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Abstract

In this paper, we describe some techniques to learn probabilistic k-testable tree
models, a generalization of the well known k-gram models, that can be used to
compressor classify structured data. These models are easyto infer from samples
and allow for incremertal updates. Moreover, as shonvn here, baking-o sthemes
canbede ned to solve data sparsenessa problem that often ariseswhen using trees
to represen the data. These features make them suitable to compressstructured
data les at a better rate than string-based methods.
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1 Intro duction

Stochastic models basedon k-grams predict the probability of the next sym-
bol in a sequenceaas a function of the k 1 previous symbols and have been
widely usedin natural languagemodeling [1, 2], speet recognition [3] and
data compression[4]. Indeed, probabilistic models are a key componert of
arithmetic data compressioralgorithms [5, 6]. In classi cation tasks, the need
of probabilistic models often ariseswhen the Bayes' decisionrule for min-
imum error rate is applied: given a sequenceS = s;S,::: of obsenations,
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the model M that maximizesthe conditional probability P(M jS) also maxi-
mizesP (SjM )P (M) and, therefore,a model P (SjM) for the generationof se-
guencess neededlf the probabilities are computedasP (S = s;S;:::5jM) =
Pv (S1)pm (S2jS1)  pm(StjsiS2:::St 1) and the conditional probabilities are

assumedo dependonly onthelastk 1words,py (StjS1:::St 1) = Pm (St)St k+1 - -

the resulting Markov chain model [7] is known as k-gram model.

From a theoretical (although not historical) point of view, k-gram models
can be regardedas a probabilistic extensionof locally testable languageg8].
Informally, a string languagel is locally testable if ewery string w can be
recognizedasa string in L just by looking at all the substringsin w of length at
most k. Thesemodelsare easyto learn and canbe e cien tly processed9, 10].

Whene\er hierardhical relations are establishedamong the pattern compo-
nerts, treesbecomea more natural represetation of the input. For instance,
probabilistic tree grammarshave beenwidely usedto tackle ambiguity in nat-
ural languageparsing[11, 12,13 14]or to processstructured text [15, 16, 17].
Context-free grammars[18] provide a traditional formalismthat handlesstruc-
tural information. This kind of grammarscanbe easilywritten and updated by
linguists, althoughiit is di cult to learnthem automatically. For instance,it is
hard to nd the appropriate degreeof generalizationunlesssomeinformation
about the sizeof the target grammar is available [19].

The classof parsetreesgeneratedby a cortext-free grammarcanbe character-
izedasarational tree language[20,21,22].In particular, the classof k-testable
tree languageq23 is a proper subclassof the classof rational tree languages,
wherethe e ect of events that have occurred beyond a certain depth window
areignoredwhen processinga tree. Thesetree languagesan be de ned either
using the formalism of tree automata (from the acceptor point of view) or
using tree grammars (from the generation point of view). Both approades
are equivalernt and previous work [23] has proposedidenti cation algorithms
for locally testable tree languages.

Therefore,learningtree languagesepresets a steptowardsidertifying conext-
freelanguagesin casestructural descriptionsare available (that is, samplesof
unlabelled parsetrees), the tree grammar can be identi ed by meansof learn-
ing algorithms[21]. Evenif structured samplesare only partially available, this
information can also be usedto improve the learning process[24]. On their
own, the identi cation of probabilistic models is of interest in classi cation
tasks. Although somegeneralalgorithms have beenproposedbefore[25], they
require large data collectionsto infer even small probabilistic tree grammars.
In cortrast, probabilistic k-testable models (for instance, k-grams) represem
an appraximation to rational languagesthat provide a better description of
small and medium-sizedsamples.

'St 1),



Probabilistic k-testable models have been applied to natural languagepro-
cessingbefore[26]. Here we also usedthe Penn Treebankdata collection [27]
in order to test the algorithm. Howewer, instead of de ning an ad hoc classi-
cation task, we have addressedanother interesting problem: how much the
inferred model helpsto compressthe type of data it descrites. In casethe
model conveys a lot of information about the samples,a better compression
rate will be obtained. For this purpose,someadaptation of the algorithm is
needed:in particular, it is very important that any unseentree is assigneda
non-null probability.

Summarizing,in this paper, we explorethe applicability of probabilistic locally

testablemodelsto descrike structured data and completethe results presened

in [28]. A brief description of thesemodels can be found in section2 and the

basic guidelinesto infer this kind of models are presentied in section 3. We

have cheded (section 4) that using these models for adaptive compression
of tree data improves performancecomparedto the traditional string-based
arithmetic compressionFinally, how a baking-o sdemecan be de ned for

classi cation tasksis descrilked in section5.

2 Probabilistic locally testable tree languages

Givenan alphatet, that is, a nite setofsymbols =f 4;:::; ; g, thesetT
of -trees is de ned asthe languagegeneratedby the context-free grammar
G = ( %fT;Fg;T;R), wherethe alphabet ©° cortains plus the left and
right parerthesisand whoseset of productions R cortains the rules:

T ! j (F) forall 2
F ! TjTF

The depthof atreet is

8
< if + =

depth(t) = . T2 ®
- 1+ max?, fdepth(tj)g ift= (ti::itm)2 T

and the subsetof treesis
8
<f g ift= 2

SR = gL S, sublt) ft= (L) 2T

(@)

For instance,the -tree a(a(a(ab)b) belongsto T;.., and its depth is 3. Its
graphical represetation is depictedin g.1.



A deterministic nite-state tree automaton (DTA) is de ned as a four-tuple

A= (Q; ; ;F), whereQ = fa;:::;00;9 is a nite set of states, =
f ;100 j j9is the alphabet, F Q is the subsetof accepting states and
= f o; 1;:::; mQ is a collection of M transition functions of the form
m QM! Q. Foralltreest 2 T , theresult (t) 2 Q of the operation of
Aontis
8
o ) ift= 2

(t) = | 3)

m(C 5 (t);:: (tw) ift= (ty:iiity) 2T
By convertion, unde ned transitions lead to an absorption state ?62F .

Forinstance,if Q = fou; g, = fajbgand o(a) = o1, o(D) = &, 2(a;h; @) =
¢ and i(a;) = g, the result of the operation of A ontreet = a(a(a(ab)b),
plotted in g.1, is »(a; (a(a(ab)); (b). Recursiwely, onegets (t) = (a;q; ) =
.

Fig. 1. A graphical represemation of the tree a(a(a(ab)b).

The tree languageL (A) recognizedby the automaton A is the subsetof T

L(A)=ft2T : (t)2 Fg: (4)

Every languagethat can be recognizedby a DTA is called a rational tree
language [20]. Rational tree languagescan also be de ned as the class of
languagesgeneratedby regular tree grammars [22]. A regular tree grammar
G = (N; ;S;R) consistsof a nite set of variablesV, an alphabet , an
axiom S 2 V, and a setR of production rules. Every production rule hasthe
form A'! whereA is avariableand 2 Ty; . Howewr, every regular tree
grammar can be easilynormalizedsothat all productions are of the form A !

(A1:::Ap), where 2 andAqy;:::;A, 2 V. This form explicitly shownsthe
equivalencebetweenregular tree grammarsand top-down tree automata [29,
22] which are, in turn, equivalert to the DTA de ned here.

Probabilistic tree automata generatea probability distribution over the trees
in T . A probabilistic DTA incorporatesa probability for every transition in



the automaton, with the normalization that the probabilities of the transitions
leadingto the samestate g 2 Q must add up to one.In other words, thereis a
collectionof functionsP = fpg; p1; p2;:::; puw gofthe typepy, : QM ! [0;1]
sud that they satisfy, for all g2 Q,

X W X
Pm( o) =1 (%)

2 m=0  gungm2Q:

With this normalization, P de nes a distribution over ewvery languageL (q) =

ft 2 T : (t) = gg. In order to de ne a probability distribution over T ,
ewvery prolabilistic deterministic tree automatonA = (Q;V; ;P; ) providesa
function : Q! [0;1]which, for every q2 Q, givesthe probability that atree
satises (t) = g. Then, the probability of atree t in the languagegenerated
by the probabilistic DTA A is given by

ptiA) = ( () (1) (6)

where (t) is the product of the probabilities of all the transitions performed
when A operateson t:

8
(t)_<p0() ift= 2

“Pm( o ()i (tm))  (to) (tm) ift= (ty:::ty)2T

(7)

The equations (6) and (7) de ne a probability distribution p(tjA) provided
that conssitencyis presened:

p(tiA) = L. (8)

2T

As shavn by Chaudhuri et al. [30] and Sanchezet al. [31], context-free gram-
mars whoseprobabilities are estimated from random samplesare consisten.
In the following, the probabilities of the DTA (or the equivalert regular tree
grammar) will be extracted from random samplesand, therefore, consistency
is always presened.

Locally testablelanguagesjn the caseof strings, are characterizedby de ning

the set of substringsof length k together with pre xes and su xes of length
strictly smallerthan k to ched nearthe string boundaries[9, 10]. In the case
of trees, as descrited by Knuutila [23], the conceptof k-fork plays the role
of the substringsand the k-root and k-subtreesplay the role of pre xes and
su xes. For any k > 0, ewery k-fork cortains a node and all its descendets

lying at a depth smallerthat k. The k-root of a tree is its shallowvest k-fork
and the k-subtreesare all the subtreeswhosedepth is smallerthan k. These
conceptsare illustrated in g. 2 for the treet = a(a(a(ab)b). In this example,
ra(t) = fa(abg, f(t) = fa(a(a)b); a(a(a(h)) g and s(t) = fa(ab);a; bg.



Fig. 2. Left: Set of 3-forks contained in a(a(a(ab))b). Right: 2-root and 2-subtrees.

A tree languageT is a strictly k-testablelanguage(with k  2) if there exist
three nite subsetsR;F;S T sud that

t2T, re () RAT() FAsea(t) S (9)

We will denotea languagede ned in this way asT = Ly(R;F;S). Languages
of this type are rational [23]. Indeed, it is straightforward to build a DTA
A= (Q; ; ;F) that recognized.«(R;F;S). For this purpose,it suces to
choose:

=R[rc 1«(F[S)
F = R, 8
S (tpiiity) 0f (tiiiitm)2F [0S
- ? otherwise

Therefore, every strictly k-testable tree language(k-testable tree languagein
the following) is a rational tree language.

3 Inference of stochastic locally testable tree languages

As shown in [23], the classof k-testable tree languagesis identi able in the

limit [32]from positive samples.n other words, there existsan algorithm that

for ewvery k-testable tree languagelL and after a nite number of examples
outputs a DTA recognizingL. Essemially, the procedureto obtain the DTA

given the sample S builds the DTA for Li(rk 1(S);fk(S);sk 1(S)) following

the construction at the end of former section.

For instance,for the singleexamplesampleS = fa(a(a(ab)b)g andk = 3 one
getsthe set of satesQ == fa(ab);a(a);a;bg with nal subsetF = fa(abg
and transitions g(a) = a, o(b) = b, »(a;a;b) = a(ab , »(a;a(a);b) = a(ab
and i(a;a(ab) = a(a).



We can extendthis learning procedureto the casewherethe sampleis stochas-
tically generated.A stochastic sampleS = f 1; 5;::: j5jg0 consistsof a se-
guenceof trees generatedaccordingto an unknown probability distribution.

The assumption that the underlying transition sdeme (that is, the states
Q and the collection of transition functions ) correspnd to a k-testable
DTA allows one to infer a probabilistic DTA from S in a simple way. For
this purpose,one should note that the likelihood of the stochastic sampleS
is maximized [2] if the stochastic model assignsto ewery tree in the sample
a probability equalto the relative frequencyof in S. In other words, every
transition in  will be assigneda probability which coincideswith the relative
number of timesthe rule is usedwhenthe treesin the sampleare parsedby the
DTA. Therefore,the procedureto infer a probabilistic DTA from a stochastic

sampleS = f 4; 2;:::; jsj0 works asfollows. The set of statesis built as
Q=rk 1(fk(S) [ s« 1(S)); (10)
and cortains the transitions
8
<r tyooot if (ty::i:itm) 2 Fu(S)[ sk 1(S
Citpmty = Pl @itm) i (it 2FS) L8 ) gy,
§? otherwise

with probabilities

CH( (ty1:::tm);S)

= CF Ty o (6 tn);S) (12)

where C(t; S) = P IS C(t; ;) and C(t; ;) courts the number of k-forks and
(k  1)-subtreeg isomorphicto t found in ;; nally, the subsetof accepting
statesis

F=rc (S (13)

and the probabilities (t) are estimatedfor everyt 2 F as

(t) = jéjD[”(t; S) (14)

P jsj ,
whereDI(t; S) = 18 DM(t; ;) and DIM(t; ) = 1if re () = t and zero
otherwise.

It is useful to store the above probabilities as the quotient of two terms, as
given by equations(12) and (14). In this way, if a new tree (or subtree) is
provided, the automaton A canbe easilyupdatedto accoun for the additional
information. For this incremertal update, it su ces to incremen ead term
in the equationswith the partial sumsobtained for

2 Note that a tree may cortain, depending on the depth of t, either k-forks or
(k  1)-subtreesisomorphic to t but not both simultaneously.



4 An application: tree data compression

In this section,we explorethe application of the classof modelsconsiderechere
to the task of tree data compression Becausestochastic modeling becomesa
key ingrediert in arithmetic compressior5, 33], oneexpectsthat probabilistic
tree modelsthat provide a better description of the le cortent will allow for
amoree ective le compressionConversely compressiorperformancecanbe
usedas a measureof the quality of the probabilistic model.

Recall that an arithmetic encaler usesat step n the cumulative range of
probabilities [I(e,); h(e,)[ that the model assignsto the event e, having prob-
ability h(e,) I(e,). Starting with lowg = 0 and highy = 1, a new interval is
iteratively computed as follows

lowh+1 = low, + (high, low,)I(&,) (15)

low, + (high, low,)h(e,)

highp.

The output of the encaler is any number in the rangeobtained after the whole

le is processedand implemerting this computation using integer arithmetics
is a subtle task as showvn in [5]. An important issueis that the probabilistic
model shouldneer assigna null probability to any event that canbe obsened,
that is, h(e,) I(e,) hasto be always strictly positive.

Our procedureto compresstree data follows the guidelinesof prediction by
partial matching (PPM, [34]). Similarly to the caseof strings, a probabilistic
model M predicts the next code to be transmitted basedon the previous
corntext. In this case,the cortext is given by the (k  1)-fork (or, when ap-
propriate, by the (k 1)-root or (k 1)-subtree)in the tree above the node.
For instance,if k = 3, the possibleexpansionsof the nodesshadavedin g. 3
depend on the whole cortext marked with a square.In that case,the prob-
ability p.(a;a(a); b of the expansiont = a(a(a)b) given the obsened state
g = r,(t) = a(ab) is needed.In the following, we will say that atreet is an ex-
pansionif t 2 f(S)[ sk 1(S) andsay that t is aroot expansionif t 2 r 1(S).

In casethe k-testablemodel M ! cortains no information about the expansion
t = (ti:::tm), the (k 1)-order model Mk 1 is usedinstead to compute
the probabilities of the subexpansionsts; :::;ty,. This badking-o procedureis
repeatedrecursiwely till either a) a suitable model is found for the subexpan-
sion under considerationor b) k = 1 and the ground model M [l is applied.
On the return, when eat state expansionis known, the models M M to M
are updated.

Someimportant featuresdi erentiate the procedureform the standard string



Fig. 3. Trailing context (k = 3) for the expansionof the shadaved nodes.

PPM compressiomand are worth to commert:

(1)

(2)

3)

In cortrast to strings, whereleft-to-right processings the natural choice,
di erent ordersare possibleto perform a walk on the tree. Breadth- rst
traversal o ers the advantage that the model can be updated beforethe
whole tree is expanded.This improves compressionof les consisting of
a singletree or a small amourt of them.

Eadh model M X with k > 1 consistsof a collection of courters CK(t)
and DI(t) neededfor the estimates(12) and (14) respectively. There is
a courter for ewery di erent argumeri t, wheret is a k-fork or (k  1)-
subtreein the rst caseanda(k 1)-root in the secondcase.ln addition,
oneneedscourters for the escae codes:DX( ,) for the root esca code
. and CII( ) for the esca code  assiated to the state g. All these
courters are initialized to zero, updated with the processedpart of the
tree, and they will be usedto estimate the probabilities as follows. The
probability in model M [kl of the expansiont from state q = (ty:::ty)
is given by

cl(y)

Ck 1(g) + CKI( )
The above formula can alsobe usedfor the esca probabilities  (k; ).
Corversely the probability in M kI of the root expansiont is

(k;t) =

(16)

(kt) = 2

BCEEL®) 0

This equation also holds for the esca code probability  (k; ).

The ground model M ! is usedwhen no information is available about
a expansiont = (a;:::ay) with a;;:i;an 2 ort = . In sud case,
the state is g = ry(t) = and one needsto code the number m of
descendets together with, if m > 0, their labels a;;:::;a,. Therefore,
this ground model hastwo componerts. On the one hand, a collection of
courters E (m) storeshow many nodeslabeled expandedm subtrees.
As the maximal tree-width M is in advance unknown, we initially use
M courters per symbol, E (0);:::;;E (M 1), plus an additional one



E ( ) that storeshow often M additional courters are needed.Then,
the probability that a node labeled hasm descendets is computedas
follows 1+ E
(im)= (rh?)E( Y=
1+ ME ( )+ 1% CE ()
The sameequation formally holdsfor ( ; ).
In addition, M 1 keepsa courter CIH( ) storing the number of nodes
labeled with  in the sample.They are usedto assigna probability to
ewvery synmbol asfollows:

(18)

1 )= _1J3C[1]( )

P 1
j i+ a2 Ch(a) 19

With all theseingredierts, the tree compressioralgorithm executesepeatedly
a function, tcompress sdematically represeted in g. 4, for every tree in
the input and the maximal order kp,ox allowed for the models. The tcompress

algorithm tcompress(k; ) [for k > 1]
r_encodgri 1( ))
do (8x subtreeof in breadth- rst order)
t re(x)
if (1+ depth(t) k 1)then
f _encoddk;t)
endif
enddo
endalgorithm

Fig. 4. Main tree compressionalgorithm.

algorithm calls a function f _encode (plotted in g. 5) that encalesthe k-
forksand (k 1)-subtrees’ and a similar function r _encode (plotted in g. 7)
that encadesthe (k 1)-root. All these functions use a generic procedure
send(’; ;x) that generateshe input for the arithmetic encaler, that is, the
cumulative range of probabilities assignedto the evert by the model. In this
function, ' iseither , ,or ,the parameter reperesets ak-or -valueand
X is atree or m-value.Both ' and specify the table to be used,that is, the
equation (16{19) and its rst argumen, while x is the parameterthat selects
the table entry (the secondargumern in theseequations). The correspnding
decdaling functions are implemerted in a similar fashionand can be found in
the appendix.

In order to illustrate how the algorithm works we apply it with parameter
kmax = 3 to the treesin 8. The stepsperformedare traced in table 9.

In this case,encaling starts with the 2-root a(ba), but M Bl is still empty.

3 This meansthat the argumert t for f _encodesatisesk 1 1+ depth(t) k.

10



function f _encodgk;t)

g rx 1(t) [k > 1 is always true]
if (CK(t) > 0) then [t found in M KI]
send( ;k;t)
update(k; t)
else [t not found in M K]
send( ;k; q)
inc(CH( o))
if (k> 2)then [useMk Ufort=(ty:::ty)]
do(j = 1;::5m)

if (1+ depth(tj) k 2)then
f_encodgk 1;t;)
endif
enddo
else [useM M fort = (a;:::am)]
do (whilem ME ( ))
send(; ; )
inc(E ()
enddo
send(; ;m)
inc(E (m))
do(j = 1;::;m)
send( ;1)
inc(CH(a))
enddo
endif
inc(CK(t))
endif
endfunction

Fig. 5. Encoding function. The commandinc incremerts the counter by one. Func-
tion update is expandedin g. 6.

Then a escag code is generated(with probability 1) and a smaller cortext

(k = 2) is tried in order to encale the 1-root a. As M 2 is alsoempty a second
escae code is generated(also with probability 1) and the ground model M [

is called. At this point, there is no cortext for the next symbol and then, the

code for the label a is emitted and M 1 tries to encale a(ba) from the state a,

generatinga call to encode p with k = 2. As this expansionis still unseenthe

esca code of state a is generatedand the ground model is usedto encale
the number of children and their labels. This endsstep 1 in the table.

In step 2, the 2-fork a(ba hasto be expandedas a(baba), but there is still
no information in M B! so, the correspnding escag code is emitted and M 12
is called with the smaller context b. Again, the sate is not in the model, a

11



function update(k;t)

if (k> 2)then [t= (tyi:::ty)]
do(j = 1;::5m)
if (1+ depth(tj) k 2)then update(k 1;t;)
enddo
else [t= (ar:::am)]
inc(E (m))
do(j = 1;::5m)
inc(CH(a))
enddo
endif
inc(CK(1))
endfunction

Fig. 6. Function update.

function r_encode (k;t)
if (DX(t) > 0) then [useM K]
send( ;k;t)
do(i = 2;:::;k)
inc(DII(r; 1(1)))
update(i  1;r; 1(t))
enddo
else [useM Kk 1]
send( ;k; 1)
inc(DM( 1))
if (k> 2)then [t= (ty:::ty)]
r_encode(k 1;ry 1(t))
if (1+depth(t) k 1)f_encode(k 1;t)
else [t= ]
send( ;1; )
inc(CH( )
endif
inc(D (1))
endif
endfunction

Fig. 7. Root encaling function.

escae code is emitted and the ground model is calledto encade zerochildren.
Then, M 1 is called with cortext a but now, this expansionis already stored
in M since after step 1, the models were updated. Therefore, the code of
this expansionis generated.

The executionis still not nished, asthe fact that a and bareleavesin the fork

12
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Fig. 8. Treesusedto generatea sampletrace of the encaling algorithm.

Step Function Action
1  encder(a(ba),3) sendr(", 3)
encade.r(a, 2) sendr(", 2)
send.1(a)
encale p(a(ba), 2) send(', a, 2)
send1M(2, a)
send.1(b)
send.1(a)
2 encde_p(a(baba), 3) send(', a(ba), 3)
encade_p(b, 2) send(’, b, 2)
send 1M(O, b)
encae_p(a(ba), 2) send@(ba), a, 2)
3  encdaep(a(ba), 3) send(', a(ba), 3)
encade_p(b, 2) send@, b, 2)
encde_p(a, 2) send(’, a, 2)
send 1M(0, a)
4  encdaer(a(ba), 3) sendr(a(ba), 3)

encale p(a(ba), a(ba), 3) send@(ba), a(ba), 3)

Fig. 9. Trace of the algorithm when processingthe treesin g. 8

a(ab) is still not coded and the model M B! doesnot cortain sud information.

In step 3, after a new esca@ code, the M2 code correspnding to state b
without children is generatedand a secondesca code is emitted because
M [l does not cortain an expansionof state a with no children. Then, the

ground model is usedfor this purpose.

Finally, step 4 describesthe calls performedwhile the secondtree is encaled.

At this point M B! hasthe information neededabout the state and the expan-
sion and two calls are enoughfor the encaling.

13



We chedked this model with a 6.129MByte le consistingof parsetrees(with

structural and part-of-speet tags) cortained in the Penn Treebank[27]. The
compressiorrate obtained, 13.94,is to be comparedwith 7.08 obtained using
gzip with best compressionoptions, 10.92obtained with bzip2 with longest
block-sizeor 9.08 using trigram-basedarithmetic compression.This is a clear
indication that the probabilistic k-testabletree modelsprovide the arithmetic

encaling algorithm with a suitable description of the structured data con-
tained in the corpus.

5 Multilev el smoothing of tree languages

A standard procedureto avoid null probabilities is the baking-o method

that has beenextensiwely studied for string models (see,for instance,[2]). In

this sectionwe introduce a badcking-o procedurethat has beensuccessfully
usedin classi cation tasks. Di erent sdhemesare possiblebut the results are
not very sensitive to the details of this choice [2] and our main purposeis to

illustrate the di culties and di erenceswith the string case.Indeed,the most

important di erence comesfrom the fact that the number of descendets of

a node is not bounded: on the one hand a special ground model is needed
and, on the other hand, special care has to be taken when calculating the

normalization factors as the number of unseenewerts is not known.

Following the standard approad, the template usedto badk-o a probability
distribution pa with a second,more general,one pg is asfollows:
8

“pa(x)(@™ (x)) if pa(x)>0

20
- =pe(X) otherwise (20)

p(x) =

The distribution pa is decreasedvith a discourting function sud that 0 <
(X) < 1 and originatesa discourt term

X
= (X)Pa(X)

X:pa (x)>0

which is distributed amongthe unseenevens. The factor F is neededto keep
the normalization:

X
F = Ps (X)

X:pa (x)=0

In our casethe probability ofatree = ( 1::: ) in modelM K iscomputed
using the de nitions (6) and (7) adapted to a k-testable language,so that
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p( MKy = K, 1)) M( ) and

8

“p() if = 2

PO A i a(m) O M) = (1) 2T
(21)

We will de ne a backing-o sdiemefor the three typesof elemenary proba-

bilities in EQ. (21): po( ), Pm( ;t1;:55tm) with m > 0 and (t) following the

template (20). For this purpose,we will usecourters CKl, DK and E  with

the samemeaningasin former section.

() =

Sometimes,we will needto predict the number m of descendets of a node
labeled . For this purposewe de ne

SEM @ Wm) fE (m)>0
pH(m) = §F[Tf] P (m) FE(M=0rCl()>0  (22)

" P (m) otherwise

where [M arestrictly positive discourting functions that generate for ead
a global discouriing factor

1
1] = [1]
gy . E (m M (23)
which is normalized with
X
Fitl=1 P (n) (24)
n:E (n)>0

Here, P and P are non-vanishing probability distributions (for instance,
Poisson-lile) over the positive integerssud that their expectation value coin-
cideswith the averagenumber of descendets of the nodesin the sampleor
the averagenumber  of descendets of nodeslabeled , that is
P
mE (m)

= Em) (23)

Note that > 0whenCHl( ) > 0, asthis implies E (m) > 0 for somem.

The ground model M Il has as a secondingrediert: the probabilities p™t( )
that a node haslabel

8
a, L S0 @ W) ifcli()>o0
p ( )_. [1]

. (26)
CEm otherwise

. . . . P .
where [M( ) is a strictly positive function, N = =, Cltl(a) is the number of
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nodesin the sample, the normalizing factor F! is the number of di erent
alphabet symbols not found in S and
1 X

W= 2" cla) M) (27)

a

Note that any non-empty sample(that is, with N > 0) has CIYI( ) > 0 for
some and, therefore, [ > 0.

With these ingredierts, we are ready to de ne badking-o sdemesfor the
elemenary probabilities with k = 2: givent = (a;:::ay), they arecomputed
asfollows

8
< C¥M (1 [2](t)) if Cl2(t) > 0
PRI e am) = CE?H N a (28)
' P (m) m. pM(a) otherwise
where
2] CP(u) 2]
()= ) D (29)
u:C@(u)>0nrq(u)=
and the normalization factor is
X X \d
FA()=1 p() p(m) pUa)  (30)
m> 0:E (m)>0 az;iham: i=1

CH( (ar::am))>0

Again, it is easyto realize that the value of any probability of this type is
strictly positive.

In casek > 2, piI( ) = 1. Howewer, the probabilities of type pl! with m > 0,
givent = (ty:::ty) with tj = &(Sj1:::Sm,), arede ned as

8
clgr) K .
o oty )=<W(1 (1)) if Cl(t) > 0
L Emet @ < plk Y(asin i sim) - otherwise
(31)
where
1
kg = —— Kl K
(9 Ck 1(t) CH(u) "(u) (32)

u:Clkkl(u)>0"ry 1(u)=q
and the normalization factor is

FR( (4o ) = 1 "B Y@ vin ) (33)

UrsiUm: i=1
CII( (urium))> 00 rye 2(ui)=

whereu; = & (Vi1; 5 Vim, )-
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Finally, I probabilities can be de ned in casek = 2 as

8
< DE() (1 [2]( )) if D[2]( ) >0

(2] - iSi 34
()=, sor PY(0) otherwise (34
wherethe discourting factor 1 is
1
= DP(a) P(a) (35)
JSJ a:Dll(a)>0
and its correspnding normalization
X
G¥=1 p(a) (36)
a:D[2 (a)>0
In casek > 2 we useinsteadfort = (ty:::ty)
 pigy [k] if DII
m . .
' % U o(t)) pk Y( ;ty;5ty)  otherwise
(37)
where 1
M= = DM(u) M(u) (38)
JSJ u:Dkl(u)>0
and the suitable normalizing factor is
X X X
G =1 " Uy o(a(uyiizum)) s (@sus i )
a m ug;=Um:
Dkl(a(uy:ium))>0
(39)

All these equations provide an e cient badking-o sdemethat guarartees
that no ewert is assigneda null probability.

As anillustration, considerthe tiny sampleS = fa(a(abb)g. The probabilities
of the events seenin the sampleare summarizedin the following table

Bia@y) = 1 ) ORI
pHaa@)ib) = 30 L) P(aah) =31 B
pl@ab) =31 ) Pr@a=il D
plaa@) = (1 &) m@=ic D
pb'(a) = pb'(b) = 1 o) =21 )

In order to obtain, for instance, the probability of tree a(a(abhb)) with k = 3
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one needs
p(ja(a(anb)iM @) = Bl(ata)ps(a;a(ah); bhps (a;a; bk (a)pll(h)?  (40)

where, only for the secondfactor, badking-o needsto be applied

[3]
[Bl/A. . _ a(ab) [2]fne a- [2]
py)(a;a(aly);b) = p(a;a;bpsi()  (41)
1 paapsi(h  papdb

Substituting the above expressionin (40), the result can be now computed
using only the probabilities in the table.

6 Conclusion

We have descrited how a probabilistic extension of the k-testable tree lan-
guagesallows for simple statistical learning proceduresand can be usedto
implemert arithmetic compressionalgorithms or badking-o techniques.The
models of this type can be updated incremerally and may be inferred us-
ing medium-sizedsampleswith better results than somestate merging meth-
ods [25] which tend to output too simplemodels. The higher compressiorrates
achieved when processingree data les shaw that this classof modelsprovide
a suitable description of the structured data.

References

[1] PeterF. Brown, Vincent J. Della Pietra, Peter V. deSouzaJeniferC. Lal,
and Robert L. Mercer. Class-basedch-gram models of natural language.
Computational Linguistics, 18(4):467{479,1992.

[2] H. Ney, U. Essen,and R. Kneser. On the estimation of small probabili-
ties by leaving-one-out. IEEE Trans. on Pattern Analysis and Machine
Intelligence, 17(12):1202{12121995.

[3] Frederik Jelinek. Statistical Methads for Speech Recognition. The MIT
Press,Cambridge, Massatwusetts, 1998.

[4] Frank Rubin. Experimerts in text le compression.Communiations of
the ACM, 19(11):617{623,1976.

[5] I. H. Witten, R. M. Neal, and J. G. Cleary. Arithmetic coding for data
compression.Communiations of the ACM, 30(6):520{540,1987.

[6] ThomasM. Cover and Joy A. Thomas. Elementsof Information Theory.
Wiley Seriesin Telecomnunications. John Wiley & Sons,New York, NY,
USA, 1991.

[7] K. L. Chung. Markov Chains with Stationary Transition Prolabilities.
Springer, Berlin, 2 edition, 1967.

18



[8] Yedezlel Zalcstein. Locally testable languages. Journal of Computer
and SystemScienes 6(2):151{167,April 1972.

[9] Pedro Garca and Enrique Vidal. Inference of k-testable languagesin
the strict senseand application to syntactic pattern recognition. IEEE
Transactionson Pattern Analysis and Machine Intelligence, 12(9):920{
925,s5ep1990.

[10] TakashiYokomori. On polynomial-time learnability in the limit of strictly
deterministic automata. Machine Learning, 19(2):153{179,1995.

[11] EugeneCharniak. Statistical LanguagelLearning. MIT Press,1993.

[12] K. Sima'an, R. Bod, S. Krauwer, and R. Scha. E cien t disamnbiguation
by meansof stochastic tree substitution grammars. In Daniel B. Jones
and Harold L. Somers,editors, Proc. of the Int. Conf. on New Methads
in LanguageProcessing.Manchester,UK, 14{16 Sep1994 pages50{58,
London, UK, 1996.UCL Press.

[13] Andreas Stolke. An e cient conext-free parsing algorithm that com-
putes pre x probabilities. Computational Linguistics, 21(2):165{201,
1995.

[14] Mikkel Thorup. Disambiguating grammars by exclusion of sub-parse
trees. Acta Informatica, 33(6):511{522,1996.

[15] Paul Prescal. Formalizing XML and SGML instanceswith forest au-
tomata theory. Tednical report, University of Waterloo, Departmert of
Computer Science Waterloo, Ontario, 2000. Draft Tednical Paper.

[16] M. Murata. Transformation of documeris and sthemashby patterns and
contextual conditions. In Charles K. Nicholas and Derick Wood, edi-
tors, Principles of Document Processing, Third International Workshop,
PODP'96 Proceedings volume 1293,pages153{169,1997.

[17] Boris Chidlovskii. Using regular tree automata as XML sdemas. In
J. Hopperbrouwers, T. de SouzalLima, M. Papazoglou,and A. Sheth,
editors, Proc. IEEE Advaneson Digital Libraries Conferenae 200Q pages
89{98, 2000.

[18] J. Hopcroft and J. D. Ullman. Introduction to Automata Theory, Lan-
guage,and Computation. Addison{Wesley Reading, MA, 1979.

[19] Y. Salakibara, M. Brown, R. C. Underwood, I. S. Mian, and D. Haus-
sler. Stochastic context-free grammarsfor modeling RNA. In Lawrence
Hunter, editor, Proceedings of the 27th Annual Hawaii International Con-
ference on SystemScien@s. Volume 5 : Biotechnolayy Computing pages
284{294,Los Alamitos, CA, USA, January 1994.IEEE Computer Scciety
Press.

[20] FerencGecsegand Magnus Steinby. Tree Automata Akademiai Kiado,
Budapest, 1984.

[21] Yasubumi Salkakibara. E cien t learning of corntext-free grammarsfrom
positive structural examples.Information and Computation, 97(1):23{60,
March 1992.

[22] Hubert Common, Max Dauchet, Reny Gilleron, Florent Jacquemard,
Denis Lugiez, Sophie Tison, and Marc Tommasi. Tree automata

19



techniques and applications. Draft book; available electronically on
http://www.grappa.univ-lille3.fr/tata, 2002.

[23] Timo Knuutila. Inference of k-testable tree languages. In H. Bunke,
editor, Advanesin Structural and Syntactic Pattern Recognition (Proc.
Intl. Workshop on Structural and Syntactic Pattern Recognition, Bern,
Switzerland) World Sciertic, 1993.

[24] F. Pereira and Y. Sdabes. Inside-outside re-estimation from partially
bracketed corpora. In Proceedings of the 30th annual meeting of the ACL,
pages128{135,Newark, 1992.

[25] Rafael C. Carrasco, Jose Oncina, and Jorge Calera-Rubio. Stochastic
inferenceof regular tree languages.Machine Learning, 44(1/2):185{197,
2001.

[26] JoseLuis Verdu-Mas, Mikel L. Forcada, Rafael C. Carrasco,and Jorge
Calera-Rubio. Tree k-grammar models for natural languagemodelling
and parsing. In Terry Caelli, Adnan Amin, Robert P. W. Duin, Mo-
hamed S. Kamel, and Dick de Ridder, editors, Structural, Syntactic,
and Statistical Pattern Recognition, Joint IAPR International Workshops
SSPR2002and SPR 2002, Windsor, Ontario, Canada, Proceedings vol-
ume 2396 0f Lecture Notesin Computer Scien®, pages53{63. Springer,
2002.

[27] Mitchell P. Marcus, Beatrice Sartorini, and Mary Ann Marcinkiewicz.
Building a large annotated corpus of english:the penn treebank. Com-
putational Linguistics, 19:313{330,1993.

[28] Juan Ramon Rico-Juan, Jorge Calera-Rubio, and Rafael C. Carrasco.
Stochastic k-testable tree languagesand applications. In Mennovan Zaa-
nen Pieter W. Adriaans, Henning Fernau, editor, Grammatical Inference:
Algorithms and Applications, 6th International Colloquium: ICGI 2002
volume 2484 0f Lecture Notesin Computer Scien®, pages199{212,2002.

[29] Maurice Nivat and AndreasPodelski. Minimal ascendingand descending
tree automata. SIAM Journal on Computing 26(1):39{58,1997.

[30] R. Chaudhuri, S. Pham, and O.N. Garcia. Solution of an open problem
on probabilistic grammars.IEEE Transactionson Computers 32(8):758{
750,1983.

[31] J.A. Sandchez and J.M. Bened. Consistencyof stochastic cortext-free
grammars from probabilistic estimation based on growth transforma-
tions. IEEE Transactionson Pattern Analysisand Machine Intelligence,
19(9):1052{1055,1997.

[32] E.M. Gold. Languageidenti cation in the limit. Information and Control,
10:447{474,1967.

[33] I. H. Witten, A. Mo at, and T. C. Bell. Managing Gigabytes:Compress-
ing and Indexing Documentsand Images Morgan Kau man Publishing,
San Francisco,2nd edition, 1999.

[34] John G. Cleary and lan H. Witten. Data compressiorusingadaptive cod-
ing and partial string matching. IEEE Transactionson Communiaton,
32(4):396{402,1984.

20



A Decoding functions

The correspnding decaling functionscanbefoundin g. A.2 and A.1. These
functions call proceduresget that play the inverserole of function send in
compression.

function r_decode (k)

t get( ;k)
if (t'= |) then
do(i = 2;:::;k)

inc(DI(r; 4(t)))
update(i  1;r; 1(t))
enddo
else
inc(DM( 1))
if k> 2then
g r_decodgk 1)
t f_decoddq)
else
= get( ;1)
inc(CHt( )
t
endif
inc(D (1))
endif
return t
endfunction

Fig. A.1. Root decding function.
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function f _decode (k)
k 2+ depth(q)
t get( ;k;q)
if (t'= g) then
update(t)
else
inc(ClI( 4))
if (k> 2)then [= (1::: m)]
do(j = 1;::5m)
if (1+ depth( ;)= k 1)then
tj = f _decodq ;)

endif
enddo
t (ty:::ty)
else = 1]
do (while get( ; )= )
inc(E ()
enddo
m get(; )
inc(E (m))
do(j = 1;::;;m)
a get( ;1)
inc (C(a,))
enddo
t (ar:::am)
endif
inc(CI(t))
endif
return t
endfunction

Fig. A.2. Decading function.
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