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1 Intro duction

Occam’'srazor theorem as formulated by [3,4] is arguably the substanceof

excient paclearning. Roughly speaking,it saysthat in orderto (pac-)learn, it

sutcesto compressA partial reverse,shoving the necessi§ of compression,
hasbeenproved by Board and Pitt [5]. Sincethe theoremis about the relation

betweene®ectie compressiorand pac learning, it is natural to assumethat a
sharper versionensuedyy couding it in terms of the ultimate limit to e®ectie
compressionwhich is the Kolmogorov complexity. We preset results in that

direction.

Despite abundart researt generatedby its importance, seeral aspects of

Occam’'srazor theoremremain unclear. There are basically two versions.The

VC dimension-fasal version of Occam'srazor theorem (Theorem 3.1.10of [3])

givesthe following upper bound on samplecomplexity: For a hypothesisspace
H with VCdim(H)=d,1- d< 1,

m(H;£2) - 2(dlog % + log 2): @

The following lower bound was proved by Ehrenfeudt et al [6].

di 1.1, 1.

m(H; £2) > max( 32 ;5 In ;).

(@)

The upper boundin (1) and the lower bound in (2) di®erby a factor £(log 1).
It was shawn in [8] that this factor is, in a senseunavoidable.

When H is nite, one can directly obtain the following bound on sample
complexity for a consisten algorithm:
1 i
m(H:%2) - 5 (3)

For a graded boolean spaceH,, we have the following relationship between
the VC dimensiond of H,, and the cardinality of H,,,

d- logjHnj - nd: 4)

When logjH,j = O(d) holds, then the samplecomplexity upper bound given
by (3) can be seento equal £(O(d) + In 1) which matchesthe lower bound
of (2) up to a constart factor, and thus every consisten algorithm achieves
optimal samplecomplexity for sud hypothesisspaces.



The length-lasal version of Occam'srazor theorem then gives the following
samplecomplexity m to guararty that the algorithm pac-learns:For given 2
and £

2 1 (2In2)s ,_,.
m = max(; In ; %)Hln ).

(5)

This bound is basedon the length-fasel Occamalgorithm [3]: A deterministic
algorithm that returns a consistet hypothesisof length at most m®s , where
®< 1 and s is the length of the target concept.

In summary, the VC dimensionbasedOccam'srazor theoremmay be hard to
useand it sometimesdoes not give the best samplecomplexity. The length-
basedOccam'srazor is more corveniert to useand often givesbetter sample
complexity in the discretecase.

Howewer, as we demonstrate below, the fact that the length-basedOccam's
razor theorem sometimesgives inferior sample complexity, can be due to
the redundart represetation format of the concept. We believe Occam'sra-
zor theorem should be \represenation-independent”. That is, it should not
be dependent on accidens of \represertation format". (See [16] for other
represemation-independenceissues.)In fact, the sample complexities given
in (1) and (2) are indeed represemation-independen. Howewer they are not
easyto useand do not give optimal samplecomplexity. Here, we give a Kol-
mogoros complexity basedOccam'srazor theorem. We will demonstratethat
our KC-basedOccam'srazortheoremis conveniert to use(ascorveniert asthe
length basedversion), givesa better samplecomplexity than the length based
version, and is represemation-independen. In fact, the length basedversion
can be consideredas a speci ¢ computable approximation to the KC-based
Occam'srazor.

As oneof the exampleswe will demonstratethat the standardtrivial learning
algorithm for monomials actually often has a better sample complexity than

the more sophisticated Haussler'sgreedy algorithm [7]. This is cortrary to

the commen, but mistaken, belief that Haussler'salgorithm is better in all

casegqto be sure,Haussler'smethod is superior for target monimials of small
length). Another issuerelated to Occam'srazor theorem s the status of the

reverse assertion. Although a partial reverseof Occam'srazor theorem has
beenproved by [5], it applied only to the caseof polynomial running time and

samplecomplexity. They alsorequired a property of closureunder exception
list. This latter requiremen, although quite general,excludessomereasonable
conceptclassesOur new formulation of Occam'srazor theorem allows us to

prove a more generalreverseof Occam'srazor theorem, allowing the arbitrary

running time and wealening the requiremen of exceptionlist of [5].



Discussion of Result and Technique: In our approad we obtain bet-
ter bounds on the sample complexity to learn the represemation of a tar-
get conceptin the given represemation system. These bounds, howewer, are
represemation-independen and dependonly onthe Kolmogoror complexity of
the target concept.If we don't careabout the represemation of the hypothesis
(but that is not the casein this paper) then better \i® Occamstyle" charac-
terizations of polynomial time learnability/predicatabilit y can be given. They
rely on Schapire's result that \w eak learnability” equals\strong learnability"
in polynomial time [13] exploited in [9]. For a recen survey of the important
related \b oosting"” technique see[14].

The use of Kolmogorov complexity is to obtain a bound on the size of the
hypothesesclassfor a xed (but arbitrary) target concept.Obviously, the re-
sults descrilked can be obtained using other proof methods|all true provable
statemens must be provable from the axiomsof mathematicsby the inference
methods of mathematics. The questionis whether a particular proof method
facilitates and guidesthe proving e®ort. The messagewve want to corvey is
that thinking in terms of coding and incompressibility suggestimprovemeris
to long-standing results. A survey of the use of the Kolmogorov complexity
method in conbinatorics, computational complexity, and the analysisof algo-
rithms is [12] Chapter 6.

2 Occam's Razor

Let us assumethe usual de nitions, say Anthony and Biggs[1], and notation
of [5]. For Kolmogorovr complexity we assumethe basicsof [12].

In the following §;j is are nite alphalets We consideronly discretelearning
problemsin this paper. The setof nite strings over § is denotedby §° and
similarly for j. An elemen of 8" is an example and a conaept is a set of
examples(a languageover 8). An representationis an elemer of j °.

De nition 1 A represemation systemis atuple (R;;c;8), wheeR %2 “ is
the set of representations,andc: R ! 28" mapsrepresentationsto concepts,
the latter being languagesover §.

Hence,given R the mapping ¢ determinesa concept class For example, let
i is the alphabet to expressBooleanformulas, 8 = f0;1g, and let R be the
subsetof disjunctive normal form (DNF) formulas. Let ¢ map ead elemen
r 2 R, say a DNF formula over n variables,to c(r) u f0;1g" sud that ewvery
examplee 2 ¢(r) viewed astruth-v alue assignmeh makesr \true". That is, if
e= e;...e, andweassign\true" or\false" to theith variablein r accordingto
whether g equals\0" or\1" thenr becomestrue". Ead conceptin the thus



de ned conceptclassis the set of truth assignmets that make a particular
DNF formula \true".

De nition 2 A pac-algorithmfor a representationsystemR = (R;j ;c;8) is
a randomizel algorithm L suchthat, for everys;n, 1;2> 0;x> 0;r 2 R" 5,
and everyprotability distribution D on 8" ", if L is givens;n;?; £ asinput and
has acacessto an oracle providing examplesof c(r) (the concept represente by
r) according to D, then L, with prolkability at least 1| %, outputs a represen-
tation r°2 R approximating the targetr in the sensethat D (c(r9¢ c(r)) - 2.
Here, ¢ denotesthe symmetric set di®eene.

The acrorym \pac" coined by Dana Angluin stands for \probably appraxi-

mately correct” which aptly capturesthe requiremen the output represen-
tation must satisfy accordingto the de nition. The question of interest in

pac-learningis how many examples(and running time) a learning algorithm

hasto qualify asa pac-alpgorithm. The running time and and number of ex-
amples (samplecomplexity) of the pac-algorithm are expressedas functions
t(n; s;2; ) and m(n;s;2; ). The following de nition generalizeghe notion of

Occamalgorithm in [3]:

De nition 3 An Occam-algorithmfor a representationsystemR = (R;j ;C;8)
is a randomizel algorithm which for everys;n, 1;° > 0, on input of a sam-

ple consisting of m examplesof a xed targetr 2 R S, with prokability at least

1i ° outputsa representationr®2 R consistent with the sample, such that

K(r%r;n;s) < m=f(m;n;s;°), with f (m;n;s;°), the compressionachievel,

being an increasing function of m.

The length-lasel version of (possibly randomized) Occam algorithm can be
obtained by replacingK (r°j r;n;s) by jrj in this de nition. The running time
of the Occam-algorithmis expressedas a function t(m; n; s;°), wheren is the
maximum length of the input examples.

Remark 1 An Occamalgorithm satisfyinga givenf , achievesa lower bound
on the number m of examplesrequired in terms of K (r°j r;n;s), the Kol-
mogoros complexity of the outputted represemation conditioned on the tar-
get represemation, rather than the (maximal) length s of r asin the original
Occam algorithm [3] and the length-basedversion above. This improvemert
enablesoneto useinformation drawn from the hidden target for reduction of
the Kolmogorovr complexity of the output represetation, and hencefurther
reduction of the required samplecomplexity.

We needto show that the main propertiesof an Occamalgorithm are presened
under this generalization.Our rst theoremis a Kolmogoros complexity based
Occam's Razor. We denote the minimum m sud that f (m;n;s;°) , x by
fil(x;n;s;°), wherewesetfil(x;n;s;°) =1 if f(m;n;s;°) < x for every
m.



Theorem 1 Supmsewe havean Occam-algorithm for R = (R;j ;c;8) with
compressionf (m;n;s;°). Then there is a pac-learning algorithm for R with
samplecomplexity

( )

2 2. ,2In2
m(n;s;24) = max 5 In_;f! 1(Tn;n;s;J_r:Z) ;

and running time tpac(n; s;2; +) = toccam(M(n; s;2 1); n; s;+=2).

Pro of. On input of 2; £ s;n, the learning algorithm will take a sample of
length m = m(n;s;?; +) from the oracle,then usethe Occamalgorithm with
° = +=2to nd ahypothesis(with probability at least1lj +=2) consistem with
the sampleand with low Kolmogoror complexity. In the proof we abbreviate
f (m;n;s;°) to f (m) with the other parametersimplicit. Learnability follows
in the standard mannerfrom bounding (by the remaining +=2) the probability
that all m examplesof the target conceptfall outside the, probability 2 or
greater, symmetric di®erencewith a bad hypothesis.Let m = m(n;s;?; 1).
Thenm , fi}(202;n;s;%) gives

In 2 2
2j 5
f(m)* 2
and thereforem , 21In 2 gives
In2 2
2 . .
m(2 f—(m) . In i

This implies (taking the exponert on both sidesand usingli 2< e °)
2m MLy M. =2
The probability that someconceptthe Occam-algorithm can output has all

m examplesbeing bad is at most the number of conceptsof complexity less
than m=f (m), times (1 2)™, which by the above is at most +=2. o

Corollary 1 When the compressionis of the form

mli ®

f(m;n;s;°) = W



one can achievea samplecomplexity of

8 A L - @)
<2 2 (2In2)p(n;s;+=2) tU=
max. - In ;; 5

In the special caseof total compression,whee ® = 0, this further reducesto
2 ) 2 Ya
= max(In o (In 2)p(n;s; +=2)) (6)

2

For deterministic Occam-algorithms, we can furthermore repla@ 2=+ and +=2
in Theorem 1 by 1=+ and + resgctively.

Remark 2 Essetially, our new Kolmogorov complexity condition is a com-
putationally universal generalizationof the length condition in the original
Occam’'srazor theorem of [4]. Here, in Theorem 1, we considerthe shortest
description length over all e®ectie represemations, given the target repre-
sertation, rather than in a speci ¢ (syntactical) represemation system. This
allows us to bound the required sample complexity not by a function of the
number of hypotheseqreturned represemations) of length at most the bound
onthe length of the target represemation, but by a similar function of the num-
ber of hypothesesthat have a certain Kolmogorov complexity conditioned on
the target concept,seeRemark 1. Nonethelesslike in the original Occam'sra-
zor Theoremof [4], we return arepresemation of a conceptappraximating the
target conceptin the givenrepresetation system,rather than arepresemation
outside the systemlike in Boosting approades.

Supposewe have a conceptc and a mis-classi edexamplex|an exaeption.
Then, the symmetric di®erencect fxg classi esx correctly: if x 62c then
c¢ fxg=c fxg, andif x 2 cthen c¢ fxg = cnfxg.

De nition 4 An exceptionhandlerfor arepresentationsystemR = (R;j ;c;8)
is an algorithm which on input of a representationr 2 R of length s, and an
x 2 8" of lengthn, outputs a representationr®2 R of the concept ¢(r)¢ f xg,
of length at most e(s;n), whee e is called the exception expansionfunction.
The running time of the exe@ption-hander is expressd as a function t(n;s) of
the representationand exeption lengths.If t(n;s) is polynomial in n;s, and
furthermore e(s; n) is of the form s+ p(n) for somepolynomial p, then we say
R is polynomially closedunder exceptions

Theorem 2 Let L be a deterministic pac-algorithm with m(n;s; =;°) the

T ]
samplesize, and let E be an exeption hander for a representation system
R. Then there is an Occam algorithm for R that for m examplesachieves

compressionf (m; n;s;°) = 5. Moreover, m , 2nm(n;s; 5-; °) and wheee 2,

dependingon m; n;s;°, is suchthat m(n;s;?; °) = 2m holds.



Pro of. The proofis obtainedin a fashionsimilar to [5]. Supposewe are given
a sample of length m and con dence parameter °. Assumewithout loss of
generality that the sample cortains m di®erem examples.De ne a uniform
distribution on these exampleswith *(x) = 1=m for ead x in the sample.
Let 2 be as described. The function m(n;s;?; °) decreasesith increasing?,
while the function 2m increaseswith 2 sothe two necessarilyintersect, under
the assumptionin the theorem, for some?,, although it may yield an 2, > %
giving no actual compression.For example, if m(n;s;2;°) = (1) for some
constart b, then 2o = mi ¥*1  Apply L with += ° and 2 = 2,. With proba-
bility 1 °, it producesa conceptwhich is correct with error 2, giving up to
2m exceptions.We canjust add theseoneby oneusingthe exceptionhandler.
This will expandthe conceptsize, but not the Kolmogorov complexity. The
resulting represemation can be descriked by the - 2m examplesused plus
the - 2m exceptionsfound, SincelL is deterministic, this uniquely determines
the required consistert concept. The compressiorachievedis 51— = 2. This
is an increasingfunction of m, sinceincreasingthe slope of the function 2m
moves its intersection with the function m(n;s;2; °) to the left, that is, to

smallerz. o

De nition 5 Let R = (R;j;c;8) be a representation system. The concept
MAJ(rq;r,;r3) is the setfx : x belongsto at least two out of the three concepts
c(rq); c(rz); c(rz)g. A majority-of-three algorithm for R is an algorithm which
on input of three representationrq;r,;r; 2 R° S, outputs a representationr®2
R of the conaept MAJ(rq;r;;r3) of length at most e(s), whee e is called the
majority expansionfunction. The running time of the algorithm is expresse
as a function t(s) of the maximum representationlength. If t(s) and g(s) are
polynomialin s thenwesayR is polynomially closedunder majorit y-of-three.

Theorem 3 Let L be a deterministic pac-algorithm with sample complexity
m(n;s;2 ) 2 o(1=??), and let M be a majority-of-three algorithm for the
representationsystemR. Then there is an Occam algorithm for R that for m
exampleshas compressionf (m; n;s;°) = m=3nm(n; s; ?a%; °=3).

Pro of. Let us be given a sampleof length m. Take+= °=3and? = ?s%
Stagel: De ne a uniform distribution on the m exampleswith 1 ;(x) = 1=m
for ead x in the sample. Apply the learning algorithm. It produces (with
probability Ebt least1lj °=3) a hypothesisr; which haserror lessthan 2, giving
up to 2m = = m=2 exceptions.Denote this set of exceptionsby E;.

Stage?2: De ne a new distribution 1 ,(x) = 2 for ead x 2 E;, and * 5(x) =
Qi jE4j=2" m)=(m; jE4j) for eath x 62E,. Apply the learning algorithm. It
produces(with probability at least1j °=3) a hypothesisr, which is correct
on all of E; and with error IeEsthan Zpon the remaining examples.This gives
upto2(mj jE1j)=(1j jE4j=2° m) < = m exceptions.This set, denotedE,, is



disjoint from E;.

Stage3: De ne a new distribution on the m exampleswith * (x) = 15E, [
E,j > 2 for eath x in E; [ E,, and 1 (x) = O elsewhere.Apply the learn-
ing algorithm. The algorithm produces(with probability at leastlj °=3) a
hypothesisr; which is correct on all of E; and E..

In total the number of examplesconsumedby the pac-algorithm is at most
3m(n;s; ?a%; °=3), eath requiring n bits to describe. The three represemations
are conbined into one represetation by the majorit y-of-three algorithm M.
This is necessarilycorrecton all of the m examples,sincethe three exception-
sets are all disjoint. Furthermore, it can be described in terms of the ex-
amplesfed to the deterministic pac-algorithm and thus achieves compression
f(m;n;s;°) = m:3nm(n;s;?o%;°:3). This is an increasingfunction of m

given the assumedsubquadratic samplecomplexity. ©

The following corollariesusethe fact that if a represemation systemis learn-
able, it must have nite VC-dimensionand hence,accordingto (1), they are
learnablewith samplecomplexity subquadratic in 2.

Corollary 2 Let a representationsystemR be closeal under either exeptions
or majority-of-three, or both. Then R is pac-laarnable i® there is an Occam
algorithm for R.

Corollary 3 Let a representationsystemR be polynomially closel under ei-
ther exeptionsor majority-of-three, or both. Then R is deterministically poly-
nomially pac-learnablei® there is a polynomial time Occam algorithm for R.

Example. Consider threshold circuits, acyclic circuits whose nodes compute
threshold functions of the form a;x; + apx,+ ¢0¢+ a X, , + x; 2 f0;1g;a;+2

N (note that no expressie power is gainedby allowing rational weighs and
threshold). A simple way of represeting circuits over the binary alphabet

is to number ead node and use pre x-free enadings of these numbers. For

instance, encale i as 1PNMipbin(i), the binary represemation of i preceded
by its length in unary. A completenode encaling then consistsof the encaled
index, encaled weights, threshold, encaled degree,and encaled indicesof the

nodescorresmpnding to its inputs. A completecircuit can be encaled with a
node-cour followed by a sequencef node-encalings. For this represetation,

a majorit y-of-three algorithm is easily constructed that renumberstwo of its

three input represemations, and combinesthe three by adding a 3-input node
computing the majority function x; + X, + X3, 2. It is clearthat under this

represemation, the systemof threshold circuits are polynomially closedunder
majorit y-of-three. On the other hand they are not closedunder exceptions,or

under the exceptionlists of [5].



Example.Let hy; hy; hy be 3 k-DNF formulas. Then MAJ(hy; hy;h3) = (hy A
hy) _ (h, ™ h3) _ (hs” hy) which can be expandedinto a 2k-DNF formula.
This is not good enoughfor Theorem 3, but it allows us to conclude that
pac-learnability of k-DNF implies compressiorof k-DNF into 2k-DNF.

3 Applications

Our KC-basedOccam'srazor theorem might be conveniently used, providing
better samplecomplexity than the length-basedversion.In addition to giving
better samplecomplexity, our new KC-basedOccam'srazor theorem, Theo-
rem 1, is easyto use,aseasyasthe length basedversion,as demonstratedby
the following two examples.While it is easyto construct an arti cial system
with extremely bad represemations sud that our Theorem 1 givesarbitrarily
better sample complexity than the length-basedsample complexity given in
(5), we preferto give natural examples.

Application 1: Learning a String.

The DNA sequencingprocesscan be modeled as the problem of learning a

super-long string in the pac model [10,11]. We are interested in learning a

target string t of length s, say s = 3£ 10° (length of a human DNA sequence).
At ead step, we can obtain as an example a substring of this sequenceof

length n, from a random location of t (Sanger'sProcedure). At the time of

writing, n ¥ 500, and sampling is very expensive. Formally, the concepts
we are learning are setsof possiblelength n substrings of a superstring, and

these are naturally represeted by the superstrings. We assumea minimal

target represemation (which may not hold in practice). Supposewe obtain a

sample of m substrings (all positive examples).In biological labs, a Greedy
algorithm which repeatedly mergesa pair of substringswith maximum overlap

isroutinely used.It is conjecturedthat Greedyproducesa commonsuperstring

t% of length at most 2s, wheres is the optimal length (NP-hard to "nd). In

[2], we have shown that s - jt§ - 4s. Assumethat jt ¥4 2s.% Using the

length-basedOccam'srazor theorem, that is, Theorem 2 with K (r%j r;s;n)

in De nition 3 replacedby jrY, this length of 2s would determinethe sample
complexity, asin (6), with p(n;s;+=2) = 2 ¢2s (the extra factor 2 is the 2-

logarithm of the sizeof the alphabet f A; C; G; Tg). Is this the bestwe cando?
It is well-known that the samplingprocessn DNA sequencings a very costly

and slowv process.We improve the sample complexity using our KC-based
Occam'srazor theorem.

4 Although only the 4s upper bound was proved in [2], which has since beenim-
proved, it is widely believed that 2s is the true bound.

10



Lemma 1 Lett be the target string of length s and t° be the sugerstring re-
turned by Gready of length at most 2s. Then

K (t% t;s;n) - 2s(2logs + logn)=n:

Pro of. We give t° a short description using someinformation from t. Let
S = fs;;:::;smg bethe setof m examples(substringsof t of length n). Align

these substrings with the common superstring t° from left to right. Divide
them into groupssud that ead group's leftmost string overlaps with every
string in the group but doesnot overlap with the leftmost string of the previous
group. Thusthere are at most 2s=n suc groups.To specify t° we only needto
specify these2s=n groups. After we obtain the superstring for ead group, we
re-construct t by optimally merging the superstrings of neighboring groups.
To specify ead group, we only needto specify the rst and the last string
of the group and how they are merged.This is becauseevery other string in
the group is a substring of the string obtained by properly merging the rst

and last strings. Specifying the rst and the last strings requires2logs bits of
information to indicate their locationsin t and we needanother logn bits to
indicate how they are merged.Thus K (t%j t; s;n) - 2s(2logs + logn)=n. o

This lemmashawsthat (6) canalsobe appliedwith p(n;s;+=2) = 2@s(2logs+
logn)=n, giving a factor n=(2logs+ logn) improvemer in sample-complexiy.
Note that in (mammal) genomecomputation practice, we have n = 500 and
s = 3£ 10°. The samplecomplexity using the Kolmogoros complexity-based
Occam'srazor is reducedover the \length based" Occam'srazor by a multi-

plicative factor of n=(2logs + logn) ¥ 5505 Y4 7.

Application 2: Learning a Monomial.

Consider boolean spaceof f0; 1g". There are two well-known algorithms for
learning monomials.One is the standard algorithm.

Standard Algorithm.

(i) Initially setthe conceptrepresemation M := X;X7:::X,X; (a conjunction
of all literals of n variables|whic h cortradicts every example).
(i) For ead positive example, delete from the current M the literals that
corntradict the example.
(i) Return the resulting monomial M .

Haussler[7] proposeda more sophisticatedalgorithm basedon set-cover ap-
proximation asfollows. Let k be the number of variablesin the target mono-
mial, and m be the number of examplesused.

Haussler's Algorithm.

11



(i) Useonly negative examples.For ead literal x, de ne S, to be the set of
negative examplessud that x falsi es thesenegative examples.The sets
asseiated with the literals in the target monomial form a set cover of
negative examples.

(i) Run the approximation algorithm of set cover, this will use at most
klogm setsor, equivalertly, literals in our approximating monomial.

It is commonly believed that Haussler'salgorithm has better sample com-
plexity than the standard algorithm °> We demonstratethat the opposite is
sometimestrue (in fact for most cases),using our KC-basedOccam's r%zor
theorem, Theorem1. Assumethat our target monomialM is of lengthnj " n

Then the length-basedOccam'srazor theorem gives sampl%complexity n=2
for both algorithms, by Formula 6. However, K(M°%j M) - " nlog3+ O(1),

where M % is the monomial returned by the standard algorithm. This is true
sincethe standard algorithm always producesa monomial I\/b0 that contains
all literals of the target monomial M, and we needat most ~ nlog3+ O(1)
bits to specify whether other literals arein (positive or negative) or not in M ©
for the variablesg)hat arein M °but not in M. Thus our (6) givesthe sample
complexity of O(" n=2). In fact, aslongasjM j > n=logn (which is most likely
to be the caseif every monomial hasequal probability), it makessenseto use
the standard algorithm.

4 Conclusions

Seeral new problems are suggestedby this work. If we have an algorithm

that, given a length-m sample of a conceptin Euclidean space,producesa
consistett hypothesisthat can be describked with only m®;® < 1 symbols
(including a symbol for every real number; we're using uncourtable represen-
tation alphabet), then it seemsintuitiv ely appealing that this implies some
form of learning. Howewer, as noted in [5], the standard proof of Occam's
Razor doesnot apply, sincewe cannot enumerate theserepresemations. The

main open questionis under what conditions (speci cally on the real number
computation model) sud an implication would neverthelesshold.

Can we replacethe exceptionelemen or majority of 3 requiremert by some
wealer requirement? Or can we even eliminate sud closurerequiremen and
obtain a completereverseof Occam'srazortheorem?Our current requiremens
do not ewveninclude things like k-DNF and someother reasonablerepreseta-
tion systems.

5 In fact, Haussler'salgorithm is speci cally aimed at reducing sample complexity
for small target monomials, and that it does.
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