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Abstract

The application of anaesthetic agents is known to have
significant effects on the EEG waveforms. Information
extraction now routinely goes beyond second order sta-
tistics analysis, as obtained via power spectral methods,
and uses higher order spectral methods. In this paper we
present a model which generalises the autoregressive class
of polyspectral models by having a semi-parametric de-
scription of the residual probability density. We estimate the
model in the Variational Bayesian framework and extract
higher order spectral features. Testing their importance for
depth of anaesthesia classification is done on three different
EEG data sets collected under exposure to different agents.
The results show that significant improvements can be made
over standard methods of estimating higher order spectra.
The results also indicate that in two out of three anaesthetic
agents, better classification can be achieved with higher or-
der spectral features.

1 Introduction

Hypnosis, besides analgesia and areflexia, forms an in-
tegral part of anaesthesia. To assess it, researchers have
increasingly suggested analysing the electroencephalogram
(EEG) using various statistical methods, such as spectral en-
tropy and bispectral index. The bispectral index (aka BIS)
is computed by what is probably the oldest commercially
available monitor and has been used in over 200 studies on
a range of agents. The chief feature of the BIS index is
the bispectrum. It is capable of quantifying interactions in
the EEG which standard spectral estimation cannot, since it
extracts higher order statistics (up to 3" order). There are
several known shortcomings of bispectrum estimation pro-
cedures [11]. For one, the estimator requires extensively
averaged estimates which substantially slows down the es-
timation procedure. It also reduces robustness as stationar-
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ity assumptions are imposed on very long segments of data.
These characteristics of the estimator might be the cause
for recent criticism the BIS index has received, such as not
being responsive to some anaesthetic agents [1, 6], and not
robust across patients [3] or time [7].

The question this paper addresses is whether EEG char-
acterisation can be improved upon while maintaining the
route taken by higher order statistical procedures. To
achieve this we describe a model that is capable of encoding
higher order moments and from which higher order spec-
tra can be computed. The inspiration for this model comes
from the robust estimation literature. While robust estima-
tion models are able to capture higher order moments (to
account for arbitrary noise characteristics) this information
is not used in the subsequent analysis. In contrast we make
specific use of the moments for polyspectral estimation. To
our knowledge no connection has been made between these
models and higher order spectra and this link is the main
contribution of this paper. Furthermore, our estimation pro-
cedure uses a recently developed paradigm (known as Vari-
ational Bayesian Learning) which leads to fast estimation
algorithms.

We begin with a brief review of traditional higher order
spectral estimation using parametric models, with special
focus on autoregressive (AR) models. We then formulate
a generative AR model which is capable of capturing all
higher order spectral information and also can be estimated
in a robust and fast fashion. We finally compare the tradi-
tional estimators with our estimators, both on real and syn-
thetic data.

2 Brief Review of Higher-order Spectra

The polyspectrum (also know as n'" order spec-

trum) of a process, say ¥, is defined as the Fourier
transform of the process’ n'" moment or cumulant [9].
In particular, the bispectrum (or 3"%-order polyspec-
trum) is the transform of the third-order moment,
Ry (1, 0), By(u,v) = [[°%, Ry(u,v)e 30+ dy dv
where  Ry(u,v) = E{Y Yerp Yesv ) The



trispectrum is defined similarly as the transform
Ty(u,v,w) = [[[70 Ry(p, v, w)e I (urtortww) 4y dydey
with Ry ([,L, v, w) = Et{yt Yt+p Yt+v yt—H.;} being the
fourth-order moment. For system identification the input
process, say ey, is typically unknown and assumed to be a
strictly stationary (non-Gaussian) random noise sequence
with finite nt"-order moment. If, furthermore, the observed
process y; is a (parametric) autoregressive process of order
p.y(t) + 32, y(t — p)a, = e, then the observed process’s
polyspectrum is directly proportional to the system’s own
polyspectrum. For example, for a system with transfer
function h(t), the bi- and trispectrum relations are

B, (u,v) = Qp H (u)H (v)H" (u + v) 0

Ty (u,v) = QrH (u)H (v)H(w)H"(u+ v+ w)
where H(f) = [h(t)e=IUdt, Qp = B.(0,0) and Qr =
T.(0,0,0).

Estimation typically involves constructing a set of linear
equations in which a Toeplitz matrix R of n'-order mo-
ments is inverted to solve for the autoregressive (AR) coef-
ficients [11]. The AR coefficients thus describe the system
properties with regard to one particular moment order, i.e.
bispectrum and trispectrum lead to different sets of AR co-
efficients.

There are two major drawbacks of, for instance, bispec-
tral estimators as they are most commonly used. The first
is its large sample assumption required for a stable estima-
tion of the third order moments from data. The second is
the point estimate of the model parameters. As to the first
assumption, it should be noted that triple products, as they
arise in third-order moment estimation, are naturally more
sensitive to outliers - simply because estimation involves
raising to a higher power. Only by using more data can
the impact of this assumption be minimised. The second
limitation requires additional model selection criteria to be
applied to repeated parameter estimates of varying model
orders p. This is due to the fact that traditional estimation
does not naturally provide bounds on the parameter esti-
mates. To obtain these, additional computations are needed
which are time costly. In addition, increased model sizes
compromises estimating algorithm stability. A principled
Bayesian approach would largely avoid such problems and
return distributions over AR model coefficients as well as
model scores.

Ideally, therefore, we would like a Bayesian polyspec-
tral estimator. However, parametric and therefore fast es-
timators are only available for normal spectra, that is only
standard AR model estimation is done in a Bayesian frame-
work. To retain fast estimators yet be able to compute
higher order spectra, we represent the input noise process
e; of the AR model by a mixture of K Gaussian densities
each weighted by 7 and with mean and precision parame-

K . .
ters 0 = {pr, B}, pler) Do pq TN (et; 0r). Since mix-

ture densities can model any smooth density with arbitrary
accuracy, they can also be used to compute the underlying
density’s higher order moments analytically (see [13] for
formulae). Thus, we can compute all higher order spectra,
by extension of (1), using

Py(fi-- fa) = Qr, H(f1) - H(fa— ) H (Z0fn) (2)

where Qp, = P.(0,---
of e; [9].

The interpretation above has a strong correspondence to
robust estimation [2, 4, 14, 15] which reduces the model’s
sensitivity to outliers via use of heavy tailed distributions,
L1 norms or mixture models. We are unaware, however,
about any work pointing to the model’s relationship to
polyspectral models. Also, our work uses fast variational
estimation, rather than MCMC sampling approaches com-
monly used in the relevant literature. We also extend our
work [10] by augmenting the model with a hidden Markov
chain for the mixture components. This is required to test
the validity of the mixture model assumption - which, for
(2) to hold, must reject the Markov assumption.

,0) is essentially the n*" moment

Simulated Example We compare bispectral estimates
obtained by the generalised AR model with those obtained
using standard methods [11]. For a fair comparison, we
simulated data as described in [11]. To recap, data is gener-
ated using a 4-th order autoregressive model with AR co-
efficients set to a = [0.1 .2238 0.0844 0.02994]. The
bispectrum based on the AR coefficients can be obtained
according to B(wy,ws) = BH (wy)H (we)H* (wy 4+ ws)
where w is the angular frequency and H(w) = 1/(1 +
Zizlap exp{—jwp}) for |w| < 7. Figure 1 shows the
estimated bispectrum calculated from the coefficients esti-
mated by the variational generalised AR method. Only 128
samples were needed to estimate the AR coefficients within
2% of the true values. That is, in comparison with [11] a
12-fold saving in the amount of data required to estimate
a bispectrum. Since in our approach only Gaussian densi-
ties are used for the error term, estimation of only first and
second moments is required and any higher moment can be
computed by simply plugging in the first 2 moments in a
moment integral (see below). This adds significantly to the
stability and reduces the amount of data needed for estima-
tion. In turn, our algorithm is faster.

3 Generalised AR model

As mentioned earlier, we aim aim to explain the data in
terms of a linear autoregressive (AR) model and temporally
correlated residuals which follow an arbitrary distribution.
In this section, we describe in more detail the model and the
estimation procedure.



True Normalised Bispectral Magnitude

Figure 1. Magnitude of bispectrum estimated
using simulated data of a 4th order autore-
gressive model of Example 1 in [11].

Following the definition of AR models, at each time in-
stant, ¢ the data sample, y;, is a weighted combination of
past samples, y;_1,Yyi—2 - ,Yi—p With residual error e;
Y+ — Tra = ez In our notation, y; is the observation
at time instant ¢, a € RP is the vector of p autoregres-
sive coefficients, ©; = [y1—1,Yt—2 " ,Yt—p] € RP is the
vector containing p past observations and e; is the autore-
gressive driving noise. In order to keep the residual prob-
ability distribution as flexible as possible we use a mix-
ture model approach and model them as arising from one
of K 1-dimensional Gaussian components, each parame-
terised by a mean z;a + p and precision (. An indica-
tor variable s; is used to select one of the K components at
time £, p(ed|si, 1, 8,a) o [Tiey N(edwsatpug, B) =0
where the means and variances of the components are col-
lated in the parameter vectors 0 = {(1, -+ , 0k} and u =
{p1,--- ,px . We model the temporal dependence be-
tween the residuals by imposing a first order Markov depen-
dence' on the component indicator variables s;. The prob-
ability of drawing component k at time ¢ is thus dependent
upon the component [ drawn at time ¢ — 1. Since the compo-
nent labels form a discrete set, the conditional probability is
a K x K dimensional Multinomial (Mn) distribution with

K
parameters m;,, p(s¢|si—1,m) = [[o, Mnk(si|m) o
1, == with r = {m, ), Wk D=1, K.

The probability of the first component indicator, sp, is
parameterised by a K-dimensional Multinomial distribu-
tion with parameters 7o, ,p(so|m0) = Mng(so|mo)
Hszl ngsozk). For data set Y = {yi,--- ,yr}, the full

'While the polyspectral model does precludes this Markov property,
we deliberately incorporate in order to test, though model scoring, the cor-
rectness of our polyspectral model.

log-likelihood is given as
K
logp(6,5) = Z d(so = k) log mo, +
k=1

Z&(st =k,s;-1 =1)1ogm, +

K
t=1 k=1 1=1
K

- £ £
1
DD 6(s = ) log(55)7E = Sy — e — 200)’]
™ 2
t=1 k=1
3)
where we have introduced S = {sq, - - , s}, the set of all

component indicator variables, and the parameter vector 6
consisting of all other model parameters.

Model estimation is done using the variational Bayesian
learning paradigm [10]. The aim of variational Bayesian
learning (see [5] for an excellent tutorial) is to perform
an approximate Bayesian integration by minimising a
Kullback-Leibler (KL) divergence between the exact pos-
terior distribution and a simpler form of it. For Bayesian
inference, all parameters 6 are associated with conjugate
prior distributions, p(#), and posterior distributions, ¢(f).
Computation of the posterior distribution parameters is then
very similar to that described in [10]%. The variational ap-
proach iterates until the parameters of the posterior distri-
bution have converged to fixed points. The obtained KL-
divergence assumes predetermined model order, i.e. num-
ber of components for residual density and autoregressive
model coefficients is fixed. To perform optimal model order
estimation the estimation is repeated for various model or-
ders and subsequently the lowest divergence among repeats
used to decide on the the optimal model order.

Higher order AR Spectrum The classification of the
data is based on a number of features extracted from our
model. The premise of this work is that there is valuable
information in the EEG not readily captured by standard
spectral techniques and that higher order spectral estima-
tion is required. Using the mean of the autoregressive co-
efficients posterior distribution, a, we can readily extract
the higher order spectrum using equation (2). To reduce
the dimensionality of the higher order spectral measures,
we have opted for the total spectral power in the §-range
(0.5Hz — 4H~z) as an indicator of speed differences in the
EEG. We compute the total higher order spectral power in
this band based on spectral evaluation at 1000 discrete and
evenly spaced frequencies.

2The main difference between the methods here and in [10] is the
calculation of the posterior distribution p(.S) needs to be performed us-
ing the Baum-Welch equations with a likelihood term corresponding to

E{logp(9, )} q()-



4 Anaesthesia Data and Recording Proce-
dure

We applied the model to three data sets. The first EEG
data was recorded during anaesthesia with a combination of
Remifentanil/Propofol. FEight patients agreed to take part
in the study, which was performed prior to patients under-
going abdominal surgery. EEG was recorded from 2 elec-
trodes place at either side of the outer malar bone (At; and
Aty ) with reference and ground electrodes placed at Fpz
and Fp;, respectively. The recording lengths were on av-
erage 8 minutes long (range between 5 and 13 minutes).
The second data set consisted of EEG recordings of nine pa-
tients, from the forehead to the left mastoid (with the right
mastoid as common) during Desflurane induced anaesthe-
sia. The EEG was recorded for 10 minutes while the desflu-
rane concentration was near constant (monitored by the gas
analyser). However, only the final 5 minutes of each record-
ing period were used for experimental analysis. Finally, the
third data set was recorded under the influence of propo-
fol. From six patients the EEG was again recorded from the
forehead to the left mastoid (with the right mastoid as com-
mon). The full 11 minute long EEG recording periods were
used for the analysis during which agent concentration was
near constant. For each state, the total available training se-
quence was approx 2h long (equivalent to 1.5 10° samples).

5 Results

A series of experiments was performed to examine the
effect of additional residual information on the performance
of a classifier using the Netlab Software [8]. For classifica-
tion we used a multi-layer perceptron (MLP) with one out-
put unit and 10 hidden units. The MLP was trained using
the evidence framework [8] to avoid over-fitting. All re-
sults presented below are obtained from a patient-fold cross-
validation. By this we mean, leaving out one patient for test-
ing and then cycling through all patients. The justification is
this by predicting across patients were obtain a better under-
standing of the true “across-patient” informativeness of our
features. After training the MLP classifier, we computed a
confusion matrix and classification rate. The classification
rates and confusion matrices for the different experiments
presented here are the sample averages of the confusion ma-
trices and classification rates resulting from each fold within
one experiment. The classification rate’s standard deviation
reported in the results is also a sample estimate.

Testing the Mixture Model Assumption The validity of
the polyspectral model of system identification assumes an
ii.d. noise sequence e;. The true model for e, must there-
fore be a mixture model and no long-term time dependen-
cies must exist. We tested, using model scores, whether a

mixture model is favoured over the 1% order Markov as-
sumption. To do this, each second of EEG data was used
to train a set of generalised autoregressive models, with dif-
ferent autoregressive model orders and different number of
mixture kernels. The optimal number of autoregressive co-
efficients and kernels which resulted in the minimal KL di-
vergence were identified.

All data sets support mixture models with minimum 2
mixture components, figure 5 for this application. The
tests showed that neither remifentanil/propofol nor propo-
fol favoured the hidden Markov chain coupling of the resid-
ual noise components. Only the desflurane data favoured
a Markov chain, but not strongly. This suggest that while
the residual model is needed, it does not exhibit temporal
dependencies and thus supports the parametric polyspectral
model assumptions.

Figure 5 shows the distribution of the optimal choices
for each of the three data sets. There are clear differences in
the way anaesthetic state and agent affect the model estima-
tion. The effect of remifentanil/propofol on the EEG is only
noticeable on the AR part of the model. Whilst the resid-
ual density requires 2 components in both the anaesthetised
and wake state (shown in black and white in figure 5, re-
spectively) the number of autoregressive coefficients is dif-
ferent. Wake requires a higher number of AR coefficients
to fit the EEG. Agent desflurane’s effect seems to be the
opposite of that of remifentanil/propofol. In the desflurane
case, the number of AR coefficients required by the model
hardly changes between sedated and wake state, whilst the
residuals require an extra mixture component in the wake
state. Propofol falls in-between the two extreme effects in
the remifentanil/propofol and desflurane data. The number
of AR coefficients as well as the number of residual mix-
ture components are affected by the propofol agent, which
is reduced and increased, respectively, in the anaesthetised
state.

Comparison of Bi- and Trispectral estimators The re-
sults using simulated data in section 2 suggested that our
model improved considerably on standard methods for
higher order spectral estimation. Our evaluation in the
anaesthesia data further supports this finding. Table 1 be-
low shows the classification results obtained by using either
the bispectrum or trispectrum for anaesthetic state classifi-
cation on all our data. The table lists, for each agent, the
classification rate as well as the empirical standard devia-
tion of the classifiers, computed across subjects.

For desflurane and remifentanil/propofol variational per-
forms consistently better in terms of classification rate,
which is 15% higher than the classical approach. Also clas-
sification robustness is improved by at least 1/3. This state-
ment holds for anaesthetic agents which require higher or-
der spectral estimation. For example, Propofol is an agent



Table 1: Average (Std. Deviation) of classification rates for
different agents and higher order spectral features

o o Propofol Desflurane Remifentanil/
oo e Propofol

o= o Variational

- - Spectrum | 98.93 (0.97) | 91.45 (7.44) 82.40 (6.95)

ol 1 ol BiSpec 98.56 (1.51) | 92.60 (7.86) 86.03 (6.48)

'l . H I ﬂ i 1 | TriSpec 98.69 (1.49) | 93.62(5.85) 86.37 (6.47)
° No.or AR coars "7 = B . ar Mixilire Kamais ° Traditional

Spectrum | 99.00 (0.94) | 81.04 (10.31) 70.41 (8.65)

[V—— BiSpec 98.87(0.96) | 80.95 (10.60) 70.91 (9.41)

TriSpec 98.93 (0.87) | 80.69 (10.57) 69.48 (8.41)
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Figure 2. Empirical distribution of optimal
number of AR coefficients (left histogram)
and residual mixture components (left his-
togram) for three data sets, with wake state
marked in white and sedated in black.

which, based on our observations, does not require sophisti-
cated higher order spectral modelling. In fact classification
based on standard spectrum analysis performs equally well
(not shown here).

Depth of Anaesthesia Classification What the results of
the previous section have shown is that higher order spec-
tra are informative at least in two anaesthetic agents out of
three, in those data sets that we have studied. What remains
to be sen is which spectral features are most discriminative.
In order to decide which spectral are the most discrimina-
tive we have investigated the classification performances on
each spectral feature individually and also combinations of
features. The results based on individual features are shown
in table (1). Tables (2)-(4) below show the classification
results using various combinations of spectral features. Ta-
ble (2) shows the classification rates using the normal spec-

trum combined with the bispectrum, table (3) using the nor-
mal spectrum combined with the trispectrum and table (4)
using normal spectrum combined with bi- and trispectrum.
In addition to the actual classification rates and accuracies,
the tables (2)-(4) also depict the confusion matrices. As
mentioned earlier, good propofol classification can be per-
formed using normal spectra. Hence reference to propofol
is omitted from the tables below.

For desflurane we achieve the best classification using,
both the standard spectrum as well as the bispectrum. The
actual classification rate may only be 2% lower, but the ac-
curacy is doubled. These two effects make the difference
between this and all other classifiers statistically significant
for desflurane (McNemar [12], p < 10%). As for remifen-
tanil/propofol, any single higher order spectral feature is
sufficient for the classification task, with the best classifica-
tion rate being around 86%. The advantage of using of the
higher order spectral features is evident in the classification
of the anaesthetic state (bottom row of confusion matrix).
Wake state classification is hardly affected by higher order
features.

6 Discussion and Conclusions

In this work we have posed the question whether use-
ful information, for classification purposes, is contained in
the higher order statistics of anaesthetised EEG and whether
more robust estimation methods can be found to extract
them. The question arose naturally considering some of
the criticism higher order methods have attracted from the
medical community. Our results support the use of mon-
itors, such as BIS with its main component being the bis-
pectrum [11]. However, our result also imply that criticism
of BIS is most likely due to the lack of robust bispectral
estimation.

Our approach is, in essence, the reverse of that (de facto
standard) of [11]. In [11] the derivation is algorithmic and
focuses on the higher order moments and their estimation.
Only subsequently are models postulated for these algo-



Table 2: Classification Performance for
Normal & Bispectrum Combination

Desflurane Remifentanil/

Propofol

Conf. 0.94 0.06 0.78 0.22

Matrix 0.05 0.95 0.06 0.94
Class. Rate 94.20 84.59
(Std. Dev.) (4.82) (8.70)

Table 3: Classification Performance for
Normal & Trispectrum Combination

Desflurane Remifentanil/

Propofol

Conf. 0.95 0.05 0.79 0.21

Matrix 0.07 0.93 0.04 0.96
Class. Rate 93.78 86.37
(Std. Dev.) (5.71) (7.60)

Table 4: Classification Performance for
Normal & Bi- & Trispectrum Combination

Desflurane Remifentanil/

Propofol

Conf. 0.94 0.06 0.79 0.21

Matrix 0.07 0.93 0.05 0.95
Class. Rate 93.21 85.83
(Std. Dev.) (6.10) (8.89)

rithms. In contrast, our model is a generative model, that is
we begin with the assumption of the data generating process
and then we derive the estimation procedure. In our ap-
proach, the noise is represented by a fully parameterised
probability distribution. This gives us the flexibility to ex-
tract all moments analytically. However, we never need to
estimate any moments other than the mean and variance.
Estimation of all model parameters was preformed in the
variational Bayesian framework [5], which has the advan-
tage of providing a model score, leading to analytic so-
lutions (set of coupled equations that were iterated until
convergence) and faster learning algorithms (compared to
MCMC sampling).

Our results indicate that extraction of higher order fea-
tures is more robust, faster and more accurate using the
generative model and the variational estimation procedure.
This was demonstrated on synthetic as well as real EEG
data. Our analysis suggests that Propofol has the strongest
effect on the EEG signal and therefore no sophisticated es-
timation is required. However, Desflurane and Remifen-
tanil/Propofol require higher order spectral features to char-

acterise them accurately.
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