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Abstract

The problem of learning the kernel function has recently received considerable attention
in machine learning. Much of the work so far has focused on kernel selection criteria,
particularly on minimizing a regularized error functional over a prescribed set of kernels.
Empirical studies indicate that this approach can enhance statistical performance and
is computationally feasible. In this paper, we present a theoretical analysis of its
generalization error. We establish for a wide variety of classes of kernels, such as the
set of all multivariate Gaussian kernels, that this learning method generalizes well and,
when the regularization parameter is appropriately chosen, it is consistent. A central
role in our analysis is played by the interaction between the sample error and the
approximation error.
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and the University Grants Council of Hong Kong (Project No. CityU 103704).



1 Introduction

A widely used approach for learning a function from empirical data consists in minimizing
a regularization functional which models a trade-off between an error term, measuring the
fit to the data, and a smoothness term, measuring the function complexity. Specifically, in
this paper we focus on learning methods which, given a set of examples z = {(z;,y;) : j €
IN,,} € Z := X x Y, sampled i.i.d according to an unknown distribution p supported on
X xY, where Y C IR, estimates a real-valued function by solving the variational problem

min &,(f, K) (1.1)

feHK

where E,(f, K) := E,(f) + Al f %, E2(f) is the empirical error of the function f on the data
z, namely,
&) = 3 Uus f(2)
JENp,

as measured by a prescribed nonnegative loss function £ : R x IR — IR, X is a positive
parameter and IN,,, := {1,..., m}. The minimum in (1.1) is taken over all functions f € Hr,
a reproducing kernel Hilbert space (RKHS) with reproducing kernel K, see [2]. This approach
has a long history. It has been studied, from different perspectives, in statistics, in optimal
recovery, and more recently, has been a focus of attention in machine learning theory, see,
for example, [14] and references therein for a discussion. The choice of the loss function ¢
leads to different learning methods among which the most prominent have been square loss
regularization and support vector machines.

When the kernel K is fixed, the algorithm (1.1) is well understood, see, for example,
[6, 7,16, 17, 21, 23] and the references therein. The choice of the parameter A plays a central
role in the method as it allows one to control the smoothness of the function f, thereby
avoiding overfitting. Theoretically, it is chosen by a trade-off between the estimates for the
sample error and approximation error, see, for example, [7, 6, 16, 17].

A more challenging task is the choice of the kernel. This has motivated various studies
addressing the problem of minimizing functional (1.1) not only over f € Hy but also over K
in some prescribed class K of kernels [5, 9, 10, 13, 14, 15]. That is, we consider the variational

problem
(K, fz) = argmin min £5(f, K). (1.2)
This scheme was also introduced in [21], motivated by improving the approximation error.
Practical experience with this method [1, 3, 5, 10, 12, 13| indicates that it can enhance
the performance of the learning algorithm and is computationally efficient to solve. For a
discussion of the hypotheses on I which ensure that the minimum above exists see [14, 21].
In this paper we focus on the problem of bounding the generalization error of f,, namely,
E(fz) —E(f7), where E(f) is the expected error of f, E(f) := EL(y, f(z)), the expectation E
being over to the measure p, and f; = argminE(f), the target function with the minimum
taken over all measurable functions. Our analysis holds for a wide class of kernels C with
two basic assumptions. First, we require that the class K is uniformly bounded, that is,

k = sup sup v/ K(z,x) < co.
KeKzeX



Second, we demand that all kernels in K are continuous, so that it follows by the reproducing
kernel property of Hy [2], for all K € K and f € Hg, that

1 Flloo := max | f ()| < &l fllx (1.3)

an inequality which we will use repeatedly in the paper.

A key step in our analysis is a probabilistic upper bound on the sample error which is
achieved by estimating the Rademacher complexity of the Ky = {K(z,-): K € K,z € X}.

Our main results are presented in Section 3 and proved in Section 4. Analysis similar to
that which appear here may be found in [5, 10], however, as far as we know we achieve greater
generality than is available so far. In Section 5 we apply these bounds to the important case
of Gaussian kernels with arbitrary variance and illustrate our results in the case of support
vector machines and regularization networks.

2 Preventing overfitting?

We precede our presentation of the probabilistic analysis for the generalization error by
proving a positive lower bound for the regularization functional £, in (1.1) which is valid for
any set of uniformly bounded kernels . Below, if K € K we denote by K(x) the m x m
Gram matrix (K(z;, z;) : 4,j € IN,) where x = (z; : i € IN,,) € X™. We also define the
vector y := (y; : 1 € IN,,) € R™.

Proposition 2.1. Let ¢ : R x R — IR, be a nonnegative loss function with the property
that for any ¢ > 0 there exists § > 0 such that £(u,v) > 6|lu — v|? for all u,v € R satisfying
lu—v| <ec. Ify # 0 for every A\ > 0 and z € Z™ then there erists p > 0 such that

8)\(fzaKz) 2 p-
Proof. We note that

AMfall%, < Ex(fur Ki) < E0,K,) =1 :=

Hence, using inequality (1.3), we have, for every i € IN,,, that |f,(z;)| < &||fzllx, < K2/
We define ||y||oo := max;en,, |3:| and observe that the choice ¢ = ||y||oo + ©1/¢/A ensures
that |y; — fz(z;)| < ¢ and, so, by hypothesis there is a corresponding § > 0 such that
0(yi, fa(xs)) > 8(ys — fu(z;))?. Consequently, we obtain that

Ex(f2r Kz) 2 0Q,(fa) + Al fallk, = 0Q5(Ky)

where \ := %,

Qz(fz) = % Z (yz - fz(xz))2

€Ny,

and Oy (K,) = mingey,, {Qa(f) + Al|fll%,}- According to [14, Lemma 3.1] we have that

Ally|”

Qi (fa) = 5\(y, (Ka(x) + mj\I)‘ly) > m



and the result follows by noting that

Alyll? SAllylI?
Efa Ky) >0 — = .
A/ ) m(k2+md)  m(0K? +mA)

The lower bound above says that £,(fz, K,) is bounded away from zero when the set K
is uniformly bounded. This suggests that, if A is appropriately chosen our approach may
be free of over-fitting, a phenomenon which occurs when the empirical error is zero but the
expected error in far from zero. We shall confirm this fact by our analysis below.

3 Main results

In this section, we present our main results. For this purpose, we require some notation.
First, we follow [6, 20, 21] and introduce the projection operator defined, for every measurable
function f : X — R as 7y (f)(z) = sgn(f)(z) min(|f(z)|,T), where sgn(f)(z) = 1if f(z) >0
and —1 otherwise, namely,

=T, if f(z) < -T
mr(f) (@) = fz), if f(z) € [-T,T]
T,  if f(z)>T.

T > 0 is called the projection level. The projection operator is useful for providing a better
estimate for classification. However, it is not needed for regression problems. Next we define
the truncated sample error as

Sz(m7 )‘7 f7 T) = {6 (ﬁT(fz)) - Ez(ﬂ-T(fz))} + {Ez(f) - g(f)}

and the sample error as

Sz(ma)‘af) = Sz(m7 )‘afa OO) = {g (fz) - gz(fz)} + {gz(f) - 5(f)}

The third quantity we need is the regularization error of a function f € Hy defined as

A(f) = E(f) = E(f2) + A f Nl

The function f in the above equation can be arbitrarily chosen, however, only proper choices
lead to good estimates of the approximation error. A good choice is f = f} where

* *\ . : 2
(K3, f) = arg min min {(f) + Allfllk }-
The regularization error of f; will be denoted by A*(\), that is, we have
A*(N) = A(f3) = min min {£(f) = E(f¢) + Al Il }-

KeK feEHk
It measures the approximation ability of the hypothesis space, {f : f € Hk, K € K}, to the
target function f; and is determined by the structure of the loss function, the underlying
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distribution and the hypothesis space. If some prior knowledge is available, we can estimate
the decay rate of the regularization error, as we shall do in Section 5. Finally, we need the
residual loss defined, for every T' > 0, as

U(T) = sup sup {l(y,mr(f)(z)) =Ly, f(2))}

(z,y)EZ [ X—=IR
Note that U(7T) > 0 for all 7" > 0 and ¥(oc0) = 0.

Proposition 3.1. For every K € K, f € Hi and any T > 0, there holds
E(mr(fa)) — E(f7) < Salm, A, [, T) + ¥(T) + A(f).

In particular, taking T = oo, we have that € (fz) — E(fF) < Sa(m, A, f) + A(f).

Proof. We write £(7(f,)) — E(f]) as

{E(n(£a)) — Ealm(f)) } + {(Ealn(fa)) + Ml fallk,) — (Ea(fx) + AT, }
HE(FH) —EM} +{EUN) = E(F) + AR, } — Ml fall, -

To bound the second term in the above equation we observe that

Eu(mr(fa) + M fallic, < U(T) + Eu(fa) + Al fallle, < WD) + E(F2) + Al fallk-

The result follows by combining these two inequalities. [ |

The sample error consists of two terms. The second term &,(fy) — E(f) is the deviation
between the empirical mean and the expectation of £(y, f(x)) respectively. This is a fixed
random variable on Z which is easy to bound. The first term, £(f,) —E.(f2), is the deviation
between the expected value and the empirical mean of £(y, f,(x)) with respect to z € Z. It
requires more effort to bound because the function f, varies with z and, so, we need to
deal with a set of random variables. For this purpose, we use the notion of Rademacher
complexity.

Definition 3.2. We say that the random variable ¢ is a Rademacher variable if P(e =
—1) = P(e = 1) = ;. Let F be a function class on Z and ¢;, i € IN,,, be a set of Rademacher
variables. The Rademacher complexity on F is defined as

1
m Z eif(z)
1€EIN,y,
If F is a real-valued function class, ¢ € IR, ¢ : IR — IR and h a bounded function, we
define the i sets cF:={cf : f€ F}, poF :={o(f): fe Ftand F+h={f+h: feF}
We recall some simple properties of the Rademacher complexity, see, for example, [4].

R(F,m)=E |sup

feF

Lemma 3.3. If F is a function class on Z then we have that
(1) E [supser | Yiew,, f(2:) — E f|] < 2R(F,m);
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(ii) For c € R, there holds R(cF,m) = |c|R(F,m);

(iii) If ¢ is a Lipschitz function with Lipschitz constant L and ¢(0) = 0, then we have that
R(¢o F,m) <2LR(F,m);

(iv) If h is a bounded function, then R(F + h,m) < R(F,m) + ﬁ”f”oo

We also note that it is straightforward to see that R(coF,m) = R(F, m) where coF is
the convex hull of F. Moreover, if we let F be the closure of F, that is, the set of functions
on Z with the property that there is a sequence {f,} of functions on Z such that, for any
zj € Z, j € IN,,, we have that lim,,_,« fn(2;) = f(2;) then we also have R(F,m) = R(F,m).
Consequently, any upper bound for the class K extends to the larger class cok.

We are now in a position to state our main results on the estimation of the sample error.
To this end, we need two quantities,

®(t) := sup sup £(y, f)
yeY |fI<t

and , ,
L(t) =sup sup | (y’fl) - (yaf2)|
YEY | fu],| fa] <t |f1 — fol

We also introduce the constants v = 4/®(0)/) and 7 := min {7, Ky} as they appear often in
our subsequent analysis. Note that we suppress the dependency of these constants on A as
it is only later that we shall adjust A to obtain our estimates for the approximation error.

Theorem 3.4. If f € Hk, 6 € (0,1) then with confidence 1 — § there holds

S,(m,\, £,T) < AL (7) y/R{Kg,m) + ﬂ\/g) N (%Q(T) +¢(”f”00)) /21;;55.

When the projection is not involved, the sample error is bounded in the corollary below.

Corollary 3.5. For ¢ € (0,1), with confidence 1 — 0 there holds

Sz(m, A, fx) < AL (ky) v/ R(Ko, m) + \/% (2(1)(0) + g@ (K7)4/21og %) :

Note that if lim,, , R(Ky, m) = 0 and limy_,o.4*(\) = 0, we can choose A = A\(m) in
such a way that £(f,) — £(f;) tends to zero in probability as m tends to infinity. In other
words, under the above hypotheses, our results imply the consistency of algorithm (1.2).
Moreover, the convergence rates can be derived when quantitative estimates of R(Ky, m)
and A*()\) are available, see our examples in Section 5.

4 Estimating the sample error

In this section, we provide the proofs for the estimate of the sample error described earlier.
They are based on the lemmas below.
The first lemma bounds the second term in the sample error.
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Lemma 4.1. Let f be a bounded function. For every 6 € (0,1), with confidence 1 — & there
holds

21log ;

E(f) = E(f) < @ (|| f]]eo)

m

Proof. Consider the random variable £ = £(y, f(x)). It is easy to see that £,(f) = = > .. &(2)

and £(f) = E&. By our assumption, 0 < & < (]| f||le) Which implies that |£ — E&| <
®(|| f|loo)- The conclusion follows by applying the one-sided Hoeffding inequality to the ran-
dom variable &, see, for example, [8]. [ |

The second lemma concerns some necessary inequalities for f € Hg.

Lemma 4.2. If f € Hi and K € K then we have that

@) I flloo < K/ A(F)/A
(i) /XMoo < my
(iil) [ fallxz <

(iv) llmr(f)lloo < min{T, k|| f[lx}-
Proof. The first claim follows directly from the fact that

MIFIE < ECF) = (7)) + Ml fIl% = A(f)

and (1.3). Note that A*(A\) < £(0) — E(f;) + A+ 0 < ®(0). Hence, the second claim is a
consequence of the first one. The third claim follows in a manner identical to the second one
and the last claim follows from the definition of 77 and inequality (1.3). |

By inequalities (iii) and (iv) above it follows that

E(rr(fa)) = Ealmr(fa)) < 9(2) = sup (E(nr(f)) — Eulnr(f)))- (4.1)

fevBi

where By is the union of the unit balls in Hg over K € IC, that is

Be=J {fetn:Iflx <1}

KeK

The third lemma applies the McDiarmid’s inequality ([11]) to the random variable g(z) to
measure the difference between g(z) and E g(z).

Lemma 4.3. Let g(z) be defined as above. For every 6 € (0,1), with confidence 1 — ¢ there
holds

9(z) <Eg(z) + @ ()




Proof. Denote by z] the sample which coincides with z except for the i-th pair z; = (z;, ;)
replaced by z; = («},y;). One can easily check that

9(z) = g(z;) = sup (E(mr(f)) = E(mr(f))) — sup (E(mr(f)) = Ex(mr(f)))

feVBi fevBx '

< sup (& (mr(f)) — Ea(mr(f)))

fevBic
1 , , 1
= m S (€(ys> mr(f (2))) = €yi 0 (f(24)))) < @ (7)

where the last inequality follows from inequality (iv) of Lemma 4.2. Interchanging the roles
of z and z; gives

9() — 9l < @ (1)

and, so, by McDiarmid’s inequality we have that

Prob{g(z) —Eg(z) >} <exp (_(IZ)QL(&,;_))

and the result follows. [
The last lemma estimates E g(z) in terms of the Rademacher complexities of K.

Lemma 4.4. We have that

Ba(a) < 4L (7) /R + 0.

Proof. We use Lemma 3.3 repeatedly and verify that

Eg(z) <2E sup %Z&f(yi,f@i))
i=1

fevBi

< ZEfiggK %;51‘(5(% fl@i)) — Uy, 0))| + &\/5—2)

29(0

~—~~
~—

< 4L (1) R(yBx, m) +

£

20

)
=

£



By the definition of By and the reproducing kernel property [2], we have that

% > eif () < > 5iK:c,-af>
€N, K

1€IN,
E &Tini

€N,

1
= — sup sup
M Kek||fllx<1

sup
fEBK

1
= — sup
m kex

K

1/2
1
= — sup ( Z 6i€jK($i,fL‘j)>

m
Kek \ijen,,
)1/2

1/2
) - R(K:(), m)

Z EiK(Jﬁi, t)

€N,

1
< ——sup | sup
VM Kek (tex

Hence, by Jensen’s inequality we conclude that

8Z'K(.T,', t)

m
KeK teX €N,

1
R(Bi,m) < — (IE sup sup

This finishes the proof. [ |

We note that the proof of Theorem 3.4 follows by combing inequality (4.1), Lemmas 4.3,
4.4 and 4.1. Corollary 3.5, instead, follows by taking T' = oo and f = f} in Theorem 3.4
and using inequality (ii) of Lemma 4.2.

5 Learning with Gaussians

In this section we specify our results to the family of Gaussian kernels, that is, we assume
that X C IR" and consider the family of kernels £ = G := {G, : ¢ € (0,00)}, where

G, (z,y) = exp(—0ol||lz — y||*), z,y € R" and || - || is the Euclidean norm on IR". We shall
prove:
Proposition 5.1. There ezists a constant C, such that R(Ko,m) < Cy, I%.

To prove the proposition we use the notion of Dudley’s entropy integral. To this end, we
need the concept of covering numbers.

Definition 5.2. Let (., d) be a pseudo-metric space and S C .# a subset. For every ¢ > 0,
the covering number of S by balls of radius ¢ with respect to d, denoted by A4(S,¢,d), is
defined as the minimal number of balls of radius € whose union covers S, namely,

N (S,e,d) = min {n € N: there exist {s;}j_; C .# such that S C U B(sj,e)}
j=1

where B(sj,e) :={s € .4 :d(s,s;j) <e}.



Next we introduce the p-norm empirical covering number. Let d, denote the normalized
¢P—metric on the Euclidean space IR™ defined, for all a = (a; : i € IN,,,), b= (b; : i € IN,,) €

R™, as dy(a,b) = (% Zie]Nm la; — bi|p)1/p'

Definition 5.3. Let F be a class of bounded functions defined on X, x = (z; : i € IN,,,) € X™
and Fly = {(f(x;) : i € Ny,) : f € F} CIR™. For 1 < p < o0, we define the p-norm empirical
covering number of F associated to x as A, x(F,e) = AN (Flx, €, dp). Moreover, we let

Np(F,e,m) == sup A, x(F,¢).

xeXm

Proof. A recent result of Ying and Zhou [22] asserts that there exists some constant
cn depending only on n such that log A%, (Ko,e,m) < = (log %)2 Since A4(F,e,m) <
NooF, €, m) we also have that

Cn, m\ 2
log A5(Ko,e,m) < ~ (log ?> . (5.1)

Next, we recall a result from [19] which states that if F is a bounded function class whose
2-norm empirical covering number A5(F, e, m) is finite for all € > 0 then

R(F,m) < %/OU Vg M5(F, e, m) de, (5.2)

where U = supfef]EfZ. But, for each f € G we have that E f2 < 1. Hence, by combining
inequalities (5.1) and (5.2) we conclude that

1
Cn 1 m logm
R(K < — —log —de < C,,——
Kom) < 75 ), EloB e E<G/m

for some constant C,, depending only on n. [ |

Putting this estimate into Theorem 3.4 or Corollary 3.5, we get the estimate for the
sample error. This suggests a way to choose the regularization parameter and compute the
learning rate if some prior knowledge is available on the target function so that we can
estimate the decay of the regularization error. To further illustrate our results, we consider
two classical learning algorithms: regularization networks (RN) and support vector machine
(SVM) classification.

5.1 Regularization networks

In the sequel, we denote by p(y|z) the conditional probability of y for a given point x € X
and by px the marginal distribution of p on X. Note that k = 1 for the class G under
consideration. In regression problems we assume that |y| < M almost surely. In RN, the
loss function takes the form £(y, f(x)) = (y — f(z))?. A standard argument shows that the
target function is given by the regression function, that is,

fi(z) = /Y ydp(y|a).

9



Moreover, for every function f € L?(py), there holds

E(f) = E(f) = = fillZoon)-

Moreover, it is easy to verify that ®(¢) < (M + t)? and L(t) < 2(M + t). Putting these
quantities into Corollary 3.5. If A < 1 we obtain, with confidence 1 — ¢, that

* 2V 1ogm
S.(mu A, fy) < (18+6 2log J) M gy

Corollary 5.4. If there are constants C > 0 and 3 € (0, 1] such that for all A > 0 A*(\) <
CMN?, then there is a constant C' such that for any m there exists a X such that, with confidence

1-94,
8 B
7 (Jlogm ) I+
1= £l < C (18M2+6M2,/210g§) (Tlgﬂ ) | (53)

In proving the corollary we have use the fact that the function A(\) = A/A+CN, X > 0
achieves its minimum at A = A = (A/CB)™7. A direct computation gives

B

h(A) = (CB) ™ (1 +1/B) As+t = C"AFn,

The result follows by setting A = (18 +6+4/210g(2/0) ) Viegm mt and a direct compu-

tation.
Corollary 5.4 tells us that the learning rate can be computed once the regularization error
is estimated. Let us illustrate this by an example.

Example 1. If dpx is the Lebesgue measure on X and f; extends to a function in
@) = {1 € R e = (@0 [ (1617 < oo

where f denotes the Fourier transform of f, then
A*(\) < C\inFivens

with
C =@+ ") N7 + 157 e
Hence, by Corollary 5.4 there exist constants C' and \ such that with confidence 1 —

s 4s
" 4n+8s+ns \/log m 4n+4-8s+4ns

Proof. For every o € (0,00), we define functions f,, for every z € R"

fole) = (2)"" [ Gatw i)y

™

10



By [16, Lemma 8.1] we have that f,, € Hg, and ||frolla, < 7 10%| f||12. Moreover, we
have that

Voo = 1212 = || (e 55 1) /¢

2

L2

2
_ mlie? - _WM?
:Aﬂk = ( “ ‘1> Fi@rd /Ht” f( S ) THOIRE
s >g 4+s

<[ weEfePas [ B oL
[t <o 3+

[[t][>0 3+s

_ 28
< (w205 + 1 fE ) o .
Since G, € G and f;, € Hg, for all ¢ € (0,00), we have that
AN < inf {llfeo = fillie + M feoll, )

. __2044s) . . .
By taking o = \” #+4s+ns we obtain the desired estimate for A*(\). ]

By the analysis in [17], for any fixed 8,0 > 0, infsey, {E(f) — E(fF) + Allfl|x} cannot
decay with rate O()\?) as A — 0*. Hence, a polynomial decay of ||fz_fZ||%2(pX) is impossible.
Thus, Example 1 ensures that algorithm (1.2) significantly improves the approximation power
and learning ability.

5.2 Support vector machine classification

In binary classification we choose Y = {1, —1} and wish to find a classifier f: X — Y. The
prediction power of f is measured by the misclassification error R(f) =P {f(X) # Y}. The
optimal classifier, which yields the minimal misclassification error is called the Bayes rule:
f* = argmin R(f) with the minimum taken over all classifiers f : X — Y. If, for every
yeY, welet X, := {:r € X :P(ylx) > 2} and X, := {x € X :P(llz) = 2} then f* takes
the form f*(z) = y if 2 € X, for y € Y. We note, in passing, that, unless Xy is empty,
the Bayes rule is not unique. The performance of a classification algorithm is measured
by the approximation ability of the output classifier to the Bayes rule with respect to the
misclassification error.

SVM classification uses the loss function £(y, f(z)) = max{1 — yf(z),0} and the target
function is f; = f*, [18]. It computes a real-valued function f, on X and gives the classifier
sgn(f2)-

In classification problems, we need only the sign of the functions to predict the label.
Hence, the projection will be used.Observe that ¥(7T') = 0 if T > 1 and, for all ¢, notice
that ®(t) = (1 +¢) and L(¢) = 1. Combining Proposition 3.1, Theorem 3.4 with 7 =1 and
f =[x, Proposition 5.1 we obtain

1
£m(1) - £(77) < (6 3y/2og ) ST+ A ().

11



recalling, for all real-valued functions f : X — Y, that
R(sgn(f)) = R(f*) < E(mi(f)) — E(f7)
(see, for example, [23, 20]) we obtain the following corollary.

Corollary 5.5. If there ezist constants C > 0 and B € (0,1] such that, for all X > 0,
A*(\) < CN° then, for any m there is a choice of \ such that, with confidence 1 —§

28 P
426 (] i128
R(Sgn(fz))—'R(f*)SC'(6+3\/%T§> (j%”) "

As an example of this observation we consider distributions satisfying the geometric noise
condition, [16]. To this end, let 7(z) = d(z, Xo|JX ;) for z € X;, i =1, —1, 0. We say p
has geometric noise exponent o > 0 if there exists C' > 0 such that, for all £ > 0,

/ | P(1]z) — P(=1]x)|e™ @/ dpy (x) < CEo"2.
X

Thus, applying [16, Theorem 2.14] and Corollary 5.5, we are led to the following example.

Example 2. If X is a subset of the unit ball in IR™ and p has geometric noise exponent o > 0
with constant C, then there is a constant D > 0 such that, for all A > 0, A*(\) < D)e/(e+D),
Hence there exist a constant D' and a choice of A such that with confidence 1 — ¢

Tt (] ST
Risgu(f)) - R < D' (64 3y f21003) ™ (F52) 7

6 Conclusion

We have provided an analysis of the generalization error for learning a kernel function within
a broader class K than previously considered in the literature. When K is the family of
Gaussian kernels with arbitrary variance, our analysis guarantees the consistency of the
learning algorithm and provides good error rates for the case of regularization networks
and support vector machines. In the future we plan to apply this analysis to other useful
kernel classes . In particular, [14] considers the convex set of kernels parameterized by
a locally compact set ¥, namely K = { [, G(c0)dp(c) : p € P(X)}, where for each o € I,
G(o) : X x X = R is a prescribed kernel which depends continuously on ¢ and P(X) is the
set of all probability measures on 3. For example, when X C IR, and the function G(0) is a
multivariate Gaussian kernel with variance o then IC equals the closed convex hull of G, that
is, the class of radial kernels, and the Rademacher complexities of Ky and G, are the same.
This study may reveal good kernel classes K which have with faster learning rates than the
one described here.
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