a HMM
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(c) Factor Graph Representation of a HMM

Fig. 1. A HMM represented graphically. Subfigures [b] and [c] represent the HMM with 4
unrolled time slices. Shaded nodes denote observed random variables.

F =

∫

· · ·

∫

Q(S) Q(πtt−1
)Q(π0)Q(θObs)

log
Q(S)Q(πtt−1

)Q(π0)Q(θObs)

P (S, X, πtt−1
, π0, θObs)

dSdθ . (12)

This KL divergence can now be minimised individually with respect to the distri-
butions,Q(S), Q(πtt−1

), Q(π0) andQ(θObs). In the two following sections we first
update divergence (12) with respect to the distribution of the hidden states,Q(S), to
show that it leads to the well-known Baum-Welch or forward-backward recursions.
Then the cost function (12) is minimised with respect toQ(θObs). The minimisation
depends on the functional form of the observation model,Q(θObs), and is shown
for different types of observation models, such as Gaussianand Linear observation
models.

3.1 Learning the HMM Hidden State Sequence

We begin by optimising the KL divergence (12) with respect tothe distribution over
all hidden states,Q(S). Using the mean-field update equation (3), the optimal pos-
terior distribution over all hidden states,Q(S), can be computed by replacing all
HMM parametersθ for H̄i in equation (3), to give
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Q(S) ∝ exp

∫

Q(θ) log P (S, X, θ)dθ (13)

Of interest, however, is not so much the global distribution, Q(S), but the marginal
distributions,Q(St), and the joint hidden state probabilities,Q(St, St+1). They can
be calculated using the well-known Baum-Welch or forward-backward recursions.

The justification for using the forward-backward recursions comes from the fact
that they are the result of minimising equation (12) with respect to the individual hid-
den state probabilities,Q(St), and the joint hidden state probabilities,Q(St, St+1).
To see this, assume all other Q-distributions are held constant and parameterised
by θ̃ which are the values calculated during previous iterations. Then, the KL-
divergence (12) simplifies to

F =

∫

Q(S) log
Q(S)

P̃ (S, X)
dS + const , (14)

where

P̃ (S, X) =

∫

Q(θ) log P (S, X, θ) dθ , (15)

and the constant includes all terms, not involvingS. To further minimise the diver-
gence (14), additional consistency and normalisation constraints are needed. One set
of constraints simply ensures that all Q-distributions normalise to1. In addition,
consistency (or holonomic) constraints are required whichensure that marginal-
ising Q(St, St−1) with respect toQ(St) gives the same result as marginalising
Q(St, St+1). These additional constraints are added to the KL-divergence (14) with
the usual Lagrangian multipliers. The simple structure of the hidden state chain per-
mits an analytic solution to equation (14) in form of iterative computations of the
Lagrangian multipliers. The detailed steps starting from optimising the KL diver-
gence (14) leading up to the Baum-Welch recursions are givenin Appendix B.

For simplicity, in the following we assume the Baum-Welch recursions have been
applied and yield the marginal and joint distributionsQ(St) andQ(St, St−1), re-
spectively. We make use of the notation introduced in [16], specifically we denote
the probability of the state variableSt taking one of theM valuesm = 1, 2, · · · , M ,
by

γt(m) = Q(St = m|X) . (16)

Further, we denote the joint probability of variableSt taking valuen andSt−1 taking
valuem, by

ξt(m, n) = Q(St = n, St−1 = m|X) . (17)

3.2 Learning HMM Parameters

The updated the probabilities of the hidden state variablesresult in values ofγt(m)
andξt(m, n) (see previous section) for each time instancet. In order to obtain an
analytic solution for the HMM parameters after substituting into equation (3), we
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need to choose appropriate prior distributions,P (θ), for the HMM parameters,θ. To
obtain analytic solutions, the prior distributions,P (θ), are required to be conjugate
distributions. The approximate posterior distributionsQ(θ) will then be functionally
identical to the prior distributions (i.e. a Gaussian priordensity is mapped to a Gaus-
sian posterior density). Apart from the parameters of the observation model, which
will be discussed later, for the HMM these conjugate prior distributions are, as given
in [1]. For the initial state probabilityπ0, we use anM -dimensional Dirichlet density

Dir(π0) =
Γ (
∑

l κl)
∏

l Γ (κl)

M∏

m=1

πκm−1
0m

, (18)

and, for the transition probabilities,πm, M × M -dimensional Dirichlet densities

Dir(πtt−1
) =

M∏

m=1

Γ (
∑

l λml
)

∏

l Γ (λml
)

M∏

n=1

π
λmn−1
mn . (19)

Based on these assumptions, minimisation of the KL divergence with respect the pos-
terior distributionsQ(πtt−1

) andQ(π0), leads to posterior initial state and transition
probabilities that are again Dirichlet distributed and have parameters, respectively,

κ̃m = γt=0 = m + κm; , (20)

λ̃mn
=
∑

t

ξt(m, n) + λmn
. (21)

The hyper-parametersκ andλ are fixed and typically set to integer values just greater
than1, reflecting the fact that little is knownapriori about the initial state and state
transition probabilities.

3.3 HMM Observation Models

What remains to specify is the probability of the observation given the state at timet,
P (Xt|St). Determining it will also force our hands in determining theprior distribu-
tions of the parameters governing the observation model,P (Xt|St). The choice of
P (Xt|St) is also very much dependent on the application. The two classic and sim-
plest of all cases assume the Markov chain is corrupted by additive Gaussian noise
or that the observations are discrete. In the latter, the observation model is simply
a multinomial while in the former the observation model is (multivariate) Gaussian.
Many others have, of course, been suggested in the HMM’s longhistory. Among
them are Poisson densities for count processes [11], and linear models (spectral or
autoregressive) for use in, say EEG modelling [15], along with more complex models
such as “Independent Component” models [14].

The Gaussian Observation Model

For observations which, conditional on the state, are Gaussian distributed,
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P (Xt|St = m) = P (Xt|µm, Cm) (22)

whereµ = {µ1, . . . , µM} and C = {C1, . . . , CM} are the normal distribution
mean vectors and precision matrices, respectively. The conjugate densities [1] for
the meansµm, areK-dimensional Normal densities (m = 1, . . . , M )

P (µm) ∝ e−
1
2
(µ−µm0

)TCm0
(µ−µm0

), (23)

and for the precisionsCm, K dimensional Wishart densities (m =, 1 . . . , M )

P (Cm) ∝ |Cm|αm−K+1

2 e−tr(BmCm) (24)

Inserting these densities into (12) and subsequent minimisation leads to update
equations for the parameters of the posterior densities of the means and precisions.
The posterior means follow normal densitiesq(µm) ∼ N (µ̃m0, C̃m0), with parame-
ters

µ̃m0 = (γ̄mα̃mB̃−1

m + Cm0)
−1(ᾱmB̃−1

m x̄m + Cm0µm0); (25)

C̃m0 = (γ̃mα̃mB̃−1

m + Cm0) (26)

wherex̄m =
∑T

t=1 γt(m)xt andγ̄m =
∑T

t=1 γt(m).
Similarly, the posterior precisions follow a Wishart density, q(Cm|α̃m, B̃m) ∼

W(α̃m, B̃m), with parameters

α̃m =
1

2
γ̄m + αm; (27)

B̃m =
1

2

T∑

t

γt(m)(xt − µ̃m0)(xt − µ̃m0)
T +

1

2
γ̄mC̃−1

m0 + Bm (28)

The Poisson Observation Model

The choice of Gaussian observation model depends on the dataand, hence, might not
be appropriate. Particularly, when dealing with count data, such as the RR interval
series obtained from the ECG signal, Gaussian observation models are only applica-
ble after some preprocessing of the data, such as interpolation [20]. To avoid this we
demonstrate the variational estimation of a Poisson observation model for HMMs.
In this case, the observation density is

P (Xt|St = m, µ) = e−xtµm(xnµm)yt
1

yt!
(29)

where, each of theM states has a Poisson distribution with parameterµm. The data
pointsy1, . . . , yT are counts while the valuesxt are called the exposure of thet-th
unit, i.e. a fraction of the unknown parameter of interestµm [4]. The prior for the
parameter of the Poisson distribution is chosen to be conjugate, which is a Gamma
density, (m = 1, . . . , M )
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P (µm) ∝ µα0−1
m exp{β0µm}. (30)

The optimised Q-distribution for the Poisson rate of statem are also Gamma, with
parameters

Q(µm) ∼ G(α̃0, β̃0)

α̃0 =
∑

t

γtmyt + α0 (31)

β̃0 =
∑

t

γtmxt + β0 (32)

The Multivariate Linear Observation Model

The final model described here is the multivariate linear observation model. It is
particularly useful when, for instance, auto-regressive features are to be extracted
from EEG signals and later segmented using and HMM with Gaussian observation
models. It is clear, that if the process of feature extraction and segmentation can
be combined, the results are much improved [21]. Further, ifthe linear model has
sinusoids as basis functions, one can use the HMM to segment the signal based on
its spectral content. Without any major mathematical complications, we can also
assume that a short data segment can be described with the same linear model. The
model then becomes a matrix variate linear model, in which a segment of multivariate
data forms an observation matrix that is modelled by a linearmodel. The model is
best described as a graphical model shown in figure (2).

λ mn nπm

Φ

Ω
Σ

t=1...T

α
Σ BΣ

H

X t

St−1 St

Yt

BΦ αΦ

Fig. 2. Directed graph of a HMM with a matrix-variate linear observation model for observa-
tionsY and basis functionsX.

For observationYt and basis functionsXt, the linear observation model is given
as
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P (Yt − HmXt|St = m) = Nd,u(0, Σm, Iu) (33)

whereNd,u is ad×u-matrix variate normal density function [5],H = {Hm} ∀m =
{1, . . . , M} andIu is au × u identity matrix . For example, assume a multivariate
autoregressive (AR) model of orderp which models ad-variate observationyt. The

past samples can be concatenated in a matrix,xt
def
=
[
y

T

t−1, . . . ,y
T

t−p

]
T. Thus

yt ∈ R
d is a d-variate response vector at timet, xt ∈ R

dp is a dp-variate basis
vector at timet. H̄p ∈ R

d×d is the matrix of model coefficients,H ∈ R
d×dp is a

partitioned matrix composed of the coefficient matrices at lagp. If, furthermore, the
samples are grouped into segments, indexed byn, each of which containsu samples
of yt, one can construct a matrix withu response- andu basis-vectors, i.e.

Yn =
[
y(n−1)u, . . . ,ynu

]
(34)

Xn =
[
x(n−1)u, . . . ,xnu

]
. (35)

The final form of the linear model takes the formYn = HXn the residuals of which
are Gaussian distributed, thus giving equation (33), with indext replaced byn.

The prior densities for the coefficient matricesHm are assumed to be ad × dp-
matrix variate normal densities,Nd,dp(Ω, Σm, Φm), with meanΩ and precisions
Σm andΦm. The prior for residual precisionsΣm and the coefficient precisionsΦm

are Wishart densities [1],Wd(αΣ , BΣ) andWdp(αΦ, BΦ), with shape/scale param-
etersαΣ/BΣ andαΦ/BΦ, respectively.

The posterior density of the model coefficients,Hm, is ad × dp matrix variate
Normal density with meañΩ and precision matrices̃Σm, Φ̃m computed by

Ω̃T

m = Φ̃−1

m

(
∑

n

γnmXnY T

n + α̃ΦmB̃−1

ΦmΩT

)

(36)

Σ̃m = α̃ΣmB̃−1

Σm (37)

Φ̃m =
∑

n

γnmXnXT

n + α̃ΦmB̃−1

Φm (38)

The posterior of the residual variances,Σm, is a Wishart density with shape and
scale parameters computed by

α̃Σm =
1

2

(
∑

n

uγnm + dp + 2αΣ

)

B̃Σm =
1

2

∑

n

γnm

[

(Yn − Ω̃mXn)(Yn − Ω̃mXn)T + tr
(

XnXT

n Φ̃−1

m

)

Σ̃−1

m

]

+
1

2

(

Ω̃m − Ωm

)

α̃ΦmB̃−1

Φm

(

Ω̃m − Ωm

)T

+
1

2
tr
(

α̃ΦmB̃−T

ΦmΦ̃−1

m

)

Σ̃−1

m + BΣ

(39)

The posterior model coefficient variances,Φm, also follow a Wishart density with
parameters
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α̃Φm =
d

2
+ αΦ

B̃Φm =
1

2
(Ω̃m − Ω)Tα̃ΣmB̃−1

Σm(Ω̃m − Ω) +
1

2
tr(α̃ΣmB̃−1

ΣmΣ̃−1

m )Φ̃−1

m + BΦ

(40)

3.4 Estimation

Having obtained the update equations for the observation models and the state tran-
sition probabilities, estimation then follows the familiar fashion of iteratively com-
puting the HMM hidden state sequence (equivalent to the E-Stem in the Max. Likeli-
hood EM framework) and the HMM parameter posterior distributions (equivalent to
M-Step). This is repeated until convergence is reached. Convergence is measured by
the actual value of the KL-divergence (12) and the estimation is terminated when (12)
no longer changes significantly. The mathematical form of the KL-divergence (12)
will obviously depend on the type of model, which here means the type of observa-
tion model. The complete formulae, for each of the3 observation model HMMs, are
listed in Appendix C.

Choice of Model Size

The iterations are run for a fixed HMM state space dimension and observation model
order (number of basis function coefficients in the linear observation model). Esti-
mation is then repeated for different settings and the valueof the KL-divergence (12)
recorded. The smallest achievable value of (12), accordingto equation (6), results in
the highest probability for the particular choice of model.

As an example, data was generated from two bi-variate AR processes, with
AR-coefficient matrices of the first model set toAlag=1 = [0.4, 1.2; 0.3, 0.7] and
Alag=2 = [0.35,−0.3;−0.4,−0.5]. The second model coefficient matrices were
set toAlag=1 = [0.4, 0; 0, 0.7] and Alag=2 = [0.35,−0.3;−0.4,−0.5]. The in-
tercept vector was set to a zero vector and the noise variancematrix to C =
[1.00, 0.50; 0.50, 1.50]. Figure (3[a]) shows the KL-divergence values for different
settings of linear model order and hidden state space dimension. The most probable
model size is shown in figure (3)(b) and peaks at the expected model size.

Under certain conditions, the state space dimension need not be estimated as
above. If the observation model is correct, for example the dimensions of the Gaus-
sian observation model match those of the clusters in the data or the linear model
order is the true order, one can exploit the fact that the state transition probabilities
factorise, i.e.P (St|St−1) =

∏M
m=1 P (St|St−1 = m). The state space dimension,

M , can now be set to an arbitrarily large value and the HMM is estimated just once.
States, that are not visited by the model will automaticallycollapse to be equal to
their prior distributions. One can thus read out most likelyhidden state dimension
from the number of distinct state values in the hidden state sequence.

This effect is shown in figure (4). The HMM was started withM = 6 and the
number of distinct states monitored at each step of the iteration.
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Observation model parameter distributions can also be automatically set to their
prior distributions, provided the mathematical formulation of model is in a factorised
form. For instance, if the linear model description was in terms of reflection rather
than autoregressive coefficients, the mean field assumptions leads to an estimator
which automatically prunes out all states and model coefficients (and thus model
orders) not supported by the data. This is not always possible, however. So some
engineering short-cuts can be used to quickly home-in on thetrue observation model
size. For example, in the linear observation model’s current form one can investigate
the eigen-spectrum of the linear model parameters’ scale matrix B̃Φm

. The number
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of non-zero eigenvalues are an indication of the model order. Also, looking at the
distance between the model coefficient matrices of each state,‖Hi−Hj‖ for different
i 6= j andi, j = 1, . . . , M , might give some indication as to the preferred number of
hidden states. An example of the use of the eigen-spectrum isshown in figure (5).
As the model order is increased, the eigenvalues clearly shallow off at the correct
model order. The coefficients themselves are relatively close to zero - below10%
of the largest coefficient. Ignoring numerical stability, the Bayesian treatment avoids
again the singularities of maximum likelihood methods.
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Fig. 5. Eigen-spectrum of the coefficient precision posterior density scale parameterBΦ for a
univariate AR model.

Model Initialisation

Evidently, there are various ways of initialising the HMM and all depend on the
observation model. The simplest initialisation is the random initialisation of the hid-
den state probabilities. The estimation then begins by estimating the HMM model
parameters, thus avoiding to a large extent manual setting of HMM parameters. In
practice, however, there is often the desire to keep the number of iterations, till con-
vergence is reached, to a minimum. To achieve that, more educated “guesses” have
to be made as far as the model parameters are concerned. This can be done in some
cases by making use of the data to set the parameters and beginwith the estimation
of the hidden state probabilities. We illustrate this belowfor the Gaussian and linear
Autoregressive observation models.

The Gaussian observation modelcan be initialised by running a few iterations
of the (much faster) K-means algorithm or Gaussian mixture EM on the training
data. The obtained cluster centres can be assigned to the posterior means,̃µm, of
the HMM observation model means. The means’ posterior precision matrices,̃Cm0

,
are set all equal to the covariance of the total training data. The parameters of the
posterior Wishart density for the observation model precision matrices consist of the
shape parameter̃αm and the scale parameterB̃m. The value of̃αm is set to the half
the dimensionality of the training data, whilẽBm is set to the total training data
covariance matrix scaled up bỹαm. Practice has shown this to be the most robust
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initialisation procedure; robust, that is, in the sense that is least sensitive to cluster
shapes and data range.

The observation model priors are generally set to be as flat aspossible. The ob-
servation model means have an associated Gaussian prior with mean and covariance
parameters set to set to the median and squared range of the training data, respec-
tively.

The Poisson observation modelis initialised at random. Conditioned on each
state, we randomly select a sample from the data. The sample size itself is also drawn
randomly. The shape,̃α0 and scale parameters,β̃0, of the posterior Gamma distribu-
tion are then set to the sum of the sample counts and exposure,respectively.

For the experiment described below, the observation model prior shape and scale
parameters are set to a minimum of1 count per interval, i.e.α0 = 1, and and an
average rate of60 beats per minute, respectively.

The Linear Autoregressive observation modelis initialised in three steps. First,
an initial data segment is used to calculate the values of theAR-coefficient variances
and the residual noise variance. Second, with the use of the variances obtained in the
first step, a multivariate Kalman filter is applied to the entire training data2 Finally,
the so obtained AR-coefficients are segmented using a few iterations of K-means,
say.

The posterior density of the model coefficients,Hm, is a matrix variate Gaus-
sian. Its mean,̃Ωm is set the the K-means cluster centres. The covariance matrices,
Σ̃m andΦ̃m are set, respectively, to the estimates of the residual noise variance and
AR-coefficient variances of step one above. The posterior ofthe residual noise vari-
ances,Σm, is a Wishart density. Its scale parameter is set to1

2d + 1, i.e. half the
residual noise dimensionality incremented by1. The shape parameter is set to the
residual noise variance multiplied by the Wishart density’s scale parameter. Simi-
larly, the posterior of the model coefficients,Φm, also follow a Wishart density. Its
scale parameter is set to12dp + 1, that is half the product of the linear model order
and training data dimension and incremented by1. The shape parameter is set to the
AR coefficient variances of step one above, multiplied by theWishart density’s scale
parameter.

The priors for the linear observation model assumes a standardised training data
set, i.e. the data is detrended and its variance normalised to unity. The prior for the
linear model coefficients,Hm, is thus set to have a mean of zero. The scale coef-
ficient, BΣ, of the prior for the noise precisionΣm, is set to unity and the shape
coefficientαΣ to the dimension of the noise precision. The prior of the linear model
coefficient precisions is assumed to be more accurate than the noise precision. The
scale, ,BΦ, is set to one order of magnitude larger thanBΣ, while the shape is set to
the dimension of the coefficient space (model order× data dimensionality).

2 If the training data is very large experience has shown that asimple segmentation of the
data and estimation of the AR coefficient matrices is faster than the Kalman filter approach,
yet equally useful.
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4 Experiments

4.1 Sleep EEG with Arousal

The first application to medical time series analysis demonstrates the use of the vari-
ational HMM to features extracted from a section of electroencephalogram data. The
recordings were taken from a subject during a sleep experiment. The study looked at
changes of cortical activity during sleep in response to external stimuli (e.g. from a
vibrating pillow under subjects head). The fractional spectral radius (FSR) measure
and spectral entropy [18] were computed for consecutive non-overlapping windows
of one second length. In figure (6), the model clearly shows a preference for a3-
dimensional state space. Figure (7) shows a10 minute section of data with the corre-
sponding Viterbi state sequence. The data is segmented intothe following regimes:
wake (state2, first 90s of the recording), deeper sleep (state1) and light sleep (state
3) which is clearly visible at sleep onset (t ≈ 90s) and at the arousal (t ≈ 200s).
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Fig. 6. State Space Dimension Selection

4.2 Whole Night Sleep EEG

In the following example we study the use of the HMM in segmenting EEG record-
ings for sleep staging. The data was recorded from one femalesubject exhibiting
poor sleep quality during an8 hour session in a sleep laboratory. The data was man-
ually scored by3 different sleep experts based on the standard Rechtschaffen and
Kales (R&K) system [17]. The majority vote as then taken, to overcome disagree-
ments between manual labels, resulting in a consensus score.

The data used here was recorded at the electrode sitesC4 [13] using a200Hz

sampling rate. The state space dimension was set to7, corresponding to the number
of states according to R&K. The confusion matrix (table 1) based on the consen-
sus score shows, however, that only 4 states are used by the HMM. One such state
corresponds clearly to deep sleep, i.e. sleep stage4. Corresponding somewhat less
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strongly, are state2 of the HMM with the lighter sleep stages2 and3. Class3 of the
HMM is predominantly visited when the subject resides in REMsleep, according to
the experts. It is interesting to note that the HMM exhibits the same difficulty humans
face when trying to distinguish REM sleep from light sleep (stages1 and2). Finally,
the weakest association between the HMM and human labels is observed in HMM
class4. Seemingly mostly connected with the Wake state, much overlap also exists
between it and sleep stage2, hence the significance of this last class is uncertain.

The table is best summarised by the estimated HMM state sequence. Figure (8)
shows the hypnogram with a the filtered Viterbi state sequence (using an11-th order
median filter). The filtering is justified by noting that humanlabels are over a30s

long data segment and are based on the occurrence of a particular distinctive feature
within that time period. The algorithm, on the other hand, calculates the label based
on the most frequent class for that segment, on a one second resolution.

Table 1. HMM Gaussian Observation Confusion Matrix

Manual Sleep Score
HMM Class S4 S3 S2 S1 REM Movement Wake

Class 1 0.9086 0.0600 0.0092 0 0 0.0222 0
Class 2 0.1014 0.1978 0.6889 0.0060 0 0.0060 0
Class 3 0 0 0.2191 0.1561 0.6027 0.0118 0.0103
Class 4 0 0.1250 0.2159 0.1477 0 0 0.5114
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Fig. 8. Manual and Estimated Sleep Segmentation of1 Night Sleep EEG

4.3 Periodic Respiration

We also applied the HMM to features extracted from a section of Cheyne Stokes
(CS) Data3, consisting of one EEG recording and a simultaneous respiration record-
ing, both sampled at128Hz. The feature, the fractional spectral radius (FSR) [18],
was computed from consecutive non-overlapping windows of two seconds length
for the EEG and respiration signals separately. The features thus extracted jointly
formed a2-dimensional feature space to which the HMM was then applied. As seen
in figure (9), the model clearly shows a preference for a4-dimensional state space.
Figure (10) shows a data section with the corresponding Viterbi state sequence. The
data is segmented predominantly into the following regimes: segments of arousal
from sleep, wake state with rapid respiration, and two sleepstates different only in
the EEG micro-structure.

4.4 Heart Beat Intervals

In order the apply the Poisson model of the HMM, we took a sequence of RR-
intervals, obtained from the RR-Data base at UPC, Barcelona. A subject (Identifier
RPP1, Male, Age: 25 years, Height: 178cm, Weight: 70kg) underwent a controlled
respiration experiment. While sitting, the subject took 6 deep breaths between 30
and 90 seconds after recording onset (ECG signal sampling rate is1kHz). The op-
timal segmentation was found to be 3 states and is shown in figure (11). The top
plot depicts the original RR-interval time series and the middle plot the state labels
resulting from the Viterbi path. The segmentation based on the Viterbi path is shown

3 A breathing disorder in which bursts of fast respiration areinterspersed with breathing
absence.
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in the bottom plot. A change in state dynamics is clearly visible in the state sequence
between30 and90 seconds, i.e. the period during with the subject took deep breaths.
The state dynamics parallel those observed in the heart-rate signal, obtained from
the RR-intervals by interpolation. The difference, however, is that the state sequence
is essentially a smoothed version of the heart-rate signal as several heart-rate levels
will fall into one state. In addition, no interpolation as such is done, i.e. the HMM
derives the heart rate statistically, which is in deep contrast to traditional heart-rate
analysis.
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Fig. 11. HMM 3-Stage Viterbi Segmentation for subject RPP1 during controlled respiration
experiments.

4.5 Segmentation of Cognitive tasks

The idea of the brain computer interface (BCI) experiment isthat we infer the un-
known cognitive state of a subject from his brain signals which we record via surface
EEG. The data in this study were obtained with an ISO-DAM system using a gain of
104 and a fourth order band pass filter with pass band between0.1Hz and100Hz

and sampled at384Hz with 12 bit resolution. The BCI experiments were done by
several young, healthy and untrained subjects who performed auditory imagination
and imagined spatial navigation tasks. Each task was done for 7 seconds with an
experiment consisting of10 repetitions of alternating these tasks. The recordings are
taken from 2 electrode sites: T4, P4. The ground electrode isplaced just lateral to the
left mastoid process.
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We train the HMM with a linear observation model on the EEG of one subject.
We used the first 5 repetitions the auditory imagination and imagined spatial nav-
igation task and computed the Viterbi path for 2 further repetitions of each task.
Thus70s of data constituted the training data, while the test data was 28s long. The
Viterbi path for the (optimal) three state model is shown in figure (12). The exper-
iment shows that there is a clear change in state dynamics between the different
cognitive tasks. We obtain one model almost entirely allocated to the auditory task
and two models that are almost exclusively used in the navigation task.

1

2

3

Viberbi Path of Cognitive Tasks

Hid
de

n M
ark

ov
 St

ate

Fig. 12. HMM 3-Stage Viterbi Segmentation for two Cognitive tasks, corresponding to the
first and second half of the recoding, respectively (total duration28s).

5 Conclusion

The goal of the variational approach applied to learning HMMs was, first, to improve
in some aspect of the traditional maximum likelihood methodand, secondly, to find
a unifying view of for deriving all variables, hidden statesand parameters. In most
cases, the existence of priors densities over the parameters resulted in an improved
stability of the model. In some cases the automatic pruning effects of the estimators,
which being completely consistent with the theory, is a niceadded feature. By de-
riving all update equations from one single cost function ithas also become clear,
that the maximum likelihood method is a point estimate in themodel parameters,
while actually Bayesian in the hidden state space. The variational approach, on the
other hand, is consistent from a theoretical point of view and it casts light on the
mathematical origin of the Baum-Welch recursions.

While the variational estimators have so far proved to be much more robust than
the maximum likelihood based estimators, they also come with a price tag, i.e. the
number of parameters increased considerably. It no longer enough to estimate sin-
gle parameter values, but their distributions. In practicethis means that estimator
initialisation is considerably more involved.
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The examples presented in this paper do not permit any conclusions as to the
quality of the estimator, for example with regards to stability of the solutions found
or sensitivity to initial conditions and priors. Much is left to understand the estimators
better, however, the initial results seem quite promising.
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from the Electronic Engineering Department at the Polytechnique University of Cat-
alonia in Barcelona for providing the RR-Interval recording (available athttp://
petrus.upc.es/˜wwwdib/people/GARCIA_MA/database/mai n.htm
).

References

[1] J.M. Bernardo and A.F.M. Smith.Bayesian Theory. John Wiley and Sons,
1994.

[2] T.M. Cover and J.A. Thomas.Elements of Information Theory. John Wiley &
Sons, New York, 1991.

[3] A. Flexer, G. Dorffner, P. Sykacek, and I. Rezek. An automatic, continuous and
probabilistic sleep stager based on a hidden markov model.Applied Artificial
Intelligence, 16(3):199–207, 2002.

[4] A. Gelman, J.B. Carlin, H.S. Stern, and D.B. Rubin.Bayesian Data Analysis.
Chapman & Hall/CRC, 2000.

[5] A.K. Gupta and D.K. Nagar. Matrix Variate Distributions. Number 104
in Monographs and Surveys in Pure and Applied Mathematics. Chapman &
Hall/CRC, 2000.

[6] M. Haft, R. Hofmann, and V. Tresp. Model-Independent Mean Field Theory as
a Local Method for Approximate Propagation of Information.Computation in
Neural Systems, 10:93–105, 1999.

[7] D. Heckerman. A Tutorial on Learning With Bayesian Networks. Technical
Report MSR-TR-95-06, Microsoft Research, 1995.

[8] T.S. Jaakkola. Tutorial on Variational Approximation Methods. In M. Opper
and D. Saad, editors,Advanced Mean Field Methods: Theory and Practice.
MIT Press, 2000.

[9] T.S. Jaakkola and M.I. Jordan. Improving the Mean Field Approximation Via
the Use of Mixture Distributions. In M.I. Jordan, editor,Learning in Graphical
Models. Kluwer Academic Press, 1997.

[10] M.I. Jordan, Z. Ghahramani, T.S. Jaakkola, and L.K. Saul. An Introduction to
Variational Methods for Graphical Models. In M.I. Jordan, editor, Learning in
Graphical Models. Kluwer Academic Press, 1997.



Ensemble Hidden Markov Models 23

[11] B. Kemp.Model-based monitoring of human sleep stages. PhD thesis, Twente
University of Technology, The Netherlands, 1987.

[12] B. Obermeier, C. Guger, C. Neuper, and G. Pfurtscheller. Hidden Markov mod-
els for online classification of single trial EEG.Pattern Recognition Letters, 22:
1299–1309, 2001.

[13] C. Pastelak-Price. Das internationale 10-20-System zur Elektrodenplazierung:
Begründung, praktische Anleitung zu den Meßschritten undHinweise zum Set-
zen der Elektroden.EEG-Labor, 5:49–72, 1983.

[14] W.D. Penny, R. Everson, and S.J. Roberts. Hidden markovindependent com-
ponent analysis. In M Girolami, editor,Advances in Independent Component
Analysis. Springer Verlag, 2000.

[15] W.D. Penny and S.J. Roberts. Dynamic Models for Nonstationary Signal Seg-
mentation.to appear in Computers and Biomedical Research, 32(6), 1998.

[16] L. R. Rabiner. A Tutorial on Hidden Markov Models and Selected Applications
in Speech Recognition.Proceeding of the IEEE, 77(2):257–284, 1989.

[17] A. Rechtschaffen and A. Kales (Eds).A manual of standardized terminology,
techniques and schoring system for sleep stages in human subjects. U.S. Public
Health Service, U.S. Government Printing Office, Washington D.C., 1968.

[18] I. Rezek and S.J. Roberts. Stochastic Complexity Measures for Physiological
Signal Analysis.IEEE Transactions on Biomedical Engineering, 44(9):1186–
1191, 1998.

[19] C.P. Robert, T. Rydén, and D.M. Titterington. Bayesian inference in hid-
den Markov models through the reversible jump Markov chain Monte Carlo
method.Journal of the Royal Statistical Society, Series B, 62(1):57–75, 2000.

[20] O. Rompelman, J.B. Snijders, and C. van Spronsen. The measurement of heart
rate variability spectra with the help of a personal computer. IEEE Transactions
on Biomedical Engineering, 29:503–510, 1982.

[21] P. Sykacek and S.J. Roberts. Baysian Time Series Classification. In T.G. Diet-
terich, S. Becker, and Z. Ghahramani, editors,Advances in Neural Information
Processing Systems, volume 14, 2001.

[22] N. Ueda, R. Nakano, Z. Ghahramani, and G.E. Hinton. SMEMalgorithm for
mixture models.Neural Computation, 12(9):2109–2128, 2000.

[23] S. Young, G. Evermann, D. Kershaw, G. Moore, J. Odell, D.Ollason,
V. Valtchev, and P. Woodland.The HTK Book. Entropic Ltd, 1995.



24 I. Rezek, S. Roberts

A Model Free Update Equations

Following [6] we re-derive the model free variational learning functionals for con-
tinuous distributions.

In general we aim to estimate the following KL-divergence

D(q‖p) , F =

∫

Q(S) log
Q(S)

P (S|X)
dS

=

∫

Q(S) log
Q(S)

P (S, X)
dS − log P (X),

wherelog P (X) is the data log-likelihood. The second form makes clear thatD(q‖p)
is bounded from below bylog P (X) and attainslog P (X) only if

D(Q(S)‖P (S|X)) = 0 ,

i.e.Q(S) = P (S|X)). Given a set of variablesS = {S1, . . . , ST }, in the mean field
scenario we assume that

Q(S) =

T∏

i

Q(Si).

The setS incorporates all possible variables, hidden variables and“hidden” pa-
rameters alike. Without loss, we split the setS in the formS = {Si, S̄i}, where
S̄i = {S1, . . . , Si−1, Si+1, . . . , ST }, so thatQ(S) = Q(Si)Q(S̄i) andP (S, X) =
P (Si, X |S̄i)P (S̄i). In all cases we have the additional constraint that

∫
Q(Si) dSi =

1. Thus, we are seeking to minimise

F(S) =

∫

Q(S) log
Q(S)

P (S, X)
dS +

T∑

i=1

λi

(∫

Q(Si) dSi − 1

)

,

Under the mean field assumption can be expanded and simplifiedto

F(S) ,

∫

Q(S̄i) log Q(S̄i) dS̄i −

∫

Q(S̄i) log P (S̄i) dS̄i+

∫

Q(Si) log Q(Si) dSi −

∫

Q(S̄i) log P (Si, X |S̄i) dS̄i+

T∑

i=1

λi

(∫

Q(Si) dSi − 1

)

.

Thus,

dF(S)

dQ(Si)
= log(Q(Si)) + 1 −

∫

Q(S̄i) log P (S̄i, X |S̄i) dS̄i + λi = 0.

Integrating the above expression within symmetric integration bounds we obtain a a
solution forλi,
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exp(−1 − λi)
−1 =

∫

exp

∫

Q(S̄i) log P (Si, X |S̄i) dS̄i

dSi,

which can be inserted into the partial the solution for the functionalQ(Si) to obtain

Q(Si) =
1

∫
exp

R

Q(S̄i) log P (Si,X|S̄i) dS̄i dSi

exp

∫

Q(S̄i) log P (Si, X |S̄i) dS̄i

,

or, in short,

Q(Si) ∝ exp

∫

Q(S̄i) log P (Si, X |S̄i) dS̄i.

In deriving those equations we derived the derivative ofF (S) using the total differ-
ential and thus partial derivatives. Therefore, in optimising one distributionQ(Si)
all others, are held constant.

B Derivation of the Baum-Welch Recursions

We start with the KL Divergence (41), again denoting the entire set of hidden state
variables byS = {S1, . . . , ST } and all the observations byX = {X1, . . . , XT }:

F =

∫

Q(S) log
Q(S)

P (S)
dS (41)

=

∫

Q(S) log Q(S)dS −

∫

Q(S) log P (S)dS. (42)

where the first integral in equation (42) is just the entropy,denoted byH(S). For a
HMM,

P (S, X) = P (S0)
T∏

t=1

P (St|St−1)P (Xt|St) =
T∏

t=1

P (Xt, St, St−1)

P (St−1)

For ease of notation, it is sufficient for the moment to assumethat each nodeSt has
an associated datumXt, and we omit the extra variableXt in the notation of the joint
distribution. Thus

P (S) = P (S0)

T∏

t=1

P (St, St−1)

P (St−1)
,

and identically for theQ joint distribution:

Q(S) = Q(S0)

T∏

t=1

Q(St, St−1)

Q(St−1)
.
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Substituting into equation (42), and abbreviatingl(S) = log P (S), we have

F = H(S) −
T∑

t=1

∫

Q(St, St−1)l(St, St−1)dSt
t−1 +

T−1∑

t=1

∫

Q(St)l(St)dSt

where the Entropy term is

H(S) =

T∑

t=1

∫

Q(St, St−1) log Q(St, St−1)dSt
t−1 −

T−1∑

t=1

∫

Q(St) log Q(St)dSt.

Before minimisingF there are some additional constraints required to obtain
a consistent solution. These relate to the fact that it must be possible to integrate
out over one of the variables in the all of the joint distributions and be left with an
identical marginal distribution:

∫

Q(St, St−1)dSt−1 = Q(St) =

∫

Q(St, St+1)dSt+1

Introducing Lagrange multipliers for each of these constraints, the full expression for
F becomes

F =

T∑

t=1

∫

Q(St, St−1) log Q(St, St−1)dSt
t−1 −

T−1∑

t=1

∫

Q(St) log Q(St)dSt −

T∑

t=1

∫

Q(St, St−1)l(St, St−1)dSt
t−1 +

T−1∑

t=1

∫

Q(St)l(St)dSt +

λt,t−1(St)

(

Q(St) −
∑

St−1

Q(St, St−1)

)

+

µt,t−1(St−1)

(

Q(St−1) −
∑

St

Q(St, St−1)

)

.

Differentiating with respect toQ(St, St−1)

Q(St, St−1) =
1

zt,t−1
el(St,St−1)eλt,t−1(St)eµt,t−1(St−1) (43)

where the constants of integration have been re-written in the form of a scaling factor
1
z
. Likewise, differentiation with respect to the marginals,Q(St),

Q(St) =
1

zt

el(St)eλt,t−1(St)eµt+1,t(St) (44)

There are two joint distributions defined overQ(St), namelyQ(St, St−1) and
Q(St, St+1) . By marginalising outSt−1 andSt+1, in (43), results in

Q(St) =
∑

St−1

1

zt,t−1
el(St,St−1)eλt,t−1(St)eµt,t−1(St−1) (45)
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and

Q(St) =
∑

St+1

1

zt+1,t

el(St+1,St)eλt+1,t(St+1)eµt+1,t(St) (46)

Equating the expressions forQ(St) from (44) and (46) one can solve for the first
Lagrange multiplier,

eλt,t−1(St) = zte
−l(St)

∑

St+1

1

zt+1,t

el(St+1,St)eλt+1,t(St+1) (47)

and, similarly, equating the expressions forQ(St) from (44) and (45):

eµt+1,t(St) = zte
−l(St)

∑

St−1

1

zt,t−1
el(St,St−1)eµt,t−1(St−1) (48)

Substituting in (47)β(t) for eλt,t−1(St), gives

β(t) =
1

zt

∑

St+1

P (St+1|St)β(t + 1),

and substitution ofα(t) = eµt+1,t(St)P (St) in (48), gives

α(t) = zt

∑

St−1

P (St|St−1)α(t − 1)

Finally, restating (43) usingα(t) andβ(t) leads to the well known equation of the
joint distributions

Q(St, St−1) =
1

zt,t−1
el(St,St−1)eλt,t−1(St)eµt,t−1(St−1)

=
1

zt,t−1
P (St, St−1)β(t)

(
α(t − 1)

P (St−1)

)

=
1

zt,t−1
P (St|St−1)β(t)α(t − 1)

C Complete KL divergences

To monitor the convergence of the variational algorithm andto test for the best model
order/size, requires the calculation of the complete KL divergence (12), given the
data. The general overall KL divergence (12) can be split into the following3 terms,

F = −

∫

q(S)q(θ) log P (X, S|θ) dS dθ

︸ ︷︷ ︸

Average Log-likelihood

+

∫

q(S) log q(S) dS

︸ ︷︷ ︸

Negative Entropy

+

∫

q(θ) log
q(θ)

P (θ)
dθ

︸ ︷︷ ︸

KL-Divergence

(49)
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All terms vary depending on the observation model, with the exception from the
negative entropy term, which only changes if HMM topology changes. The KL di-
vergence measures the divergence between the prior and approximate posterior dis-
tributions. Since all the models here are within the exponential family, to mathemat-
ical form of many KL divergence terms occur repeatedly. Hence we list these forms
separately and refer back to them when needed.

C.1 Negative Entropy

The neg-Entropy term for HMMs is given

H
HMM

= H(St=0) +
T∑

t=1

H(St|St−1) (50)

=

T∑

t=1

H(St, St−1) − H(St) (51)

C.2 KL-Divergences

The KL-divergence in equation (49) measures the divergencebetween the prior and
approximate posterior distributions. Many of them occur repeatedly. Given two den-
sities,Q, andP , which have parameters indexed byq andp, and using the notation
of [1] and [5], the KL-divergences between two Dirichlet, Wishart and multi-variate
Normal densities are given as follows:

• Between two Dirichlet densities

DDir(q‖p) = log

(

Γ (
∑k

l=1 αql)

Γ (
∑k

l=1 αpl)

)

+

k∑

l=1

log
Γ (αpl)

Γ (αql)

+

k∑

l=1

(αql − αpl)

(

Ψ(αql) − Ψ

(
k∑

l=1

αql

)) (52)

• Between two Gamma densities

DG(q‖p) = log
Γ (αp)

Γ (αq)
+ (αq − αp)Ψ (αq) + αq log

βq

βp

+ αq

(
βpβ

−1

q − 1
)

(53)

• Between two Wishart densities

DW(q‖p) =

k∑

l=1

log
Γ (1

2 (2αp + 1 − l))

Γ (1
2 (2αq + 1 − l))

+ (αq − αp)

k∑

l=1

Ψ

(
2αq + 1 − l

2

)

+αq log
|Bq|

|Bp|
+ αq

(
tr
(
BpB

−1

q

)
− k
)

(54)



Ensemble Hidden Markov Models 29

• Between two multivariate variate Normal densities

DMvN (q‖p) =
1

2

(

log
λq

λp

− 1 + λpλ
−1

q + (µq − µp)
Tλp(µq − µp)

)

(55)

• Between twom × n matrix variate Normal densities

DMaVN (q‖p) =
1

2

{

n log
|Σq|

|Σp|
+ m log

|Φq|

|Φp|
+ tr

(
ΦpΦ

−1

q

)
tr
(
ΣpΣ

−1

q

)

+tr
(

Σp (Mq − Mp)Φp (Mq − Mp)
T

)

− nm
}

(56)

C.3 Gaussian Observation HMM

The average log-likelihood term in (49) for Gaussian observation models is given as

Lavg =
∑

m

γt0Ψ(λ̃0m
) − γ̄0Ψ(

∑

l

λ̃0l
)+

∑

m,n

ξ̄(m, n)Ψ(λ̃mn
) −

∑

n

¯̄ξ(n)Ψ(
∑

l

λ̃ln)+

T log(2π)
K
2 +

1

2
γ̄mΨ̄α̃m

−
1

2
γ̄m log |B̃m|−

1

2

∑

t

γtm
(xt − µ̃m0

)Tα̃mB̃m(xt − µ̃m0
) −

1

2
γ̄mtr

(

α̃mB̃mC̃m0

)

(57)

where

γ̄0 =
∑

m

γ0m
,

γ̄m =
∑

t

γtm
,

ξ̄(m, n) =
∑

t

ξt(m, n) ,

¯̄ξ(n) =
∑

t

∑

m

ξt(m, n) ,

(58)

and

Ψ̄α̃m
=
∑

k

Ψ

(
1

2
(2α̃m + 1 − k)

)

. (59)

C.4 Poisson Observation HMM

The average log-likelihood term for a Poisson observation HMM can be shown to be
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Lavg =
∑

m,n

γnm

[

−xnα̃mβ̃m + yn log(xn) + yi

(

Ψ(α̃m) − log(β̃m)
)

− log(yn!)
]

(60)

The KL divergence between the approximate posterior density Q(µm), with
parameters̃α0, β̃0), and the priorP (µm), with parametersα0, β0), is a standard
Gamma density divergenceDG(Q(µm)‖P (µm)), given by equation (53).

C.5 Linear Observation Model HMM

The average log-likelihood term for the HMMs with linear observation models is
given as

Lavg = −N
du

2
log(2π) −

u

2

∑

m

γ̄m log |B̃Σm|

+
∑

m

γ̄m

(

Ψ(ρ̃m) − Ψ(

M∑

m=1

ρ̃m) +
u

2

d∑

l=1

Ψ

(
1

2
(2α̃Σm + 1 − l)

))

−
∑

n,m

{

γnm

1

2
tr
(

α̃ΣmB̃−1

Σm(Yn − Ω̃mXn)(Yn − Ω̃mXn)T
)}

−
1

2

∑

m

α̃Σm tr
(

B̃−1

ΣmΣ̃−1

m

)∑

n

γnm tr
(

XnXT

n Φ̃−1

m

)

(61)

The KL-divergences are given as

D(Q(θ)‖P (θ)) =
∑

m

〈

DMaVN (Q(Hm)‖P (Hm|Σm, Φm))
〉

Q(Σm,Φm)
(62)

+
∑

m

DW(Q(Σm)‖P (Σm)) (63)

+
∑

m

DW(Q(Φm)‖P (Φm)) (64)

+ DDir(Q(κ)‖P (κ)) (65)

where divergences (63), (64) and (65) are given by (54), (54)and (52), respectively,
and divergence (62) is given by
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〈

DMaVN (Q(Hm)‖P (Hm|Σm, Φm))
〉

Q(Σm,Φm)
=

=
1

2

{

(dp) log |Σ̃m| + d log |Φ̃m| − d2p

−(dp)

(
d∑

l=1

Ψ

(
2α̃Σm + 1 − l

2

)

− log |B̃Σm|

)

− d

(
dp
∑

l=1

Ψ

(
2α̃Φm + 1 − l

2

)

− log |B̃Φm|

)

+ tr
(

α̃ΦmB̃−1

ΦmΦ̃−1

m

)

tr
(

α̃ΣmB̃−1

ΣmΣ̃−1

m

)

+ tr
(

α̃ΣmB̃−1

Σm(Ω̃m − Ω)α̃ΦmB̃−1

Φm(Ω̃m − Ω)T
)}

(66)


