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Abstract

In this paper, we describe some techniques to learn probabilistic k-testable tree
models, a generalization of the well known k-gram models, that can be used to
compressor classify structured data. These models are easyto infer from samples
and allow for incremental updates. Moreover, as shown here, backing-o� schemes
can bede�ned to solve data sparseness,a problem that often ariseswhen using trees
to represent the data. These features make them suitable to compressstructured
data �les at a better rate than string-basedmethods.
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1 In tro duction

Stochastic modelsbasedon k-gramspredict the probability of the next sym-
bol in a sequenceas a function of the k � 1 previoussymbols and have been
widely used in natural languagemodeling [1, 2], speech recognition [3] and
data compression[4]. Indeed, probabilistic models are a key component of
arithmetic data compressionalgorithms [5, 6]. In classi�cation tasks, the need
of probabilistic models often ariseswhen the Bayes' decision rule for min-
imum error rate is applied: given a sequenceS = s1s2 : : : of observations,
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the model M that maximizesthe conditional probability P(M jS) also maxi-
mizesP(SjM )P(M ) and, therefore,a model P(SjM ) for the generationof se-
quencesis needed.If the probabilities arecomputedasP(S = s1s2 : : : st jM ) =
pM (s1)pM (s2js1) � � � pM (st js1s2 : : : st � 1) and the conditional probabilities are
assumedto dependonly on the last k� 1 words,pM (st js1 : : : st � 1) = pM (st jst � k+1 : : : st � 1),
the resulting Markov chain model [7] is known as k-gram model.

From a theoretical (although not historical) point of view, k-gram models
can be regardedas a probabilistic extensionof locally testable languages[8].
Informally, a string languageL is locally testable if every string w can be
recognizedasa string in L just by looking at all the substringsin w of length at
most k. Thesemodelsareeasyto learn and canbe e�cien tly processed[9, 10].

Whenever hierarchical relations are establishedamong the pattern compo-
nents, treesbecomea more natural representation of the input. For instance,
probabilistic tree grammarshave beenwidely usedto tackle ambiguity in nat-
ural languageparsing[11,12, 13, 14] or to processstructured text [15, 16, 17].
Context-free grammars[18] provide a traditional formalismthat handlesstruc-
tural information. This kind of grammarscanbeeasilywritten andupdatedby
linguists, although it is di�cult to learn them automatically. For instance,it is
hard to �nd the appropriate degreeof generalizationunlesssomeinformation
about the sizeof the target grammar is available [19].

The classof parsetreesgeneratedby a context-free grammarcanbecharacter-
izedasa rational tree language[20,21,22].In particular, the classof k-testable
tree languages[23] is a proper subclassof the classof rational tree languages,
wherethe e�ect of events that have occurredbeyond a certain depth window
are ignoredwhenprocessinga tree. Thesetree languagescanbe de�ned either
using the formalism of tree automata (from the acceptor point of view) or
using tree grammars (from the generation point of view). Both approaches
are equivalent and previous work [23] has proposedidenti�cation algorithms
for locally testable tree languages.

Therefore,learningtree languagesrepresents a steptowardsidentifying context-
freelanguages.In casestructural descriptionsareavailable (that is, samplesof
unlabelledparsetrees), the tree grammar can be identi�ed by meansof learn-
ing algorithms [21].Evenif structured samplesareonly partially available, this
information can also be used to improve the learning process[24]. On their
own, the identi�cation of probabilistic models is of interest in classi�cation
tasks.Although somegeneralalgorithms have beenproposedbefore[25], they
require large data collectionsto infer even small probabilistic tree grammars.
In contrast, probabilistic k-testable models (for instance,k-grams) represent
an approximation to rational languagesthat provide a better description of
small and medium-sizedsamples.
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Probabilistic k-testable models have been applied to natural languagepro-
cessingbefore[26]. Here we also usedthe Penn Treebankdata collection [27]
in order to test the algorithm. However, instead of de�ning an ad hoc classi-
�cation task, we have addressedanother interesting problem: how much the
inferred model helps to compressthe type of data it describes. In casethe
model conveys a lot of information about the samples,a better compression
rate will be obtained. For this purpose,someadaptation of the algorithm is
needed:in particular, it is very important that any unseentree is assigneda
non-null probability.

Summarizing,in this paper, weexplorethe applicability of probabilistic locally
testablemodelsto describestructured data and completethe resultspresented
in [28]. A brief description of thesemodelscan be found in section2 and the
basic guidelinesto infer this kind of models are presented in section 3. We
have checked (section 4) that using these models for adaptive compression
of tree data improves performancecomparedto the traditional string-based
arithmetic compression.Finally, how a backing-o� schemecan be de�ned for
classi�cation tasks is described in section5.

2 Probabilistic locally testable tree languages

Givenan alphabet, that is, a �nite setof symbols � = f � 1; : : : ; � j � jg, the setT�

of �-trees is de�ned as the languagegeneratedby the context-free grammar
G = (� 0; f T; F g; T; R), where the alphabet � 0 contains � plus the left and
right parenthesisand whoseset of productions R contains the rules:

� T � ! � j� (F ) for all � 2 �
� F � ! T j TF

The depth of a tree t is

depth(t) =

8
<

:
0 if t = � 2 �

1 + maxm
j =1 f depth(t j )g if t = � (t1 : : : tm ) 2 T� � �

(1)

and the subsetof trees is

sub(t) =

8
<

:
f � g if t = � 2 �

f tg [
S

n sub(tn ) if t = � (t1 : : : tm ) 2 T� � �
(2)

For instance, the �-tree a(a(a(ab))b) belongsto Tf a;bg and its depth is 3. Its
graphical representation is depicted in �g.1.
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A deterministic �nite-state tree automaton (DTA) is de�ned as a four-tuple
A = (Q; � ; � ; F ), where Q = f q1; : : : ; qjQjg is a �nite set of states, � =
f � 1; : : : ; � j � jg is the alphabet, F � Q is the subset of accepting states and
� = f � 0; � 1; : : : ; � M g is a collection of M transition functions of the form
� m : � � Qm ! Q. For all treest 2 T� , the result � (t) 2 Q of the operation of
A on t is

� (t) =

8
<

:
� 0(� ) if t = � 2 �

� m (� ; � (t1); : : : ; � (tm )) if t = � (t1 : : : tm ) 2 T� � �
(3)

By convention, unde�ned transitions lead to an absorption state ?62F .

For instance,if Q = f q1; q2g, � = f a;bg and � 0(a) = q1, � 0(b) = q2, � 2(a;q1; q2) =
q2 and � 1(a;q2) = q1, the result of the operation of A on tree t = a(a(a(ab))b),
plotted in �g.1, is � 2(a; � (a(a(ab))) ; � (b)). Recursively, onegets� (t) = � (a;q1; q2) =
q2.

a

a b

a

a b

Fig. 1. A graphical representation of the tree a(a(a(ab))b).

The tree languageL(A) recognizedby the automaton A is the subsetof T�

L(A) = f t 2 T� : � (t) 2 F g: (4)

Every languagethat can be recognizedby a DTA is called a rational tree
language[20]. Rational tree languagescan also be de�ned as the class of
languagesgeneratedby regular tree grammars [22]. A regular tree grammar
G = (N; � ; S;R) consistsof a �nite set of variables V, an alphabet �, an
axiom S 2 V, and a set R of production rules. Every production rule has the
form A ! � whereA is a variable and � 2 TV [ � . However, every regular tree
grammarcanbeeasilynormalizedsothat all productionsareof the form A !
� (A1 : : : An ), where� 2 � and A1; : : : ; An 2 V. This form explicitly shows the
equivalencebetweenregular tree grammarsand top-down tree automata [29,
22] which are, in turn, equivalent to the DTA de�ned here.

Probabilistic tree automata generatea probability distribution over the trees
in T� . A probabilistic DTA incorporatesa probability for every transition in
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the automaton, with the normalization that the probabilities of the transitions
leadingto the samestate q 2 Q must add up to one.In other words, there is a
collectionof functionsP = f p0; p1; p2; : : : ; pM g of the typepm : � � Qm ! [0; 1]
such that they satisfy, for all q 2 Q,

X

� 2 �

MX

m=0

X

q1 ;:::;qm 2 Q:
� m (� ;q1 ;:::;qm )= q

pm (� ; q1; : : : ; qk) = 1 (5)

With this normalization, P de�nes a distribution over every languageL(q) =
f t 2 T� : � (t) = qg. In order to de�ne a probability distribution over T� ,
every probabilistic deterministic tree automatonA = (Q; V; � ; P; � ) provides a
function � : Q ! [0; 1] which, for every q 2 Q, givesthe probability that a tree
satis�es � (t) = q. Then, the probability of a tree t in the languagegenerated
by the probabilistic DTA A is given by

p(tjA) = � (� (t)) � (t) (6)

where� (t) is the product of the probabilities of all the transitions performed
when A operateson t:

� (t) =

8
<

:
p0(� ) if t = � 2 �

pm (� ; � (t1); : : : ; � (tm )) � (t1) � � � � (tm ) if t = � (t1 : : : tm ) 2 T� � �
(7)

The equations (6) and (7) de�ne a probability distribution p(tjA) provided
that conssitencyis preserved:

X

t2 T�

p(tjA) = 1: (8)

As shown by Chaudhuri et al. [30] and S�anchezet al. [31], context-free gram-
mars whoseprobabilities are estimated from random samplesare consistent.
In the following, the probabilities of the DTA (or the equivalent regular tree
grammar) will be extracted from random samplesand, therefore,consistency
is always preserved.

Locally testablelanguages,in the caseof strings, arecharacterizedby de�ning
the set of substringsof length k together with pre�xes and su�xes of length
strictly smaller than k to check near the string boundaries[9, 10]. In the case
of trees, as described by Knuutila [23], the concept of k-fork plays the role
of the substringsand the k-root and k-subtreesplay the role of pre�xes and
su�xes. For any k > 0, every k-fork contains a node and all its descendents
lying at a depth smaller that k. The k-root of a tree is its shallowest k-fork
and the k-subtreesare all the subtreeswhosedepth is smaller than k. These
conceptsare illustrated in �g. 2 for the tree t = a(a(a(ab))b). In this example,
r2(t) = f a(ab)g, f 3(t) = f a(a(a)b); a(a(a(b))) g and s2(t) = f a(ab); a;bg.
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Fig. 2. Left: Set of 3-forks contained in a(a(a(ab))b). Right: 2-root and 2-subtrees.

A tree languageT is a strictly k-testablelanguage(with k � 2) if there exist
three �nite subsetsR; F ; S � T� such that

t 2 T , r k� 1(t) � R ^ f k(t) � F ^ sk� 1(t) � S: (9)

We will denotea languagede�ned in this way asT = L k(R ; F ; S). Languages
of this type are rational [23]. Indeed, it is straightforward to build a DTA
A = (Q; � ; � ; F ) that recognizesL k(R ; F ; S). For this purpose,it su�ces to
choose:

� Q = R [ r k� 1(F [ S);
� F = R;

� � m (� ; t1; : : : ; tm ) =

8
<

:
� (t1 : : : tm ) if � (t1 : : : tm ) 2 F [ S

? otherwise

Therefore,every strictly k-testable tree language(k-testable tree languagein
the following) is a rational tree language.

3 Inference of sto chastic locally testable tree languages

As shown in [23], the classof k-testable tree languagesis identi�able in the
limit [32] from positive samples.In other words, there existsan algorithm that
for every k-testable tree languageL and after a �nite number of examples
outputs a DTA recognizingL. Essentially , the procedureto obtain the DTA
given the sampleS builds the DTA for L k(r k� 1(S); f k(S); sk� 1(S)) following
the construction at the end of former section.

For instance,for the singleexamplesampleS = f a(a(a(ab))b)g and k = 3 one
gets the set of satesQ == f a(ab); a(a); a;bg with �nal subsetF = f a(ab)g
and transitions � 0(a) = a, � 0(b) = b, � 2(a;a;b) = a(ab) , � 2(a;a(a); b) = a(ab)
and � 1(a;a(ab)) = a(a).
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Wecanextendthis learningprocedureto the casewherethe sampleis stochas-
tically generated.A stochastic sample S = f � 1; � 2; : : : � jSjg consistsof a se-
quenceof trees generatedaccordingto an unknown probability distribution.
The assumption that the underlying transition scheme (that is, the states
Q and the collection of transition functions �) correspond to a k-testable
DTA allows one to infer a probabilistic DTA from S in a simple way. For
this purpose,one should note that the likelihood of the stochastic sampleS
is maximized [2] if the stochastic model assignsto every tree � in the sample
a probability equal to the relative frequencyof � in S. In other words, every
transition in � will be assigneda probability which coincideswith the relative
number of times the rule is usedwhenthe treesin the sampleareparsedby the
DTA. Therefore,the procedureto infer a probabilistic DTA from a stochastic
sampleS = f � 1; � 2; : : : ; � jSjg works as follows. The set of states is built as

Q = r k� 1(f k(S) [ sk� 1(S)); (10)

and � contains the transitions

� (� ; t1; :::; tm ) =

8
<

:
r k� 1(� (t1 : : : tm )) if � (t1 : : : tm ) 2 f k(S) [ sk� 1(S)

? otherwise
(11)

with probabilities

pm (� ; t1; : : : ; tm ) =
C[k](� (t1 : : : tm ); S)

C[k� 1](r k� 1(� (t1 : : : tm )) ; S)
(12)

where C(t; S) =
P jSj

i =1 C(t; � i ) and C(t; � i ) counts the number of k-forks and
(k � 1)-subtrees2 isomorphic to t found in � i ; �nally , the subsetof accepting
states is

F = r k� 1(S) (13)

and the probabilities � (t) are estimated for every t 2 F as

� (t) =
1

jSj
D [k](t; S) (14)

where D [k](t; S) =
P jSj

i =1 D [k](t; � i ) and D [k](t; � i ) = 1 if r k� 1(� ) = t and zero
otherwise.

It is useful to store the above probabilities as the quotient of two terms, as
given by equations(12) and (14). In this way, if a new tree (or subtree) � is
provided, the automaton A canbeeasilyupdated to account for the additional
information. For this incremental update, it su�ces to increment each term
in the equationswith the partial sumsobtained for � .

2 Note that a tree � may contain, depending on the depth of t, either k-forks or
(k � 1)-subtreesisomorphic to t but not both simultaneously.
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4 An application: tree data compression

In this section,weexplorethe application of the classof modelsconsideredhere
to the task of tree data compression.Becausestochastic modeling becomesa
key ingredient in arithmetic compression[5, 33],oneexpectsthat probabilistic
tree models that provide a better description of the �le content will allow for
a moree�ective �le compression.Conversely, compressionperformancecanbe
usedas a measureof the quality of the probabilistic model.

Recall that an arithmetic encoder usesat step n the cumulative range of
probabilities [l(en ); h(en )[ that the model assignsto the event en having prob-
abilit y h(en ) � l (en ). Starting with low0 = 0 and high0 = 1, a new interval is
iterativ ely computedas follows

lown+1 = lown + (highn � lown )l(en )

highn+1 = lown + (highn � lown )h(en )
(15)

The output of the encoder is any number in the rangeobtainedafter the whole
�le is processedand implementing this computation using integer arithmetics
is a subtle task as shown in [5]. An important issueis that the probabilistic
model shouldnever assigna null probability to any event that canbeobserved,
that is, h(en ) � l (en ) has to be always strictly positive.

Our procedureto compresstree data follows the guidelinesof prediction by
partial matching (PPM, [34]). Similarly to the caseof strings, a probabilistic
model M [k] predicts the next code to be transmitted basedon the previous
context. In this case,the context is given by the (k � 1)-fork (or, when ap-
propriate, by the (k � 1)-root or (k � 1)-subtree) in the tree above the node.
For instance,if k = 3, the possibleexpansionsof the nodesshadowed in �g. 3
depend on the whole context marked with a square.In that case,the prob-
abilit y p2(a;a(a); b) of the expansiont = a(a(a)b) given the observed state
q = r2(t) = a(ab) is needed.In the following, we will say that a tree t is an ex-
pansionif t 2 f k(S) [ sk� 1(S) and say that t is a root expansionif t 2 r k� 1(S).

In casethe k-testablemodel M [k] contains no information about the expansion
t = � (t1 : : : tm ), the (k � 1)-order model M [k� 1] is used instead to compute
the probabilities of the subexpansionst1; :::; tm . This backing-o� procedureis
repeatedrecursively till either a) a suitable model is found for the subexpan-
sion under considerationor b) k = 1 and the ground model M [1] is applied.
On the return, when each state expansionis known, the models M [1] to M [k]

are updated.

Someimportant featuresdi�erentiate the procedureform the standard string
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Fig. 3. Trailing context (k = 3) for the expansionof the shadowed nodes.

PPM compressionand are worth to comment:

(1) In contrast to strings, whereleft-to-right processingis the natural choice,
di�erent ordersare possibleto perform a walk on the tree. Breadth-�rst
traversalo�ers the advantage that the model can be updated beforethe
whole tree is expanded.This improvescompressionof �les consistingof
a single tree or a small amount of them.

(2) Each model M [k] with k > 1 consistsof a collection of counters C [k](t)
and D [k](t) neededfor the estimates(12) and (14) respectively. There is
a counter for every di�erent argument t, where t is a k-fork or (k � 1)-
subtreein the �rst caseand a (k � 1)-root in the secondcase.In addition,
oneneedscounters for the escape codes:D [k](� r ) for the root escape code
� r and C[k](� q) for the escape code � q associated to the state q. All these
counters are initialized to zero, updated with the processedpart of the
tree, and they will be usedto estimate the probabilities as follows. The
probability in model M [k] of the expansiont from state q = � (t1 : : : tm )
is given by

� (k; t) =
C[k](t)

C[k� 1](q) + C[k](� q)
(16)

The above formula can alsobe usedfor the escape probabilities � (k; � q).
Conversely, the probability in M [k] of the root expansiont is

� (k; t) =
D [k](t)

jSj + D [k](� r )
(17)

This equation alsoholds for the escape code probability � (k; � r ).
(3) The ground model M [1] is usedwhen no information is available about

a expansiont = � (a1 : : : am ) with a1; :::; am 2 � or t = � . In such case,
the state is q = r 1(t) = � and one needsto code the number m of
descendents together with, if m > 0, their labels a1; :::; am . Therefore,
this ground model hastwo components. On the onehand, a collection of
counters E � (m) storeshow many nodeslabeled � expandedm subtrees.
As the maximal tree-width M is in advanceunknown, we initially use
M counters per symbol, E � (0); :::; E � (M � 1), plus an additional one
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E � (� � ) that storeshow often M additional counters are needed.Then,
the probability that a node labeled � hasm descendents is computedas
follows


 (� ; m) =
1 + E � (m)

1 + M E � (� � ) + � M E � (� � )
i =0 E � (i )

(18)

The sameequation formally holds for 
 (� ; � � ).
In addition, M [1] keepsa counter C [1](� ) storing the number of nodes

labeled with � in the sample.They are used to assigna probability to
every symbol as follows:

� (1; � ) =
1 + C[1](� )

j� j +
P

a2 � C[1](a)
(19)

With all theseingredients, the tree compressionalgorithm executesrepeatedly
a function, tcompress schematically represented in �g. 4, for every tree � in
the input and the maximal order kmax allowed for the models.The tcompress

algorithm tcompress(k; � ) [for k > 1]
r encode(r k� 1(� ))
do (8x subtreeof � in breadth-�rst order)

t  r k(x)
if (1 + depth(t) � k � 1) then

f encode(k; t)
endif

enddo
endalgorithm

Fig. 4. Main tree compressionalgorithm.

algorithm calls a function f encode (plotted in �g. 5) that encodes the k-
forks and (k � 1)-subtrees3 and a similar function r encode(plotted in �g. 7)
that encodes the (k � 1)-root. All these functions use a generic procedure
send('; � ; x) that generatesthe input for the arithmetic encoder, that is, the
cumulative rangeof probabilities assignedto the event by the model. In this
function, ' is either � , � , or 
 , the parameter� reperesents a k- or � - valueand
x is a tree or m-value. Both ' and � specify the table to be used,that is, the
equation (16{19) and its �rst argument, while x is the parameter that selects
the table entry (the secondargument in theseequations).The corresponding
decoding functions are implemented in a similar fashionand can be found in
the appendix.

In order to illustrate how the algorithm works we apply it with parameter
kmax = 3 to the trees in 8. The stepsperformedare traced in table 9.

In this case,encoding starts with the 2-root a(ba), but M [3] is still empty.

3 This meansthat the argument t for f encode satis�es k � 1 � 1 + depth(t) � k.
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function f encode(k; t)
q  r k� 1(t) [k > 1 is always true]
if (C[k](t) > 0) then [t found in M [k]]

send(� ; k; t)
update(k; t)

else [t not found in M [k]]
send(� ; k; � q)
inc(C[k](� q))
if (k > 2) then [useM [k� 1] for t = � (t1 : : : tm )]

do (j = 1; :::; m)
if (1 + depth(t j ) � k � 2) then

f encode(k � 1; t j )
endif

enddo
else [useM [1] for t = � (a1 : : : am )]

do (while m � M E � (� � ))
send(
 ; � ; � � )
inc(E � (� � ))

enddo
send(
 ; � ; m)
inc(E � (m))
do (j = 1; :::; m)

send(� ; 1; aj )
inc(C[1](aj ))

enddo
endif
inc(C[k](t))

endif
endfunction

Fig. 5. Encoding function. The command inc increments the counter by one. Func-
tion update is expandedin �g. 6.

Then a escape code is generated(with probability 1) and a smaller context
(k = 2) is tried in order to encode the 1-root a. As M [2] is alsoempty a second
escape code is generated(also with probability 1) and the ground model M [1]

is called. At this point, there is no context for the next symbol and then, the
code for the label a is emitted and M [2] tries to encode a(ba) from the state a,
generatinga call to encode p with k = 2. As this expansionis still unseen,the
escape code of state a is generatedand the ground model is usedto encode
the number of children and their labels.This endsstep 1 in the table.

In step 2, the 2-fork a(ba) has to be expandedas a(ba(ba)), but there is still
no information in M [3] so, the corresponding escape code is emitted and M [2]

is called with the smaller context b. Again, the sate is not in the model, a
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function update(k; t)
if (k > 2) then [t = � (t1 : : : tm )]

do (j = 1; :::; m)
if (1 + depth(t j ) � k � 2) then update(k � 1; t j )

enddo
else [t = � (a1 : : : am )]

inc(E � (m))
do (j = 1; :::; m)

inc(C[1](aj ))
enddo

endif
inc(C[k](t))

endfunction

Fig. 6. Function update.

function r encode(k; t)
if (D [k](t) > 0) then [useM [k]]

send(� ; k; t)
do(i = 2; :::; k)

inc(D [i ](r i � 1(t)))
update(i � 1; r i � 1(t))

enddo
else [useM [k� 1]]

send(� ; k; � r )
inc(D [k](� r ))
if (k > 2) then [t = � (t1 : : : tm )]

r encode(k � 1; r k� 1(t))
if (1 + depth(t) � k � 1) f encode (k � 1; t)

else [t = � ]
send(� ; 1; � )
inc(C[1](� ))

endif
inc(D [k](t))

endif
endfunction

Fig. 7. Root encoding function.

escape code is emitted and the ground model is calledto encode zerochildren.
Then, M [2] is called with context a but now, this expansionis already stored
in M [2] since after step 1, the models were updated. Therefore, the code of
this expansionis generated.

The executionis still not �nished, asthe fact that a and bare leavesin the fork
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Fig. 8. Treesusedto generatea sampletrace of the encoding algorithm.

Step Function Action

1 encode r(a(ba),3) send r( " , 3)

encode r(a, 2) send r( " , 2)

send1(a)

encode p(a(ba), 2) send(" , a, 2)

send1M(2, a)

send1(b)

send1(a)

2 encode p(a(ba(ba)), 3) send(" , a(ba), 3)

encode p(b, 2) send(" , b, 2)

send1M(0, b)

encode p(a(ba), 2) send(a(ba), a, 2)

3 encode p(a(ba), 3) send(" , a(ba), 3)

encode p(b, 2) send(b, b, 2)

encode p(a, 2) send(" , a, 2)

send1M(0, a)

4 encode r(a(ba), 3) send r(a(ba), 3)

encode p(a(ba), a(ba), 3) send(a(ba), a(ba), 3)

Fig. 9. Trace of the algorithm when processingthe trees in �g. 8

a(ab) is still not codedand the model M [3] doesnot contain such information.
In step 3, after a new escape code, the M [2] code corresponding to state b
without children is generatedand a secondescape code is emitted because
M [2] does not contain an expansionof state a with no children. Then, the
ground model is usedfor this purpose.

Finally, step 4 describesthe calls performedwhile the secondtree is encoded.
At this point M [3] hasthe information neededabout the state and the expan-
sion and two calls are enoughfor the encoding.
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We checked this model with a 6.129MByte �le consistingof parsetrees(with
structural and part-of-speech tags) contained in the Penn Treebank[27]. The
compressionrate obtained, 13.94,is to be comparedwith 7.08obtained using
gzip with best compressionoptions, 10.92obtained with bzip2 with longest
block-sizeor 9.08using trigram-basedarithmetic compression.This is a clear
indication that the probabilistic k-testabletree modelsprovide the arithmetic
encoding algorithm with a suitable description of the structured data con-
tained in the corpus.

5 Multilev el smoothing of tree languages

A standard procedure to avoid null probabilities is the backing-o� method
that has beenextensively studied for string models (see,for instance,[2]). In
this section we introduce a backing-o� procedurethat has beensuccessfully
usedin classi�cation tasks. Di�eren t schemesare possiblebut the results are
not very sensitive to the details of this choice [2] and our main purposeis to
illustrate the di�culties and di�erences with the string case.Indeed,the most
important di�erence comesfrom the fact that the number of descendents of
a node is not bounded: on the one hand a special ground model is needed
and, on the other hand, special care has to be taken when calculating the
normalization factors as the number of unseenevents is not known.

Following the standard approach, the template usedto back-o� a probability
distribution pA with a second,more general,onepB is as follows:

p(x) =

8
<

:
pA (x)(1 � � (x)) if pA (x) > 0
�
F pB (x) otherwise

(20)

The distribution pA is decreasedwith a discounting function � such that 0 <
� (x) < 1 and originatesa discount term

� =
X

x:pA (x)> 0

� (x)pA (x)

which is distributed amongthe unseenevents. The factor F is neededto keep
the normalization:

F =
X

x:pA (x)=0

pB (x)

In our case,the probability of a tree � = � (� 1 : : : � m ) in model M [k] is computed
using the de�nitions (6) and (7) adapted to a k-testable language,so that
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p(� jM [k]) = � [k](r k� 1(� )) � [k](� ) and

� [k](� ) =

8
<

:
p[k]

0 (� ) if � = � 2 �

p[k]
m (� ; r k� 1(� 1); :::; r k� 1(� m ))

Q m
i=1 � [k](� i ) if � = � (� 1 : : : � m ) 2 T� � �

(21)
We will de�ne a backing-o� schemefor the three typesof elementary proba-
bilities in Eq. (21): p0(� ), pm (� ; t1; :::; tm ) with m > 0 and � (t) following the
template (20). For this purpose,we will usecounters C [k], D [k] and E � with
the samemeaningas in former section.

Sometimes,we will need to predict the number m of descendents of a node
labeled � . For this purposewe de�ne

p[1]
� (m) =

8
>>><

>>>:

E � (m)
C [1] (� ) (1 � � [1]

� (m)) if E � (m) > 0
� [1]

�

F [1]
�

P� � (m) if E � (m) = 0 ^ C[1](� ) > 0

P� (m) otherwise

(22)

where� [1]
� are strictly positive discounting functions that generate,for each � ,

a global discounting factor

� [1]
� =

1
C[1](� )

X

m
E � (m)� [1]

� (m) (23)

which is normalizedwith

F [1]
� = 1 �

X

n:E � (n)> 0

P� � (n) (24)

Here, P� and P� � are non-vanishing probability distributions (for instance,
Poisson-like) over the positive integerssuch that their expectation value coin-
cideswith the averagenumber � of descendents of the nodesin the sampleor
the averagenumber � � of descendents of nodeslabeled � , that is

� � =
P

m mE � (m)
P

m E � (m)
(25)

Note that � [1]
� > 0 when C[1](� ) > 0, as this implies E � (m) > 0 for somem.

The ground model M [1] has as a secondingredient: the probabilities p[1](� )
that a node has label � :

p[1](� ) =

8
<

:

C [1] (� )
N (1 � � [1](� )) if C[1](� ) > 0

� [1]

F [1] otherwise
(26)

where � [1](� ) is a strictly positive function, N =
P

a C[1](a) is the number of
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nodes in the sample, the normalizing factor F [1] is the number of di�erent
alphabet symbols not found in S and

� [1] =
1
N

X

a
C[1](a)� [1](a) (27)

Note that any non-empty sample(that is, with N > 0) has C [1](� ) > 0 for
some� and, therefore,� [1] > 0.

With these ingredients, we are ready to de�ne backing-o� schemesfor the
elementary probabilities with k = 2: given t = � (a1 : : : am ), they arecomputed
as follows

p[2]
m (� ; a1; :::; am ) =

8
<

:

C [2] (t )
C [1] (� ) (1 � � [2](t)) if C[2](t) > 0
� [2] (� )
F [2] (� ) p[1]

� (m)
Q m

i=1 p[1](ai ) otherwise
(28)

where

� [2](� ) =
X

u:C [2] (u)> 0^ r 1 (u)= �

C[2](u)
C[1](� )

� [2](u) (29)

and the normalization factor is

F [2](� ) = 1 � p[2]
0 (� ) �

X

m> 0:E � (m)> 0

p[1]
� (m)

X

a1 ;:::;am :
C [2] (� (a1 :::am )) > 0

mY

i =1

p[1](ai ) (30)

Again, it is easy to realize that the value of any probability of this type is
strictly positive.

In casek > 2, p[k]
0 (� ) = 1. However, the probabilities of type p[k]

m with m > 0,
given t = � (t1 : : : tm ) with t i = ai (si 1 : : : sim i ), are de�ned as

p[k]
m (� ; t1; :::; tm ) =

8
<

:

C [k ] (t )
C [k � 1] (r k � 1 (t )) (1 � � [k](t)) if C[k](t) > 0
� [k ] (r k � 1 (t ))
F [k ](r k � 1 (t ))

Q m
i=1 p[k� 1]

m i
(ai ; si 1; :::; sim i ) otherwise

(31)
where

� [k](q) =
1

C[k� 1](t)

X

u:C [k ] (u)> 0^ r k � 1 (u)= q

C[k](u)� [k](u) (32)

and the normalization factor is

F [k](� (� 1 : : : � m )) = 1�
X

u1 ;:::;u m :
C [k ] (� (u1 :::um )) > 0^ r k � 2 (u i )= � i

mY

i =1

p[k� 1]
m i

(ai ; vi 1; :::; vim i ) (33)

whereui = ai (vi 1; :::; vim i ).
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Finally, � [k] probabilities can be de�ned in casek = 2 as

� [2](� ) =

8
<

:

D [2] (� )
jSj (1 � � [2](� )) if D [2](� ) > 0

� [2]

G[2] p[1]
� (0) otherwise

(34)

wherethe discounting factor � [2] is

� [2] =
1

jSj

X

a:D [2] (a)> 0

D [2](a)� [2](a) (35)

and its corresponding normalization

G[2] = 1 �
X

a:D [2] (a)> 0

p[1](a) (36)

In casek > 2 we useinstead for t = � (t1 : : : tm )

� [k](� (t1 : : : tm )) =

8
<

:

D [k ] (t )
jSj (1 � � [k](t)) if D [k](� (t1 : : : tm )) > 0

� [k ]

G[k ] � [k� 1](r k� 2(t)) p[k� 1]
m (� ; t1; :::; tm ) otherwise

(37)
where

� [k] =
1

jSj

X

u:D [k ] (u)> 0

D [k](u) � [k](u) (38)

and the suitable normalizing factor is

G[k] = 1 �
X

a

X

m

X

u1 ;:::;u m :
D [k ] (a(u1 :::um )) > 0

� [k� 1](r k� 2(a(u1 : : : um ))) p[k� 1]
m (a;u1; :::; um )

(39)
All these equations provide an e�cien t backing-o� scheme that guarantees
that no event is assigneda null probability.

As an illustration, considerthe tiny sampleS = f a(a(ab)b)g. The probabilities
of the events seenin the sampleare summarizedin the following table

� [3](a(ab)) = (1 � � [3]
a(ab) ) � [2](a) = (1 � � [2]

a )

p[3]
2 (a;a(a); b) = 1

2(1 � � [3]
a(ab) ) p[2]

2 (a;a;b) = 2
4(1 � � [2]

a )

p[3]
2 (a;a;b) = 1

2(1 � � [3]
a(ab) ) p[2]

1 (a;a) = 1
4(1 � � [2]

a )

p[3]
1 (a;a(ab)) = (1 � � [3]

a(a) ) p[2]
0 (a) = 1

4(1 � � [2]
a )

p[3]
0 (a) = p[3]

0 (b) = 1 p[2]
0 (b) = 2

2(1 � � [2]
b )

In order to obtain, for instance,the probability of tree a(a(ab)b)) with k = 3
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oneneeds

p(ja(a(ab)b)jM [3]) = � [3](a(ab))p[3]
2 (a;a(ab); b)p[3]

2 (a;a;b)p[3]
0 (a)p[3]

0 (b)2 (40)

where,only for the secondfactor, backing-o� needsto be applied

p[3]
2 (a;a(ab); b) =

� [3]
a(ab)

1 � p[2]
1 (a;a)p[2]

0 (b) � p[2]
0 (a)p[2]

0 (b)
p[2]

2 (a;a;b)p[2]
0 (b) (41)

Substituting the above expressionin (40), the result can be now computed
using only the probabilities in the table.

6 Conclusion

We have described how a probabilistic extension of the k-testable tree lan-
guagesallows for simple statistical learning proceduresand can be used to
implement arithmetic compressionalgorithms or backing-o� techniques.The
models of this type can be updated incrementally and may be inferred us-
ing medium-sizedsampleswith better results than somestate mergingmeth-
ods[25] which tend to output too simplemodels.The highercompressionrates
achieved whenprocessingtree data �les show that this classof modelsprovide
a suitable description of the structured data.
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A Decoding functions

The corresponding decoding functions canbe found in �g. A.2 and A.1. These
functions call proceduresget that play the inverserole of function send in
compression.

function r decode(k)
t  get(� ; k)
if (t! = � r ) then

do(i = 2; :::; k)
inc(D [i ](r i � 1(t)))
update(i � 1; r i � 1(t))

enddo
else

inc(D [k](� r ))
if k > 2 then

q  r decode(k � 1)
t  f decode(q)

else
� = get(� ; 1)
inc(C[1](� ))
t  �

endif
inc(D [k](t))

endif
return t

endfunction

Fig. A.1. Root decoding function.
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function f decode(k)
k  2 + depth(q)
t  get(� ; k; q)
if (t! = � q) then

update(t)
else

inc(C[k](� q))
if (k > 2) then [q = � (� 1 : : : � m )]

do (j = 1; :::; m)
if (1 + depth(� j ) = k � 1) then

t j = f decode(� j )
endif

enddo
t  � (t1 : : : tm )

else [q = � ]
do (while get(
 ; � ) = � � )

inc(E � (� � ))
enddo
m  get(
 ; � )
inc(E � (m))
do (j = 1; :::; m)

aj  get(� ; 1)
inc (C[1](aj ))

enddo
t  � (a1 : : : am )

endif
inc(C[k](t))

endif
return t

endfunction

Fig. A.2. Decoding function.
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