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Abstract. We present a new algorithm for non-unitary approximate
joint diagonalization (AJD), based on a “natural gradient”-type multi-
plicative update of the diagonalizing matrix, complemented by step-size
optimization at each iteration. The advantages of the new algorithm over
existing non-unitary AJD algorithms are in the ability to accommodate
non-positive-definite matrices (compared to Pham’s algorithm), in the
low computational load per iteration (compared to Yeredor’s AC-DC
algorithm), and in the theoretically guaranteed convergence to a true
(possibly local) minimum (compared to Ziehe et al.’s FFDiag algorithm).

1 Introduction

The approximate joint diagonalization (AJD) of a set of matrices constitutes a
fundamental stage in many batch-type algorithms for Independent Components
Analysis (ICA) or Blind Source Separation (BSS). Usually, in this context, a set
of unknown “target matrices” exists, which, assuming a linear static noiseless
BSS model, admits exact joint diagonalization. The diagonalizing matrix (or
the mixing matrix), can thus be theoretically extracted by jointly diagonaliz-
ing these matrices, which usually amounts to applying a generalized eigenvalue
decomposition to any couple of matrices from the set. However, in practice the
“target set” is unknown, and has to be estimated from the available data. In the
presence of estimation errors, the estimated set usually no longer admits exact
joint diagonalization. In such cases, one must resort to approzimate joint diago-
nalization of the entire set in order to estimate the mixing matrix (or its inverse),
as the matrix which diagonalizes the estimated set “as closely as possible”.

To formulate the problem, let Ml, MQ, ..M g € CNVXN denote the set of K
true (usually unavailable) “target matrices” satisfying the exact joint diagonal-
ization model

o v oT < oo T

Mk :AAkA or Ak:BMkB 5 k: 1,2,...,K (1)

where A is the true mixing matrix (assumed non-singular), B is its inverse

(the true “demixing” matrix) and {A;}X | is a set of diagonal matrices, usually

associated with the sources’ statistical or structural properties, so that their

diagonality dwells on the statistical independence of the sources. Some examples
of such sets as used in BSS algorithms are:
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Cumulant matrices (in JADE, [1]);

— Correlation matrices of differently time-lagged or filtered signals (in SOBI
[2] or OFT [3));

— Joint time-frequency distributions at selected times and frequencies (in [4]);

— Hessians of the joint characteristic function (in CHESS, [5]);

and many more, extending also to the context of convolutive BSS, e.g., when
working on separate frequency bins, such as in [6, 7].

As mentioned earlier, only estimates { M} | (of {M}}E |) are available
in practice, and the AJD problem consists of seeking the implied estimate A of
A (or B of B), along with “nuisance estimates” { A }2, of {A;}, such that
the respective relation in (1) is most closely satisfied.

Thus, AJD is essentially a non-convex (possibly constrained) optimization
problem, whose solution depends on the precise formulation of the target cri-
terion (which has to reflect the proximity of the solution to the state of exact
diagonalization). Numerous approaches have been proposed in recent years both
for the formulation of the diagonalization criterion and for the iterative solution
taken in its minimization:

— One of the most popular and computationally appealing approaches is the
unitary AJD (Cardoso and Souloumiac, [8]), which minimizes the criterion

K
C1(B) = _off;(BM;B") (2)
k=1

with respect to (w.r.t.) B, subject to the unitarity constraint BTB = I,
where
off 1 (P) £ Y|Py (3)
i#]
The unitarity constraint avoids the trivial minimizer B = 0, but implies
the assumption of a unitary mixing matrix. Hence, in the general case a
pre-processing “spatial hard-whitening” stage is required, in which the non-
unitary factor of the overall demixing matrix is found and applied to the data.
In turn, this “hard whitening” stage implies exact joint diagonalization of the
(spatial) correlation matrix, possibly at the expense of poor diagonalization
of other matrices in the set. This implied unbalanced weighting has been
observed [9] to limit the performance in the context of a general BSS problem.
— In order to avoid the unitarity constraint, an approach for non-unitary AJD
has been proposed (the “AC-DC” algorithm, Yeredor [10]), which minimizes

K
Ca(A) =) ||My — AALAT||E (4)
k=1

(where || ® || denotes the Frobenius norm) w.r.t. A and {Ax} |, without
constraining A. While computationally efficient in small-scale problems, this
algorithm has been observed [11] to exhibit extremely slow convergence in
large-scale problems.
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— A computationally efficient unconstrained minimization algorithm w.r.t. B
was proposed as well (Pham, [12]), whose target criterion is given by

K
C3(B) =) offs3(BMB"), (5)
k=1

where in this case off3(e) measures the Kullback-Leibler divergence between
the N x N operand and the diagonal matrix with the same diagonal as
the operand. This approach requires all the target matrices to be positive-
definite, which poses a limit on its applicability as a generic BSS tool.

— A recently proposed approach (Ziehe et al., [11]) offers another computation-
ally efficient algorithm, which avoids both the unitarity constraint and the
positive-definiteness requirement. It aims at minimizing C;(B) with a dif-
ferent constraint on B: Rather than impose unitarity, it inherently requires
(by construction) that B be representable as a product of matrices of the
following form:

m=1

where B is some initial guess, M is the number of iterations, and w (™)
are small “update matrices” with imposed zero diagonals, calculated along
the iterations. Thus, if BO s nonsingular and the norms of all W™ are
maintained sufficiently small, it can be shown that the resulting B must be
invertible, hence the trivial minimizer is avoided. Moreover, this constraint
does not limit the generality of the solution, since any two nonsingular ma-
trices, say B1 and Bs, maintain the relationship Bs = D(I +W')B;, where
D is some nonsingular diagonal matrix and W has a null diagonal. Thus,
considering the inherent scale-ambiguity in BSS, the structural constraint
(6) does not pose any practical restriction on the attainable solutions.
While computationally attractive, this algorithm has a few weak points from
a theoretical point of view. It dwells on an approximation that may not al-
ways be valid in the presence of large errors in estimating the target matrices,
and it involves some heuristics which are justified more on the practical-
empirical side than on the theoretical side. Consequently, although its fast
convergence has been verified empirically, it is not theoretically guaranteed
to converge, and even upon convergence, B is not always guaranteed to be
a true (even local) minimizer of C(B).

In this paper we propose a novel AJD algorithm, also aimed at the minimiza-
tion of C(B) subject to the same non-restrictive structural constraint (6) as in
[11]. Similarly, our algorithm is computationally attractive, and does not require
positive-definiteness of the set. Moreover, C1(B) is guaranteed to decrease in
each iteration, so that its convergence is guaranteed. Also, since no approxima-
tions or heuristics are involved, upon convergence B is guaranteed to be a true
(possibly local) minimizer of Cy(B).
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The algorithm is based on the notion of a multiplicative “natural-gradient”
(e.g., [13]), as opposed to the “standard” gradient (used, e.g., in [14]). The “nat-
ural gradient” is often applied in the context of “on-line” BSS algorithms, but
also suits the AJD problem with the structural constraint (6). Our algorithm
was named DOMUNG! (Diagonalization Of Matrices Using Natural Gradient).

2 Algorithm Derivation

Throughout the derivation we shall frequently use the operation of nullifying
the diagonal of a matrix. We shall denote this operation by using an upper bar.
More specifically, for any square matrix P we define the notation P as

PEP P=-P_PoOI (7)
The off(e) operator (3) can then be expressed based on the trace of a matrix:
off1(P) = ||P||f = tr{P P} =tr{P" P}. (8)

For simplicity of the derivations we shall assume that the target matrices
are all real-valued and symmetric, which is often (but not always) the case in
BSS applications. Extension to the more general case along similar guidelines is
possible, but would extend beyond the scope of this limited-length paper.

We propose the following iterative process. Denote B (™) the estimated di-
agonalizing (demixing) matrix after the m-th iteration, updated using B (m) —
(I +WrHBM=Y =12, .. where B is some initial guess and W™ is
a matrix with a null main diagonal, which we shall eventually specify. Denoting

M™ = BN BT =12, K m=1,2,... (9)

as the “transformed” target set after the (m — 1)-th iteration, it is readily seen
that at the m-th iteration the criterion function is given by

K K
Oy (B™) =3 oty (B™ M B™T) = 3 off (I+W ™) M{™ (T+W ™)7T).
k=1 k=1
(10)
We may therefore define, for each iteration m,
K
(W) £ Y ofty (I + W)M (I +W)7), (11)

k=1

as a criterion function which we seek to minimize (w.r.t. W) at that iteration,
subject to the constraint on the structure of W, namely that W should have
a null main diagonal. To this end, we now seek the gradient 8C’£m)(W)/8W,

which is a matrix whose (¢,7)-th element is the derivative of C’{m)(W) w.r.t.

! DOMUNG is a language spoken in Papua New Guinea.
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W;; (W;; denoting the (i,7)-th element of W'). To find this gradient matrix,
let us first find the gradient of each summand in (11). We do so by expressing
the off;(e) function in (11) in the vicinity of W = 0 up to first-order terms in
W = &, where € is a sufficiently small matrix (for shorthand we shall use, in

the following expressions, M instead of M ,(Cm)):

offf(IT+EMIT+E)=tr{(IT+EMIT+ET'T+EMI+E)T
=tr{I +EMIT +E)(T+EM(I +E)T}
~tr{(M+EM + MET)(M + EM + MET)}
~ tr{MM + MEM + MME" + EMM + ME"M}
=tr{MM+ MME+MME + MME + MME}
=tr{MM} +2tr{(MM + MM)E}. (12)

We used (8) in the first line, and the identities tr{P} = tr{PT}, tr{PQ} =
tr{QP} and tr{PQ} = tr{PQ} in the transition from the fourth line to the
fifth. The ~ symbol on the third and fourth lines indicates the elimination of
terms of second or higher order in &£ in the respective transitions.

Noting that dtr{ PE}/IE = PT, we obtain that the gradient of the off; (e)
function w.r.t. W is 4(M M). Reinstating the full notation we obtain the gra-

dient of C\"™ w.r.t. W at the m-th iteration:

(m) é 8C£m) (W)
ow

K
G =4 MM (13)
k=1

Since we wish to decrease Cﬁm) in each iteration, we shall apply a “steep-
est descent” step, by setting W to yD(m), where p is some positive constant

(whose optimal value will be discussed shortly), and D™ 2 G is an “anti-

gradient” matrix. The use of G™ (rather than G(™) as the gradient direction
is due to the null-diagonal constraint on W, which implies that its diagonal el-
ements must remain zero, so that the only elements participating in the descent
are the off-diagonal ones.

We now wish to ensure that the step-size in the anti-gradient direction yields
the largest decrease in the criterion Cl(m)(W). Since this step-size is controlled
by the parameter y, we may now minimize C’fm)(W) = C’fm) (uD™) wr.t. p.
More specifically, substituting into (11) we obtain

K
O (uD™) = 37 off (I + uD ™) M (I 4 pD ™))
k=1

{(I + pD "™ )M (I + uD ™) (I + uD™)M "™ (I + D)7}

HMN

Aaém)—i_ag )M+ax(m) 2+a(m) 3+a(m) 4 (14)
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2
where the coefficients {al(m)} are given! by o{™ = YK tr{Fl(jZ)}, with

FIUZ) summarized in Table 1:

Table 1.
Fi My
Fy) AM ™ M D
Fgf;) 2 (D M™ + M DT DO N | ) pg(m pmT pg ()
F{) 4D(m)MI(€m)D(m)TW
F{ 4D M ™ DT D) pg (™) pomT

Thus, since C{m)(uD(m)) is evidently a fourth-order polynomial in u, the
optimal p for the m-th iteration can be found by polynomial rooting of the
derivative third-order polynomial, namely by solving (w.r.t. u)

4a{™ 1® + 305 1 + 2a8™ 4 o™ = 0, (15)

To which there is at least one real-valued solution. In the case of three real-
valued solutions, the true minimum can be found by substituting each solution
back into the polynomial (14) and selecting the solution that yields the smallest
value. The algorithm is summarized below.

DOMUNG - Diagonalization Of Matrices Using Natural Gradient

— Denote the original “target set” as Mgo), Méo), e M&g), and let W© =0
and B = 1.
— For m = 1,2, ... until convergence
e Compute the updated target set
MU = (1 WO DML (1 WO b= 15, K.
e Compute G =455  M™M™ and set DT = —G™;
e Compute the coefficients a(()m), agm), ey aim) using Table 1, and compute
the real-valued root / three roots of the polynomial (15);
e Set u to the root that yields the smallest value in (14);
o Set W™ = D™ B — (1 + wim)gm=b),
— Upon convergence (m = M), the unmixing matrix is given by B

(M)

We did not specify a convergence criterion - but since the target criterion
C1(B™)) is guaranteed to decrease (or at least not to increase) in each iteration,
and it is bounded below, the sequence of its values over iterations must converge.
Thus a stopping criterion that halts when the decrease in Cy(B™) falls below
any (arbitrarily small) specified positive value, is guaranteed to be met.

2 After using similar algebraic manipulations as in (12).
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Fig. 1. Diagonalization errors on per- Fig. 2. Diagonalization errors and Amari
fectly diagonalizable matrices errors [15] on non-diagonalizable matrices

3 Simulations

Here we provide a comparison of DOMUNG with two previously established
algorithms: ACDC [10] and FFDIAG [11].

Noise free case The test data for the experiments is generated as follows. We
use K = 10 diagonal matrices Ay, of size 3 x 3 where the elements on the diagonal
are drawn from a uniform distribution in the range [—1 ... 1]. These matrices are

‘mixed’ using the fixed matrix A = [ § é 2} according to the model AA, AT to

obtain the set of matrices {M} to be diagonalized.

The convergence behavior of the 3 algorithms in 10 runs is shown in Fig. 1.
The diagonalization error is measured by the off; () function. The shaded area
denotes the minima and maxima, while the bold line indicates the median over
the 10 runs. In all cases the algorithms converged to the correct solution within
the numerical computing precision. The differences in the final levels are only
due to the use of slightly different stopping criteria.

Noisy case of non-diagonalizable matrices We also investigated robustness
of the three algorithms against non-diagonalizability of the set of matrices.

Non-diagonalizability is modeled by adding random “noise” matrices to the
input matrices:

M, = AALAT + oRy,

where Ry, are symmetric matrices, whose free elements are independently drawn
from a standard normal distribution. The parameter o determines the noise level,
i.e. impact of the non-diagonalizable component.

Fig. 2 shows the error curves of 10 trials for a noise level of ¢ = 0.05, as
well as distances from the true solution as measured by the Amari error [15]
for 10 trials. One can see that all algorithms converge to the same level of the
(normalized) cost function.
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4 Conclusions

We proposed a new algorithm for simultaneous diagonalization of a set of sym-
metric matrices, where we combined: (i) a structural constraint to prevent the
trivial solutions (ii) optimal (exact) line search procedure (iii) multiplicative
updates based on natural gradient.

Extensions for further research would be to develop other “direction set meth-
ods”, e.g. conjugate gradient, using the new optimal line search procedure. Ad-
ditionally, a scale-invariant target criterion would better reflect the BSS-related
optimization requirement. Such a modification to the criterion, along with the
implied adaptation of the algorithm, are also subject of our future research.
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PASCAL network (IST-2002506778).
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