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Summary. Hidden Markov Models (HMM) have proven to be very useful inaisty of
biomedical applications. The most established methodstimating HMM parameters is the
maximum likelihood method which has shortcomings, sucheagated estimation and pe-
nalisation of the likelihood score, that are well known. §paper describes an Variational
learning approach to try and improve on the maximum-liladith estimators. Emphasis lies
on the fact, that for HMMs with observation models that amerfrthe exponential family of
distributions, all HMM parameters and hidden state vaealskan be derived from a single loss
function, namely the Kullback-Leibler Divergence. Praatiissues, such as model initialisa-
tion and choice of model order, are described. The papetlwdes by application of 3 types
of observation model HMMs to a variety of biomedical datagtsas EEG and ECG, from
different physiological experiments and conditions.

1 Introduction

Hidden Markov models (HMM)are well established tools witidespread use in
biomedical applications. They have been applied to slesgirgy [3], non stationary
biomedical signal segmentation [15], brain computer fat@ng [12], and of course
speech [23]. Their strength lies in the fact that they ar@bbgpof modelling sudden
changes in the dynamics of the data, a situation frequeb#gmved in physiological
data. Another crucial factor is their ability to segmentdaa into informative states
in a completely unsupervised fashion. When very little dtoet underlying physio-
logical state is knowipriori, unsupervised methods are a useful way forward.
The most established method of training the parameters oMdHises the
maximume-likelihood framework [16, 23]. The methods leadssimple parameter
update equations. There are, however, some problems withaximum-likelihood
approach. Leaving the Bayesian argument aside, maximketidbod estimators
are, comparatively slow in their convergence. From our gpee, maximunapos-
teriori estimators are considerably faster, presumably becaaserittrs somewhat
smooth the likelihood surface and thus optimisation homesuicker on a local
maximum. Also, in maximum-likelihood estimation, speaale must be taken not
to over-fit the data. To avoid this, models of different coexply must be repeatedly
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estimated and the residuals computed and penalised foregitywf the model until

an optimal model is found. While some heuristics may wellNmglable to overcome
such a computationally expensive approach they nonethedesain expensive [22]
and the finiteness of training data means that larger moedalsat be computed with-
out running into computational problems, such as nearsgamgovariance matrices.

These drawbacks of maximume-likelihood base estimation MivHparameters
have lead us to investigate Bayesian approaches to leammalgl parameters and
structures. Unlike Maximum likelihood estimators whichiresite a single value for
the parameters, a Bayesian estimator results in a digtibtdr the HMM parame-
ters and thus confidence measure for the model. In compiiisdistribution, which
is known as the posterior, the Bayesian estimator requietikelihood of the data
under the model and the prior distributions of the model p&tars. The priors in
Bayesian approaches play a role similar to information gyatth from previously
collected data [7] and thus allow us to overcome the problgfnsmgularities in the
presence of limited actual training data. In addition, Mwokata does not support the
hypothesised model complexity, posterior densities ohtloglel parameters will be
no different from their prior densities, which in effect vés in an automatic prun-
ing process. The main difficulty of Bayesian methods tendsetof a mathematical
nature. Complex models can quickly become mathematicaltadétable, i.e. inte-
grating out nuisance parameters becomes impossible. §bigen resolved by the
use of sampling approaches to estimate the posterior aendif]. Analytic approx-
imations also exist. They might lead to slightly inferiohgtons when compared to
sampling, as they often seek odcal maxima. Being analytic, however, we expect
them but converge must faster than sampling estimators.

In this paper we describe the use of an analytical approximab the exact
Bayesian posterior densities by means of the variatioaadéwork. This framework
provides a unified view of estimating all unknown HMM variebl parameters and
hidden states. We will describe how update equations carbtzned for a wide
range of HMMs with various observation densities. We finalhply the HMMs to
biomedical data, such as electrocardiogram derived R-idgeval series, respira-
tion recordings and elecroencephalographic signals (EEG)

2 Principlesof Variational Learning

Chapters on variational calculus can be found in many madtieatext books, yet,
their use in statistics is relatively recent (see [8] and [b@ excellent tutorials). In
essence, the aim is to minimise a cost function which, indhie, is the Kullback-
Leibler (KL) divergence [2]. The KL divergence measures statice between two
distributions, say) and P, by the integrai
F = pQUD|IPYY = [ QU)o AL ds +10sP). @)
P(H|V)
! Physicists have noted that the same function occurs irstati mechanics and therefore
often refer to it as minimising the so-called variation&drenergy [9].
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Here, the distributions)(H) and P(H|V') are defined over the set of all hidden
variablesH, such as parameters or hidden states, conditioned on tleeveblsdata
V.

The choice of cost function, like that of the squared ersoprimarily influenced
by its practicability, i.e. it often results in simple satris. One way of achieving this,
in the case of the KL divergence, is to stay within the grougnefexponential family
and to approximate the full but intractable posterior pholitg density P(H|V),
which parameterises the true model, by a simpler but tré&etibtribution,Q(H).
Minimising or differentiating the KL divergence with witlespect to the approximate
posterior distribution(H ), results in simple equations, which are often coupled
and thus need to be re-estimated in an iterative fashion.

By approximating the full posterior, one can enjoy some & Henefits of
Bayesian analysis, such as full Bayesian model estimatidneaitomatic penalties
for over-complex models to avoid over-fitting. Note, thetftesm on the right-hand
side in equation (1) is always non-negative, and thus thergence is a bound to the
true log-probability of the dat® (V). This means that optimal model selection takes
place within the class of approximated and thus suboptinoalats.

The simplest of all approximations to the true posteriotritistion, P(H|V),
can be obtained by assuming that, if one is given a set of hiddeablesH =
{Hy,...,Hy}, the Q-distribution factorises

Q) =JJ o), 2)

with the additional obvious constraint that the distribas integrate to unity, that is
f Q(H;) dH; = 1. This assumption is known as the as the “mean-field” assompti
Under the mean-field assumption, the distributigq{¢;) which maximise the KL
divergence (1) can be shown [6] to have the general form

Q(Hz) = %exp/@(ﬁz)logP(HAf_]l)dﬁz 5 (3)

whereH; = H \ H; is the set of all hidden variablé$ excludingH; andZ is just a
normalisation constant. For completeness, we repeat theaten of the model-free
form (3) of [6] in Appendix A.

There s, in principle no reason to restrict oneself to tldependence assumption
of the H;. One can easily defin#l; to be actually a subset of variables forming a
partition of H. In this paper for instance, we form such a partition by giogll
HMM variables into the set of hidden state variables and #teo§ HMM model
parameters (governing the probability of observing theughaat a particular time
instance and the probability of transit to the next time ktépe actual set of model
parameters we denote By= {01,...,6,} and the set of hidden state variables
by S = {So,...,Sr}. The hidden state variableS,form one partition within the
overall set of variables and are updated jointly. In contifaes members of the set of
HMM model parameters), are assumed to be independent from one another. With
these assumptions, the approximating distributidit/ ) may be expressed as
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T M
Q(H) £ Q(S)Q(0) = Q(So) [[ @(SelSi-1) [ @(0)). 4)
t=1 j=1

This is useful because the distributiQS) has the structure of a simple chain. This
makes it tractable and an exact updating scheme can be founmtlg for all Q(.S;).

Finally, we make one further assumption. Models of difféstructures or sizes,
e.g. state space dimensions or observation model orddgkae to be independent
from one another. The set of all model sizes is denoted laynd a particular model
size is indexed witla. We can then write the posterior probability of all modeksiz
A and unknown variables in the following form

hS

P(S,0,A) = H P(fla)P(a) , ()

@

where each facto?(S|a) P(6]a)P(a ) corresponds to a different model size. As-
suming that all model structures ih are equally likely, the posterior model proba-
bility can be computed as

Q(a) ox exp{—F,}, (6)
whereF, is the KL divergence of the entire model for a fixed model size,
Q(S|a)Q(0]a)
Fa //Q Sla)Q(a)lo P.V.0.0) —— = 2d5d6 . @)

The assumption is primarily chosen to make it easier to selgrarticular model,
which will be the model with the smallest KL divergence betwéhe true and ap-
proximate model distribution. In general, such an assuwnphould be used with
caution as models are very likely to overlap significantlgwéver, this assumption
used widely though in a different form. It is identical to tagsumption of uniform
priors over model structures.

3 Variational Learning of Hidden Markov Models

Consider a set of' random variablesS = {Si,---,S;,---,Sr}. Each random
variable can take on one of, say, discrete valuesS; = {s1,---,sup}. If we
impose, fort > 0 a probability on observing the variab#g that is conditioned on the
value of the variabléS;_; and denote this probability bi(S;|S;—1), one obtains a
Markov Chain sincé’(S;|S;—_1) is known as the Markov property. A Hidden Markov
process supposes further that what is actually observetbatke individualS,, but a
corrupted version of them. The variablgsare thus hidden from the observer and the
observations, say; are dependent on the varialfie This probability distribution

over the entire sequence of observatidhs= {X;,---, X;,---, X7} and states
S ={51,---,5¢ -, St} then takes the mathematical form of
T
P(S,X) = P(So) [ ] P(Se[Se-1) P(X:]S:) - ®)

t=1
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The state transition probability?(S;|S;—1) is a multinomial (i.e. discrete) distribu-
tion, encoded in afi/ x M matrix since there ar&/ possible values, can take for
everyvaluesS;_; has taken. These probabilities are denotedby, and are assumed
to be independent of the tinei.e. we assume the Markov Chain is homogeneous.
The initial state probability, is parameterised by, and is also a multinomial with

M probability values. The valug/ is called the state space dimension. The proba-
bility P(X:|S;) is called the observation probability and is parameterizetoy,.

Its form depends on the assumed observation model, whitteioase of a Gaussian
corrupted Markov Chain is simply a set df Gaussian densities, one for each value
of S;.

The speech community represents a HMM graphically, shoviigime (1[a]) for
a HMM with M = 2, by representing each state a variafijecan take by a vertex.
The transitions from one state into the next are depictedrby and labelled with
the probability of making the transition. Unlike the stapase representation of the
HMM, the graphical model representation, shown in figur®]}ldepicts the HMM
using vertices for the state variabl§sand observation&. This has its origin in
interpreting the HMM as a Bayesian network in which all ramdeariables are as-
signed a vertex. Observed (a.k.a. instantiated) randoiablas vertices have shaded
vertices. Arrows between vertices represent statistedationships between the ran-
dom variables. The functional form of the relationship iteafleft out and results
in ambiguities. A factor graph makes the functional form afiable dependencies
clearer. Such a graph is shown in figure (1[c]).

The concepts of variational learning described in the previsection can be
readily applied to afirst order hidden Markov model. We assardMM of lengthT’,
state space dimensidi, hidden state variableS,= {51, ... Sr}, and observations
X ={Xjy,...Xr}, transition model and the observation model. The HMM param-
etersd, consist ofr;, _, which determine the state transition probabifyS;|S;_1),

7o Which parameterise the initial state probabiltyS,) andfons which describe the
observation probabilitie® (X;|S;). The full true posterior probability of the model
is then given by

P(S,X,0) = P(S, X|0)P(0) 9)
£ P(S, X|mt,_,, m0, 00bs) P(m, _, , 70, 00bs) (10)
T
= P(So|mo) [ [ P(StISe-1,mt,_, ) P(Xi[St, Oons)
t=1
P(me,_, )P (o) P(6obs) - (11)

What remains to apply the cost function (1) is the distritwitivhich approxi-
mates the full posterior probabilit# (S, X, 0). First, we assume that all the HMM
model parameterd), (i.e. all variables but the state space variables) are iwidgnt
(mean field assumption). Second, all the hidden state iasape grouped together
and are governed by one distributi@){5). With these assumptions, the resulting
KL divergence (1) then becomes
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(c) Factor Graph Representation of a HMM

Fig. 1. A HMM represented graphically. Subfigures [b] and [c] reprasthe HMM with 4
unrolled time slices. Shaded nodes denote observed ranaidables.
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This KL divergence can now be minimised individually withspect to the distri-
butions,Q(S), Q(m+,_, ), Q(m) andQ(fowns). In the two following sections we first
update divergence (12) with respect to the distributiorheftiidden stateg)(.5), to
show that it leads to the well-known Baum-Welch or forwaetkward recursions.
Then the cost function (12) is minimised with resped@i@ous). The minimisation
depends on the functional form of the observation mo@¢fo.s), and is shown
for different types of observation models, such as GaussiahLinear observation
models.

3.1 Learningthe HMM Hidden State Sequence

We begin by optimising the KL divergence (12) with respedtit® distribution over

all hidden states)(.S). Using the mean-field update equation (3), the optimal pos-
terior distribution over all hidden state®,(.S), can be computed by replacing all
HMM parameter® for H; in equation (3), to give
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Q(S) x exp/Q(G) log P(S, X, 0)d6 (13)

Of interest, however, is not so much the global distributi@s), but the marginal
distributions,Q(.S;), and the joint hidden state probabiliti€(.S;, S;+1). They can
be calculated using the well-known Baum-Welch or forwaatkward recursions.

The justification for using the forward-backward recursicomes from the fact
that they are the result of minimising equation (12) withpexst to the individual hid-
den state probabilities)(S;), and the joint hidden state probabiliti€g(.S;, Si+1).
To see this, assume all other Q-distributions are held eohstnd parameterised
by  which are the values calculated during previous iteratidieen, the KL-
divergence (12) simplifies to

= Q(S) cons
F- / QU)o 7 0+ const (14)
where
P(S, X) :/Q(G) log P(S, X,0) do , (15)

and the constant includes all terms, not involvisigTo further minimise the diver-
gence (14), additional consistency and normalisationtcaimss are needed. One set
of constraints simply ensures that all Q-distributionsmalise to1. In addition,
consistency (or holonomic) constraints are required wkdnkure that marginal-
ising Q(St, St—1) with respect toQ(S;) gives the same result as marginalising
Q(St, St+1). These additional constraints are added to the KL-divergéib4) with
the usual Lagrangian multipliers. The simple structuréhefliidden state chain per-
mits an analytic solution to equation (14) in form of itevaticomputations of the
Lagrangian multipliers. The detailed steps starting frgotimising the KL diver-
gence (14) leading up to the Baum-Welch recursions are givaAppendix B.

For simplicity, in the following we assume the Baum-Welcbuesions have been
applied and yield the marginal and joint distributio®$S;) and Q(S:, S:—1), re-
spectively. We make use of the notation introduced in [1p§¢cffically we denote
the probability of the state variablg taking one of thé\/ valuesm = 1,2,--- | M,
by

Ye(m) = Q(St = m|X) . (16)
Further, we denote the joint probability of varial$letaking valuer andsS;_, taking

valuem, by
&(myn) = Q(St =n,Si—1 =m|X) . a7

3.2 Learning HMM Parameters

The updated the probabilities of the hidden state variaelgslt in values ofy(m)
and¢&,(m,n) (see previous section) for each time instanckn order to obtain an
analytic solution for the HMM parameters after substitgtinto equation (3), we
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need to choose appropriate prior distributioR¢9), for the HMM parameters). To
obtain analytic solutions, the prior distribution3(6), are required to be conjugate
distributions. The approximate posterior distributiégh®) will then be functionally
identical to the prior distributions (i.e. a Gaussian pdensity is mapped to a Gaus-
sian posterior density). Apart from the parameters of theeokation model, which
will be discussed later, for the HMM these conjugate pristrithutions are, as given
in [1]. For the initial state probability,, we use an\/-dimensional Dirichlet density

. F(Zl K1) - -1

Dir(my) = =—=—= T (18)

() = 11, Ty 1L 70
and, for the transition probabilities,,,, M x M-dimensional Dirichlet densities

M M

. F( )\m ) A -1

Dir(m,_,) = || =555 ] (19)

)= 1 g7 1

Based on these assumptions, minimisation of the KL divergerith respect the pos-
terior distributionsQ (m, _, ) andQ(m), leads to posterior initial state and transition
probabilities that are again Dirichlet distributed andénparameters, respectively,

Rm = V=0 = M+ Km; (20)
Am =Y _&(m,n) + A, - (21)
t

The hyper-parametersand are fixed and typically set to integer values just greater
than1, reflecting the fact that little is knowapriori about the initial state and state
transition probabilities.

3.3 HMM Observation M odels

What remains to specify is the probability of the observafwen the state at time
P(X|S;). Determining it will also force our hands in determining grér distribu-
tions of the parameters governing the observation mdeieX;|S;). The choice of
P(X:|S;) is also very much dependent on the application. The twoiclassl sim-
plest of all cases assume the Markov chain is corrupted bijieelGaussian noise
or that the observations are discrete. In the latter, therwhton model is simply
a multinomial while in the former the observation model isu{tivariate) Gaussian.
Many others have, of course, been suggested in the HMM's astpry. Among
them are Poisson densities for count processes [11], aedrlimodels (spectral or
autoregressive) for use in, say EEG modelling [15], alorth wiore complex models
such as “Independent Component” models [14].

The Gaussian Observation Model

For observations which, conditional on the state, are Gasbstributed,
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P(X4| St = m) = P(X¢|pm, Cm) (22)

wherepy = {u1,...,um} andC = {Cy,...,Cy} are the normal distribution
mean vectors and precision matrices, respectively. Th@ugate densities [1] for
the meang,,, are K-dimensional Normal densities(= 1, ..., M)

P(pim) o €2 (B 1m0) Cmo (n=pimo) (23)

and for the precision§’,,, K dimensional Wishart densitiesy(=,1..., M)

P(Cry) o [Cop |7 =73 70 (BnCo) (24)

Inserting these densities into (12) and subsequent miatiois leads to update
equations for the parameters of the posterior densitiesenfrteans and precisions.
The posterior means follow normal densitigg..,,) ~ N (fimo, Cimo), With parame-
ters

,ELmO = (ﬁmdmé;ll + CmO)il(O_mez;Lla_?m + OmOHmO); (25)

wherez,, = Zthl v (m)z: andy,, = Zthl Ye(m). )
Similarly, the posterior precisions follow a Wishart densi(Cy, |Gm, Bm) ~
W(ém, Brm), with parameters

1
Qm = Eﬁm + o (27)

T
1 i i 1 -
By = 5 Zt: Y(m) (0 = o) (w0 = fimo)" + 5VmCrng + B (28)

The Poisson Observation M odel

The choice of Gaussian observation model depends on thadthence, might not
be appropriate. Particularly, when dealing with count dstech as the RR interval
series obtained from the ECG signal, Gaussian observatiolels are only applica-
ble after some preprocessing of the data, such as inteig@o[20]. To avoid this we
demonstrate the variational estimation of a Poisson obtiervmodel for HMMs.
In this case, the observation density is

1
P(Xe|Se =m, p) = e (2 pim )" —

" (29)

where, each of th@/ states has a Poisson distribution with parameter The data
pointsys, . ..,y are counts while the values are called the exposure of tieh
unit, i.e. a fraction of the unknown parameter of interest [4]. The prior for the
parameter of the Poisson distribution is chosen to be camggvhich is a Gamma
density, n =1,..., M)
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P(pm) o< pi ™" exp{Bofim }- (30)

The optimised Q-distribution for the Poisson rate of statare also Gamma, with
parameters

Q(,um) ~ g(dOaBO)
ag = Z’thyt + o (31)

t

Bo =" Yems + Bo (32)
t

The Multivariate Linear Observation M odel

The final model described here is the multivariate linearcolagtion model. It is
particularly useful when, for instance, auto-regresseatures are to be extracted
from EEG signals and later segmented using and HMM with Ganssbservation
models. It is clear, that if the process of feature extrachod segmentation can
be combined, the results are much improved [21]. Furthehdflinear model has
sinusoids as basis functions, one can use the HMM to segimesignal based on
its spectral content. Without any major mathematical carafibns, we can also
assume that a short data segment can be described with tedisaar model. The
model then becomes a matrix variate linear model, in whigga®ent of multivariate
data forms an observation matrix that is modelled by a limeadel. The model is
best described as a graphical model shown in figure (2).

Am

n

OBg O 0y

Fig. 2. Directed graph of a HMM with a matrix-variate linear obseiwa model for observa-
tionsY and basis functionX.

For observatiorY; and basis functionX,, the linear observation model is given
as
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P(}/t - Hth|St = m) = Nd,u(ov Emvju) (33)
whereN; ,, is adx u-matrix variate normal density function [, = {H,,,} Vm =
{1,..., M} andl, is au x u identity matrix . For example, assume a multivariate
autoregressive (AR) model of ordemwhich models ai-variate observatiogr;. The
past samples can be concatenated in a matix.s yli,-.,yi,] 7. Thus

y: € R is ad-variate response vector at timex; € R is a dp-variate basis
vector at timet. H,, € R4 is the matrix of model coefficientd/ € R4 is a
partitioned matrix composed of the coefficient matricesagpl If, furthermore, the
samples are grouped into segments, indexed,l®ach of which containg samples
of y;, one can construct a matrix withresponse- and basis-vectors, i.e.

Y, = [y(nfl)ua e 7ynu] (34)
Xn = [X(nfl)ua cee axnu] . (35)

The final form of the linear model takes the foify = H X,, the residuals of which
are Gaussian distributed, thus giving equation (33), witlekt replaced byn.

The prior densities for the coefficient matricHs, are assumed to bedax dp-
matrix variate normal densitiesVy 4, (12, Xy, P, ), wWith mean(2 and precisions
X and®,,. The prior for residual precisions,,, and the coefficient precisions,,
are Wishart densities [1}V, (a5, Bx) andWg,(as, Bs), with shape/scale param-
etersa /By andag/Bg, respectively.

The posterior density of the model coefficients,,, is ad x dp matrix variate
Normal density with meaf and precision matrices,,, #,, computed by

Qr = ¢1 <Z VomXn Yo + dqsmB@;QT> (36)
S = dxm Bl (37)

n

The posterior of the residual variances,,, is a Wishart density with shape and
scale parameters computed by

_ 1
asm :5 (; UYnm + dp + 20@)

(39)

The posterior model coefficient variancés,, also follow a Wishart density with
parameters



12 |. Rezek, S. Roberts

. d N
Apm = 2 P
- 1 -~ - - 1 - - -
Bom = 5(rzm — DT asmBot (2 — 2) + Etr(dszzmz,,;l)@,;l + Bg
(40)
3.4 Estimation

Having obtained the update equations for the observatiatefs@nd the state tran-
sition probabilities, estimation then follows the familfashion of iteratively com-
puting the HMM hidden state sequence (equivalent to thedBa$t the Max. Likeli-
hood EM framework) and the HMM parameter posterior distidns (equivalent to
M-Step). This is repeated until convergence is reachedvé&gence is measured by
the actual value of the KL-divergence (12) and the estimasiterminated when (12)
no longer changes significantly. The mathematical form efkh-divergence (12)
will obviously depend on the type of model, which here me&estype of observa-
tion model. The complete formulae, for each of hebservation model HMMs, are
listed in Appendix C.

Choice of Model Size

The iterations are run for a fixed HMM state space dimensiaodnservation model
order (number of basis function coefficients in the lineaseylation model). Esti-
mation is then repeated for different settings and the valtiee KL-divergence (12)
recorded. The smallest achievable value of (12), accordieguation (6), results in
the highest probability for the particular choice of model.

As an example, data was generated from two bi-variate AR gasEs, with
AR-coefficient matrices of the first model set #y,,—1 = [0.4,1.2;0.3,0.7] and
Ajag=2 = [0.35,—-0.3; —0.4, —0.5]. The second model coefficient matrices were
set to Ajgg=1 = [0.4,0;0,0.7] and A;49—2 = [0.35,—0.3; —0.4, —0.5]. The in-
tercept vector was set to a zero vector and the noise varianatex to C' =
[1.00,0.50;0.50, 1.50]. Figure (3[a]) shows the KL-divergence values for différen
settings of linear model order and hidden state space diorerighe most probable
model size is shown in figure (3)(b) and peaks at the expectetthsize.

Under certain conditions, the state space dimension neetenestimated as
above. If the observation model is correct, for example fheedsions of the Gaus-
sian observation model match those of the clusters in thee atathe linear model
order is the true order, one can exploit the fact that the dtansition probabilities
factorise, i.e.P(S¢|Si—1) = Hﬁle P(S¢S;—1 = m). The state space dimension,
M, can now be set to an arbitrarily large value and the HMM isrested just once.
States, that are not visited by the model will automaticafilapse to be equal to
their prior distributions. One can thus read out most likeigden state dimension
from the number of distinct state values in the hidden sedeence.

This effect is shown in figure (4). The HMM was started with = 6 and the
number of distinct states monitored at each step of thetiibera



Ensemble Hidden Markov Models 13

KL divergence of mixtures of 2 bivariate AR model HMMs Q-distribution weights for mixtures of 2 bivariate AR model HMMs

o

=

KL divergence

02

P(state dimension, model order)
o
=

°

No. Of Kernels B Model order No. Of Kemels Model order

(a) KL divergence for bivariate AR (b) Posterior of model for bivariate
model AR model

Fig. 3. KL divergences for mixtures of AR models
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Fig. 4. The collapse of the state space dimension during the estimat

Observation model parameter distributions can also beaattoally set to their
prior distributions, provided the mathematical formwatof model is in a factorised
form. For instance, if the linear model description was im of reflection rather
than autoregressive coefficients, the mean field assunspk@as to an estimator
which automatically prunes out all states and model coeffisi (and thus model
orders) not supported by the data. This is not always pasditdwever. So some
engineering short-cuts can be used to quickly home-in otrtizeobservation model
size. For example, in the linear observation model’s cuffiemm one can investigate
the eigen-spectrum of the linear model parameters’ scatéxn@,, . The number
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of non-zero eigenvalues are an indication of the model orsp, looking at the
distance between the model coefficient matrices of eadd §df — H ;|| for different

i1# jandi,j=1,..., M, might give some indication as to the preferred number of
hidden states. An example of the use of the eigen-spectrshmisn in figure (5).
As the model order is increased, the eigenvalues clearljoshaff at the correct
model order. The coefficients themselves are relativelgeckn zero - belowt 0%

of the largest coefficient. Ignoring numerical stabilitye tBayesian treatment avoids
again the singularities of maximum likelihood methods.

Scale Matrix
t AR(4) estimator

Eigenvalues of Coeffi
for

100.45 - > AR(2) model

100.35]-
100}
Sico.zsl-
2002
11111 L
1002l

100.05 [

1 15 B 3 3.5 P

2.5
Model order

Fig. 5. Eigen-spectrum of the coefficient precision posterior dgissale parameteBg for a
univariate AR model.

Model Initialisation

Evidently, there are various ways of initialising the HMMdaall depend on the
observation model. The simplest initialisation is the @mdnitialisation of the hid-
den state probabilities. The estimation then begins bynasing the HMM model
parameters, thus avoiding to a large extent manual setfiktMM parameters. In
practice, however, there is often the desire to keep the euofhterations, till con-
vergence is reached, to a minimum. To achieve that, moreageldi¢guesses” have
to be made as far as the model parameters are concernedantie done in some
cases by making use of the data to set the parameters andwittigthe estimation
of the hidden state probabilities. We illustrate this befomthe Gaussian and linear
Autoregressive observation models.

The Gaussian observation moden be initialised by running a few iterations
of the (much faster) K-means algorithm or Gaussian mixtuve dh the training
data. The obtained cluster centres can be assigned to thkeriposneansji,,, of
the HMM observation model means. The means’ posterior gicgtimatricesC,,,, ,
are set all equal to the covariance of the total training .dE@ parameters of the
posterior Wishart density for the observation model pienisnatrices consist of the
shape parameter,, and the scale parametépn. The value ofy,, is set to the half
the dimensionality of the training data, whilg,, is set to the total training data
covariance matrix scaled up lay,,. Practice has shown this to be the most robust
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initialisation procedure; robust, that is, in the sense ihéeast sensitive to cluster
shapes and data range.

The observation model priors are generally set to be as fladssible. The ob-
servation model means have an associated Gaussian ptiom@#n and covariance
parameters set to set to the median and squared range o&thiedrdata, respec-
tively.

The Poisson observation modslinitialised at random. Conditioned on each
state, we randomly select a sample from the data. The samplis®lf is also drawn
randomly. The shapeé, and scale parameters, of the posterior Gamma distribu-
tion are then set to the sum of the sample counts and expasapectively.

For the experiment described below, the observation madel ghape and scale
parameters are set to a minimumIo€ount per interval, i.eqy = 1, and and an
average rate di0 beats per minute, respectively.

The Linear Autoregressive observation modehitialised in three steps. First,
an initial data segment is used to calculate the values dAheoefficient variances
and the residual noise variance. Second, with the use ofiti@nces obtained in the
first step, a multivariate Kalman filter is applied to the emtraining data Finally,
the so obtained AR-coefficients are segmented using a featitas of K-means,
say.

The posterior density of the model coefficients,,, is a matrix variate Gaus-
sian. Its meany?,, is set the the K-means cluster centres. The covarianceaesri
3., and®,, are set, respectively, to the estimates of the residuaén@igance and
AR-coefficient variances of step one above. The posterithefesidual noise vari-
ances,,,, is a Wishart density. Its scale parameter is se%dm— 1, i.e. half the
residual noise dimensionality incremented byThe shape parameter is set to the
residual noise variance multiplied by the Wishart densigcale parameter. Simi-
larly, the posterior of the model coefficients,,, also follow a Wishart density. Its
scale parameter is set gmip + 1, that is half the product of the linear model order
and training data dimension and incremented byhe shape parameter is set to the
AR coefficient variances of step one above, multiplied bywhshart density’s scale
parameter.

The priors for the linear observation model assumes a stdiséal training data
set, i.e. the data is detrended and its variance normalisedity. The prior for the
linear model coefficientst,,,, is thus set to have a mean of zero. The scale coef-
ficient, By, of the prior for the noise precisiohl,,, is set to unity and the shape
coefficienta s to the dimension of the noise precision. The prior of thedimaodel
coefficient precisions is assumed to be more accurate tleandise precision. The
scale, ,Bg, is set to one order of magnitude larger than, while the shape is set to
the dimension of the coefficient space (model ordatata dimensionality).

2 If the training data is very large experience has shown trsitngle segmentation of the
data and estimation of the AR coefficient matrices is fastan the Kalman filter approach,
yet equally useful.
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4 Experiments

4.1 Sleep EEG with Arousal

The first application to medical time series analysis dertmates the use of the vari-
ational HMM to features extracted from a section of electaephalogram data. The
recordings were taken from a subject during a sleep expeatirmie study looked at
changes of cortical activity during sleep in response temel stimuli (e.g. from a
vibrating pillow under subjects head). The fractional $p@acadius (FSR) measure
and spectral entropy [18] were computed for consecutiveavamnlapping windows
of one second length. In figure (6), the model clearly showsefepence for &-
dimensional state space. Figure (7) shows aninute section of data with the corre-
sponding Viterbi state sequence. The data is segmentethimtollowing regimes:
wake (state, first 90s of the recording), deeper sleep (stajeand light sleep (state
3) which is clearly visible at sleep onseét<£ 90s) and at the arousat & 200s).
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Fig. 6. State Space Dimension Selection

4.2 Whole Night Sleep EEG

In the following example we study the use of the HMM in segrirenEEG record-
ings for sleep staging. The data was recorded from one fesuddgect exhibiting
poor sleep quality during ahhour session in a sleep laboratory. The data was man-
ually scored by3 different sleep experts based on the standard Rechtsohefii
Kales (R&K) system [17]. The majority vote as then taken, tercome disagree-
ments between manual labels, resulting in a consensus score

The data used here was recorded at the electrode(sit¢$3] using a200H z
sampling rate. The state space dimension was sgtdorresponding to the number
of states according to R&K. The confusion matrix (table 13dshon the consen-
sus score shows, however, that only 4 states are used by tiv. I@ve such state
corresponds clearly to deep sleep, i.e. sleep sta@orresponding somewhat less
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Fig. 7. HMM Sleep EEG Segmentation

strongly, are state of the HMM with the lighter sleep stag@sand3. Class3 of the
HMM is predominantly visited when the subject resides in R&lbEp, according to
the experts. Itis interesting to note that the HMM exhibdies same difficulty humans
face when trying to distinguish REM sleep from light slegjagesl and2). Finally,
the weakest association between the HMM and human labelssirged in HMM
class4. Seemingly mostly connected with the Wake state, much apealso exists
between it and sleep stagehence the significance of this last class is uncertain.

The table is best summarised by the estimated HMM state sequEigure (8)
shows the hypnogram with a the filtered Viterbi state seqeiémsing anl 1-th order
median filter). The filtering is justified by noting that humlaibels are over 80s
long data segment and are based on the occurrence of a farti@tinctive feature
within that time period. The algorithm, on the other handcuiates the label based
on the most frequent class for that segment, on a one secsoldtien.

Table 1. HMM Gaussian Observation Confusion Matrix

Manual Sleep Score
HMM Class S4 | S3 | S2 | S1 | REM |Movement Wake
Class 1 0.9086| 0.0600| 0.0092 0 0 0.0222 0
Class 2 0.1014 | 0.1978 | 0.6889 | 0.0060 0 0.0060 0
Class 3 0 0 0.2191 | 0.1561 | 0.6027| 0.0118| 0.0103
Class 4 0 0.1250 | 0.2159 | 0.1477 0 0 0.5114
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Fig. 8. Manual and Estimated Sleep Segmentatioh Night Sleep EEG

4.3 Periodic Respiration

We also applied the HMM to features extracted from a sectio@heyne Stokes
(CS) Dat&?, consisting of one EEG recording and a simultaneous regpirsecord-
ing, both sampled at28 H z. The feature, the fractional spectral radius (FSR) [18],
was computed from consecutive non-overlapping windowsaof $econds length
for the EEG and respiration signals separately. The featilmes extracted jointly
formed a2-dimensional feature space to which the HMM was then apphsdeen
in figure (9), the model clearly shows a preference fdrdimensional state space.
Figure (10) shows a data section with the correspondingh/igéate sequence. The
data is segmented predominantly into the following reginsegments of arousal
from sleep, wake state with rapid respiration, and two skafes different only in
the EEG micro-structure.

4.4 Heart Beat Intervals

In order the apply the Poisson model of the HMM, we took a seqeef RR-
intervals, obtained from the RR-Data base at UPC, Barceldrsabject (Identifier
RPP1, Male, Age: 25 years, Height: 178cm, Weight: 70kg) andet a controlled
respiration experiment. While sitting, the subject tookegp breaths between 30
and 90 seconds after recording onset (ECG signal sampliagsak H z). The op-
timal segmentation was found to be 3 states and is shown inefigiil). The top
plot depicts the original RR-interval time series and thddte plot the state labels
resulting from the Viterbi path. The segmentation basedenterbi path is shown

3 A breathing disorder in which bursts of fast respiration iterspersed with breathing
absence.
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Cheyne-Stokes: Optimal Variational Evidence Cheyne-Stokes: Variational Energy Posterior Probability
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in the bottom plot. A change in state dynamics is clearlyblésin the state sequence
betweers0 and90 seconds, i.e. the period during with the subject took deeaths.
The state dynamics parallel those observed in the hea&rtsighal, obtained from
the RR-intervals by interpolation. The difference, howeigethat the state sequence
is essentially a smoothed version of the heart-rate sighaéaeral heart-rate levels
will fall into one state. In addition, no interpolation aschuis done, i.e. the HMM
derives the heart rate statistically, which is in deep @msttto traditional heart-rate
analysis.
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Fig. 11. HMM 3-Stage Viterbi Segmentation for subject RPP1 duringtaled respiration
experiments.

4.5 Segmentation of Cognitive tasks

The idea of the brain computer interface (BCI) experimenh& we infer the un-
known cognitive state of a subject from his brain signalsclulie record via surface
EEG. The data in this study were obtained with an ISO-DAMeystising a gain of
10* and a fourth order band pass filter with pass band betweldi > and 100 H =

and sampled a&84 H z with 12 bit resolution. The BCI experiments were done by
several young, healthy and untrained subjects who perfiaméditory imagination
and imagined spatial navigation tasks. Each task was dane $econds with an
experiment consisting df0 repetitions of alternating these tasks. The recordings are
taken from 2 electrode sites: T4, P4. The ground electroplaced just lateral to the
left mastoid process.
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We train the HMM with a linear observation model on the EEG & gubject.
We used the first 5 repetitions the auditory imagination andgined spatial nav-
igation task and computed the Viterbi path for 2 further t#jpms of each task.
Thus70s of data constituted the training data, while the test datsa2sa long. The
Viterbi path for the (optimal) three state model is shown gufe (12). The exper-
iment shows that there is a clear change in state dynamiegebatthe different
cognitive tasks. We obtain one model almost entirely atieddo the auditory task
and two models that are almost exclusively used in the ntvigéask.

Viberbi Path of Cognitive Tasks

I

Fig. 12. HMM 3-Stage Viterbi Segmentation for two Cognitive taskstresponding to the
first and second half of the recoding, respectively (totaatian 28s).

Hidden Markov State
N
T

5 Conclusion

The goal of the variational approach applied to learning H8MNAsS, first, to improve
in some aspect of the traditional maximum likelihood methad, secondly, to find
a unifying view of for deriving all variables, hidden stagasd parameters. In most
cases, the existence of priors densities over the parasmetsulted in an improved
stability of the model. In some cases the automatic prunifeges of the estimators,
which being completely consistent with the theory, is a rEidded feature. By de-
riving all update equations from one single cost functiohas also become clear,
that the maximum likelihood method is a point estimate inin@del parameters,
while actually Bayesian in the hidden state space. The tiamial approach, on the
other hand, is consistent from a theoretical point of view #@rcasts light on the
mathematical origin of the Baum-Welch recursions.

While the variational estimators have so far proved to behmmore robust than
the maximum likelihood based estimators, they also comk aviprice tag, i.e. the
number of parameters increased considerably. It no lonyaugh to estimate sin-
gle parameter values, but their distributions. In practide means that estimator
initialisation is considerably more involved.
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The examples presented in this paper do not permit any csinalsl as to the
quality of the estimator, for example with regards to sigbdf the solutions found
or sensitivity to initial conditions and priors. Much isiéd understand the estimators
better, however, the initial results seem quite promising.

Acknowledgement

The authors would like to thank R. Conradt for her invaluadgatributions to this
research and L. Pickup for her help in typesetting. |.R. gpsuted by the UK EP-
SRC to whom we are most grateful. We also like to thank Dr. I(G#cia Gonzalez
from the Electronic Engineering Department at the Polytémgie University of Cat-
alonia in Barcelona for providing the RR-Interval recogi{available ahttp://
petrus.upc.es/"wwwdib/people/GARCIA_MA/database/mai n.htm

).

References

[1] J.M. Bernardo and A.F.M. SmithBayesian Theory John Wiley and Sons,
1994,

[2] T.M. Cover and J.A. Thoma<£lements of Information Thearyohn Wiley &
Sons, New York, 1991.

[3] A. Flexer, G. Dorffner, P. Sykacek, and |. Rezek. An audtiay continuous and
probabilistic sleep stager based on a hidden markov mdgmgblied Artificial
Intelligence 16(3):199-207, 2002.

[4] A. Gelman, J.B. Carlin, H.S. Stern, and D.B. RubBayesian Data Analysis
Chapman & Hall/CRC, 2000.

[5] A.K. Gupta and D.K. Nagar. Matrix Variate Distributions Number 104
in Monographs and Surveys in Pure and Applied MathematibsapBian &
Hall/CRC, 2000.

[6] M. Haft, R. Hofmann, and V. Tresp. Model-Independent M&geld Theory as
a Local Method for Approximate Propagation of Informati@omputation in
Neural Systemd0:93-105, 1999.

[7] D. Heckerman. A Tutorial on Learning With Bayesian Netiwm Technical
Report MSR-TR-95-06, Microsoft Research, 1995.

[8] T.S. Jaakkola. Tutorial on Variational Approximatioreithods. In M. Opper
and D. Saad, editorg\dvanced Mean Field Methods: Theory and Practice
MIT Press, 2000.

[9] T.S. Jaakkola and M.I. Jordan. Improving the Mean Fiefghfoximation Via
the Use of Mixture Distributions. In M.I. Jordan, editbgarning in Graphical
Models Kluwer Academic Press, 1997.

[10] M.I. Jordan, Z. Ghahramani, T.S. Jaakkola, and L.K.ISan Introduction to
Variational Methods for Graphical Models. In M.I. Jordaditer, Learning in
Graphical ModelsKluwer Academic Press, 1997.



Ensemble Hidden Markov Models 23

[11] B. Kemp.Model-based monitoring of human sleep stag@isD thesis, Twente
University of Technology, The Netherlands, 1987.

[12] B. Obermeier, C. Guger, C. Neuper, and G. Pfurtschelefden Markov mod-
els for online classification of single trial EEBattern Recognition Letter22:
1299-1309, 2001.

[13] C. Pastelak-Price. Das internationale 10-20-Systenttektrodenplazierung:
Begrindung, praktische Anleitung zu den Mel3schrittenHimeveise zum Set-
zen der ElektroderEEG-Labor 5:49-72, 1983.

[14] W.D. Penny, R. Everson, and S.J. Roberts. Hidden mairiaependent com-
ponent analysis. In M Girolami, editofhdvances in Independent Component
Analysis Springer Verlag, 2000.

[15] W.D. Penny and S.J. Roberts. Dynamic Models for Norstary Signal Seg-
mentation.to appear in Computers and Biomedical ReseaB2(6), 1998.

[16] L. R. Rabiner. A Tutorial on Hidden Markov Models and &gtked Applications
in Speech RecognitioProceeding of the IEEE/7(2):257-284, 1989.

[17] A. Rechtschaffen and A. Kales (Edsh. manual of standardized terminology,
technigues and schoring system for sleep stages in humgetssi.S. Public
Health Service, U.S. Government Printing Office, Washind2oC., 1968.

[18] I. Rezek and S.J. Roberts. Stochastic Complexity Messtor Physiological
Signal Analysis.IEEE Transactions on Biomedical Engineerjrig(9):1186—
1191, 1998.

[19] C.P. Robert, T. Rydén, and D.M. Titterington. Bayesiaference in hid-
den Markov models through the reversible jump Markov chaionié¢ Carlo
method.Journal of the Royal Statistical Society, Serie$B(1):57-75, 2000.

[20] O. Rompelman, J.B. Snijders, and C. van Spronsen. Tlasunrement of heart
rate variability spectra with the help of a personal compuEEE Transactions
on Biomedical Engineerin@9:503-510, 1982.

[21] P. Sykacek and S.J. Roberts. Baysian Time Series @itatgin. In T.G. Diet-
terich, S. Becker, and Z. Ghahramani, editérdyances in Neural Information
Processing Systemlume 14, 2001.

[22] N. Ueda, R. Nakano, Z. Ghahramani, and G.E. Hinton. SM&brithm for
mixture modelsNeural Computation12(9):2109-2128, 2000.

[23] S. Young, G. Evermann, D. Kershaw, G. Moore, J. Odell, @llason,
V. Valtchev, and P. Woodland’he HTK Book Entropic Ltd, 1995.



24 |. Rezek, S. Roberts
A Modd Free Update Equations

Following [6] we re-derive the model free variational leiagnfunctionals for con-
tinuous distributions.
In general we aim to estimate the following KL-divergence

Dial) 2 7 = [ Q(8)log g 05

= / Q(S) log P%S))Q dS —log P(X),

wherelog P(X) is the data log-likelihood. The second form makes clearfhat|p)
is bounded from below blpg P(X) and attaindog P(X) only if

D(Q(S)|P(S]X)) =0,

i.e.Q(S) = P(S|X)). Given a set of variableS = {51, ..., Sr}, in the mean field
scenario we assume that

T
=)

The setS incorporates all possible variables, hidden variables “@dtden” pa-
rameters alike. Without loss, we split the sein the form S = {S;, S;}, where
g = {Sl, A Sl 1, Si+1, ey ST}, SO thatQ(S) = Q(SZ)Q(gl) andP(S,X) =

P(S;, X|S;)P ( ;). Inall cases we have the additional constraint fh&(5;) d.S; =
1. Thus, we are seeking to minimise

- [ P?éi)() dwixi < [as)asi- 1) ,

Under the mean field assumption can be expanded and simpdified

é/Q(_ log Q(S;) dS; — /Q )log P(S;) dSi+
/Q )log Q(S;) dS; — /Q )log P(S;, X|S;) dS;+

;)\i (/Q(Si) dSi—1>.

Thus,
dF(S)
dQ(S:)

Integrating the above expression within symmetric intégrebounds we obtain a a
solution for)\;,

= log +1—/Q Ylog P(S;, X|S;) dS; + \; = 0.
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/Q )log P(S;, X|S;) dS
exp(— /exp dS

which can be inserted into the partial the solution for thectionalQ(.S;) to obtain

; /Q log P(S, X|5:) dS
exp

Q(Sz) = f expf Q(S;)log P(S;:,X]|5;) dS; dS

or, in short,

o<exp/Q )log P(S;, X|S;) dS.
In deriving those equations we derived the derivativé’6f) using the total differ-
ential and thus partial derivatives. Therefore, in optingsone distribution)(.S;)
all others, are held constant.
B Derivation of the Baum-Welch Recursions

We start with the KL Divergence (41), again denoting thererdet of hidden state
variables byS = {51, ..., Sr} and all the observationsby = {X;,..., Xr}:

_ Q(S)
F= / Q(S) log mds (41)
= /Q(S) logQ(S)dS—/Q(S) log P(S)dS. (42)

where the first integral in equation (42) is just the entraf@noted byH (S). For a
HMM,

T

T
P(Xy, S, S
( HPSt|St ) Xt|St H tSt 1t 1)
t=1 t=1 t

For ease of notation, it is sufficient for the moment to asstirmeeach nodé&; has
an associated datui;, and we omit the extra variablé; in the notation of the joint
distribution. Thus

_ P(Sta Stfl)
P(S) = P(S0) 1211 P
and identically for the) joint distribution
S, St
Q) = s [T s
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Substituting into equation (42), and abbreviatiff) = log P(S), we have

T T-1
F=H(S) - Z/Q(St, S 1)U(Se, Si-1)dS, + ) /Q(St)l(St)dSt
t=1 t=1

where the Entropy term is

T T-1
H(S) = Z/Q(St,St—l)logQ(St,St—ﬂde_l - Z /Q(S’t)logQ(St)dSt.
=1 t=1

Before minimisingF there are some additional constraints required to obtain
a consistent solution. These relate to the fact that it magpdssible to integrate
out over one of the variables in the all of the joint distribas and be left with an
identical marginal distribution:

/ Q(Si, Si1)dSi1 = Q(S)) = / Q(St, Sip1)dShs1

Introducing Lagrange multipliers for each of these comistsathe full expression for
F becomes

T T-1
F=Y" / Q(St, St-1)10g Q(S, Se-1)dSE, — / Q(S) log Q(S:)dS; —
t=1 t=1

T T-1
Z/Q(St,st,l)Z(St,St,l)dsf_l + Z/Q(St)l(st)dSt +
t=1 t=1

)\t,t—l(St)<Q(St) - Q(St»St—1)> +

St—1

pt,t—1(St-1) (Q(St—l) - Z Q(St, St—l)) -
St

Differentiating with respect t6)(S;, St—1)

Q(St7st—1) _ L el (56:56-1) oAt 0-1(5¢) phe,e—1(Se—1) (43)

Zt,t—1

where the constants of integration have been re-writtemaridrm of a scaling factor
%. Likewise, differentiation with respect to the margin&lX,S;),

Q(St) — iel(St)e)\t,t—l(St)e,ut+1,t(5t) (44)
2t
There are two joint distributions defined ov@(St), namelyQ(S;, S;—1) and
Q(St, St+1) - By marginalising ouS;_; andS;1, in (43), results in

1
Q(St) — Z —el(stast—l)eAt,t—l(St)th,t—l(St—l) (45)

Ztt—1
Si—1
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and

1
Q(Sy) = Z = MSe1,88) pArt 1,6 (Se1) ppre1,6(St) (46)
Soa Zt41,t

Equating the expressions f@J(.S;) from (44) and (46) one can solve for the first
Lagrange multiplier,

eAt,t—l(St) — Zte*l(st) E Lel(5t+lvst)e>\t+l,t(St+1) (47)
S Zt4+1,t
t+1

and, similarly, equating the expressions @(S;) from (44) and (45):

ett1.2(5) — o o =H(Sh) Z 1 (86581 -1) ptit,i—1(Se—1) (48)
St_1

Ztt—1
Substituting in (47)3(t) for e*t+-1(5%) | gives

B(t) = 2 3 P(SuaalSOB(E+ 1),

St+1

and substitution ofi(t) = et++1.+(5:) P(S,) in (48), gives
alt) =z Y P(Si]Si-1)a(t — 1)

St—1
Finally, restating (43) using(¢) and3(¢) leads to the well known equation of the
joint distributions

Q(St, Se—1) = —1 el (56:St-1) gAee—1(St) e, e-1(Se-1)

Zt,t—1

500 (3 )

! P(S¢]S:-1)B(t)a(t — 1)

Zt,t—1

C Complete KL divergences

To monitor the convergence of the variational algorithm st for the best model
order/size, requires the calculation of the complete Kledjence (12), given the
data. The general overall KL divergence (12) can be splitihé following3 terms,

F = —/q(S)q(G) log P(X, S|0) dS do+

Average Log-likelihood

/ 4(S)log ¢(S) dS + / 4(6) log ;((99)) a6

Negative Entropy KL-Divergence

(49)
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All terms vary depending on the observation model, with tkeeption from the
negative entropy term, which only changes if HMM topologwebes. The KL di-
vergence measures the divergence between the prior andxéppte posterior dis-
tributions. Since all the models here are within the exptinefamily, to mathemat-
ical form of many KL divergence terms occur repeatedly. Hewe list these forms
separately and refer back to them when needed.

C.1 Negative Entropy

The neg-Entropy term for HMMs is given

T
Hyrine = H(Si=0) +ZH(St|St*1) (50)
t=1

Il
] =

H(St, S¢—1) — H(Sy) (51)

~
Il

1

C.2 KL-Divergences

The KL-divergence in equation (49) measures the divergbateeen the prior and
approximate posterior distributions. Many of them occyeaedly. Given two den-
sities, @, and P, which have parameters indexed ggndp, and using the notation
of [1] and [5], the KL-divergences between two Dirichlet,aNart and multi-variate
Normal densities are given as follows:

e Between two Dirichlet densities

A k
Doir(allp) = Iog <%> 3 tom
1=1 Op =1 a

()

e Between two Gamma densities

(52)

r
Dg(qllp) = log = + (ag — ap)¥ (ag) + aglog == By +aq (ﬁpﬁ L 1)

F(O‘q) Bp
(53)
e Between two Wishart densities
k 1 k
I'(320p+1-1) <2a +1—l>
D =) 1 2 =P 14 d
w(allp) ; ng(%(2aq+1_l)) ;

+agq log :Bq: + oy ( r (BPBJI) - k)
P

(54)
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e Between two multivariate variate Normal densities
1 Aq -1 T
Don(qllp) = B log N 1+ /\P)‘q + (kg = tp) Ap(tiq — pip) (55)
g

e Between twan x n matrix variate Normal densities

1 X D _ _
Davn (qllp) = 3 {nlog % + mlog % +tr (q’p@q 1) tr (Equ 1)
p p

tr (Z, (M = My) @, (M, = M,)T) = nm}
(56)

C.3 Gaussian Observation HMM

The average log-likelihood term in (49) for Gaussian obaton models is given as
ﬁavg = Z ’Vto!p(S‘Om) - ’70!17(2 :\Ol )+
m l

Yo &mn) T (Am,) = > EmPCY A, )+
m,n n l

X . (57)
Tlog(?n’)% + iﬁm!l:/&m - §7m 10g | By |-
1 - T~ 5 ~ 1_ 5. B C
5 ;’th (.CCt — Nmo) OémBm(It - ,umo) - E'ymtr (amBmCmO)
where
Yo = Z’VOm )
Ym = Z’Vtm )
) : (58)
f(m,n) = th(m’n) )
t
Z(n) = Z th(ma TL) )
t m
and
by = zk: v (%(2&,” +1-— k)) . (59)

C.4 Poisson Observation HMM

The average log-likelihood term for a Poisson observatibtMan be shown to be
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Lavg = Z'Ynm [‘xn&mﬁm + yn log(zn) + i (W(dm) - 10g(gm)) - 10g(yn!)}
o (60)
The KL divergence between the approximate posterior dergii..,), with

parametersio, (), and the priorP(u,,), with parametersy, ), is a standard
Gamma density divergendeg (Q () || P(um)), given by equation (53).

C.5 Linear Observation Model HMM

The average log-likelihood term for the HMMs with linear ebgtion models is
given as

Lavg = _Nd; 1Og(2ﬂ-) - g Zﬁm 1Og |BZm|
+va< pm) me SOV (%(2d2m+1—z)>>
" (61)
- Z {%m %tr (ozgmég,ln(yn — X)) (Y — Qan)T)}

——Zazmtf( SL m)Z%”” tr( X;{Qg;;)

The KL-divergences are given as

D<Q<9>HP<9>>=Z<DMM< (Ho) | PH| S @) - (62)
+ZDW )| P(Em) (63)
+ZDW ) [1P(D1n)) (64)
+ Dou (@) () (65)

where divergences (63), (64) and (65) are given by (54),46d)(52), respectively,
and divergence (62) is given by
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<DMavN(Q(Hm)HP(Hm|Em’@m))>Q(z B
1

= 5 {(@p) 10g | T + d10g |B1n] — dp

2dp <lz; <2a2m+1 l)—log|Bgm|>
(£

_ -
> —log | Bom|

(66)
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