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Abstract

This paper is concerned with error exponents in testing problems raised by autoregresgsivedeling. The
tests to be considered are variants of generalized likelihood ratio testing corresponding to traditional approaches to
auto-regressive moving-average (ARMA) modeling estimation. In several related problems like Markov order or
hidden Markov model order estimation, optimal error exponents have been determined thanks to large deviations
theory. AR order testing is specially challenging since the natural tests rely on quadratic forms of Gaussian
processes. In sharp contrast with empirical measures of Markov chains, the large deviation principles satisfied by
Gaussian quadratic forms do not always admit an information-theoretical representation. Despite this impediment,
we prove the existence of non-trivial error exponents for Gausarrorder testing. And furthermore, we
exhibit situations where the exponents are optimal. These results are obtained by showing that the log-likelihood
process indexed byr models of a given order satisfy a large deviation principle upper-bound with a weakened
information-theoretical representation.
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. INTRODUCTION
A. Nested composite hypothesis testing

This paper is concerned with composite hypothesis testing: a measurable (§pate and two sets of
probability distributionsM and M are given. In the sequel, we assum&, C M. A test is the indicator of
a measurable set’ C ) called the detection region. The problem consists of choo&ingp that if P € My,
the level P{K} is not too large while ifP € M; \ M, the powerP{K} should remain not too small.

If both My and M/ actually contain only one probability distribution, the hypothesis testing problem is said
to be simple, and thanks to the Neyman-Pearson Lemma (see [46], [9]), test design is well-understood: for a
given level, the most powerful test consists of comparing the likelihood %\ﬁ% with a threshold.

When M, and M; are composite and nested, optimal test design and test analysis turn out to be much more
complicated. As a matter of fact, most powerful tests may fail to exist. And rather than trying to construct a
single test, it is common to resort to asymptotic analysis. A filtratidn ),,cn on Q and a sequence of tests
(K,)nen are considered where, for eagh K, is A,, measurable. It is commonplace to search for sequences
of tests with non-trivial asymptotic levehippc o4, limsup,, o, (P) < 1 with o, (P) = P{K,} and optimal
asymptotic powetinf pe o, liminf,, P{K,} with 3,(P) = 1 — P{K,}. A sequence of tests is said to be
consistent if its asymptotic level is null while its asymptotic power is one.

In this paper, we focus on Gaussian autoregressive processes. The measurab(€ sgaa®nsists ofR"

provided with the cylindricab-algebra. Recall that a stationary Gaussian proces8 ,...,Y7, Yo, ..., Y, ...
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is an autoregressivenR) process of order if and only if there exists a Gaussian independently identically
distributed sequence. X _4,..., X1, X5,..., X, ... called the innovation process and a vectar R", where
(1,a1,...,a,) is called the prediction filter, such that for eache Z:
Y, + Z a;Yp_i = X, .
=1
If a process is amR process of order but not anAar process of order — 1, it is said to be of order exactly.

We are interested in testing the order of autoregressive processes. The alternative hypotheses are:
Hy(r) : 7 the order of the auto-regressive process<is-”

against

Hy(r) : 7 the order of the auto-regressive process>is-.”

Testing the order of a process is related to order identification [39], [49], [42], [25], [24], [22], [19], [20]
and thus to model selection [5], [48], [47], [6], [2], [43] . Note that testing the ordesrofprocesses may

be regarded as an instance of testing the order of Markov processes. In the finite alphabet setting, the latter
problem has received distinguished attention during recent years [20], [22], [29]. Testing the ordenrf an

process may also be considered as a detection problem (see [36]).

B. Error exponents and Large Deviation Principles

As far asAR processes are concerned, consistent sequences of tests have been known for a while [34], [33],
[35]. On the other hand, little seems to be known about the efficien@gradkesting procedures. In this paper,
we adopt the error exponents perspective that has been used since the early days of information theory [21],
[41], [29], [19], [38], [31].

A sequence of tests is said to achieve error expo®ii} (resp.F;()) at P € My (resp.P € M,) if the

corresponding sequence of level functiang() (resp. power functions — 3,,()) satisfies
lim inf llog an(P) < —Ey(P) ,
n n

respectively
1
liminf — log 8, (P) < —E1(P) .
n n

Error-exponents are non-trivial whenever they are positive.

Note that this notion of asymptotic efficiency is connected to other notions of asymptotic efficiency in classical
statistics. For example, Bahadur efficiency provides a related but different aproach to asymptotic efficiency [32],
[46], [44], [37], both notions are usually investigated using large deviations methods [27].

The following definition gathers the basic concepts that are useful in large deviation theory (see [27] for
details).

Definition 1 (Definition of LDP):A rate function on a topological spadé is a function : E — [0, ]
which is lower-semi-continuous. It is said to begaod rate functiorif its level sets{z : z € E,I(x) < a}
are compact.

A sequence(Z"),>1 of random elements itE is said to satisfy thdarge deviations principlg(LbpP) with
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rate function/ and linear speed if the corresponding sequeffég),,>1 of laws on E satisfies the following
properties:

1) Upper bound For any measurable closed sub&ebf F,

lim sup 1 log P,,(C) < — inf I(x) @)

n—oo N zeC

2) Lower bound For any measurable open sub&ebf FE,

lim inf 1 log P,,(G) > — inf I(x) 2

n—oo N zeG

Henceforth, ifP and@ are two probability distributions such that the densityrowith respect taQ, dP/dQ
is well-defined, the relative entrogy (Q | P) betweenP and( is defined as the expected value un@eof the
log-likelihood ratiolog Q/P: K(Q | P) = Eg[log Q/P], (see [18], [21], [27] for more material on this notion).

A large deviation principle is said to admit an information-theoretical interpretation if, forzapyF’ such

that I(z) < oo, there exists a sequencé,,),, of probability distributions onF' such that
lim EK(Q,L | P,) = I(x)
n -n

and unden @, )., (Z,). converges in distribution ta.

The information theoretical interpretation is often (but not always) at the core of Cramer’s change of measure
argument. The latter usually paves the way to the LDP lower bound (see [7], [40] for exceptions).

The Sanov Theorem on the large deviations of the empirical measure of an independently identically collected

sample, is the prototype of a large deviation principle admitting an information-theoretical interpretation. [27].

C. Previous work

In most testing problems, provided there is a sufficient supply of limit theorems for log-likelihood ratios,
upper-bounds on error-exponents can be obtained using an argument credited to Stein (see [27] and Section IlI
below). Henceforth, those upper-bounds will be called Stein upper-bounds.

Checking whether the so-called Stein upper-bounds may be achieved or not is more difficult (this is also true
for Bahadur efficiencies, see [44, discussion page 564]). In some simple but non-trivial situations like product
distributions on finite sets, the Sanov Theorem [27] allows to check the optimality of generalized likelihood
ratio testing (GLRT) (see [19] and references therein).

The possibility to check whether generalized likelihood ratio testing achieves the Stein upper-bound depends
on the very nature of the large deviation principles (LDPs) satisfied by the relevant log-likelihood processes.
The touchstone is whether the rate function of the LDP admits a full information-theoretical interpretation (as
defined above) or not.

In the case of memoryless sources (see [19] and references therein) and the case of Markov order estimation
[29], the fundamental role of the information-theoretical interpretation of the LDP rate function is hidden by

type-theoretical arguments and by the fact that the existence of a finite-dimensional sufficient statistics makes
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the argument relatively straightforward. The importance of the information-theoretical interpretation of the LDP
rate function (satisfied by the log-likelihood processes) becomes obvious when dealing with hidden Markov
models. In the case of hidden Markov models on finite alphabets and finite hidden state spaces, it took nearly
ten years to check that the non-trivial error exponents established in [41] actually match the upper bounds
derived from the Stein argument [31]. When dealing with memoryless sources over general alphabets, not all
models may be considered as exponential models (multinomial), and analyzing maximum likelihood estimation
often has to rely on empirical processes techniques [45]. In that case, under weak integrability constraints on the
likelihood process indexed by the models (weak Cramer conditions), the rate function of the LDP satisfied by
the log-likelihood processes only admits partial information-theoretical interpretations (see [40]). Nevertheless,
non-trivial error exponents are established by resorting to those partial information-theoretical representation
properties of the LDP rate function [15] but the achievability of the Stein upper bounds on error exponents is

still an open question.

D. Error exponents for stationary Gaussian hypotheses testing

When dealing withArR order testing, variants of generalized likelihood ratio testing may be investigated
according to two directions. The first one attempts to take advantage on the fact that, just like in the case
of Markov chains over finite alphabets, the parameters of the sam@qutocesses remain identifiable when
model dimension is over-estimated (see [13]). Moreover, there exists consistent estimators like the Yule-Walker
estimator that rely on finite-dimensional statistics which large deviations properties can be investigated (see [7]
for AR(1) processes).

The second line of investigation proceeds according to the approach described in [31]: analyze the large
deviations properties of the log-likelihood processes indexed by the competing models. We will see at the
end of Section Il that the two approaches may coincide. However, the ability to work with finite-dimensional
(asymptotically consistent) statistics does not provide us with a safeguard.

Whatever the approach, the main difficulty consists of coping with the absence of an information-theoretical
interpretation of the large deviation rate functions. This difficulty is due to the lack of steepness of the limiting
logarithmic moment generating function of the log-likelihood vectors (see again [14], [7] and references therein
for other examples of this phenomenon). Despite this impediment, we prove that when testing the order of auto-
regressive processes, a variant of GLRT achieve non-trivial under-estimation exponents.This result is obtained
by showing that even though the rate function governing the LDP of the log-likelihood process does not enjoy a
full information-theoretical representation property, it does enjoy a partial information-theoretical representation

property. This pattern of proof should be put into the perspective of [15].

E. Organization of the paper

The paper is organized as follows. Some concepts pertaining to the theory of Gaussian time series (like
spectral density, prediction error, Levinson-Durbin recursion) are introduced in Section Il. In Section IlI, limit
theorems concerning log-likelihood ratios between stationary Gaussian processes are recalled. The interplay

between prediction error and relative entropy allows to characterize the information divergence rate between
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an AR process of order exactly and processes of lower order in Theorem 2. At the end of Section lll, the
Stein argument is carried out in order to check that there are no non-trivial over-estimation exporrets in
order testing, and to derive non-trivial upper-bounds on under-estimation exponents. The main results of this
paper (non-triviality of under-estimation exponents) are stated in Section IV. It is also checked that in some
non-trivial situations the Stein upper-bounds are achievable. The rest of the paper is devoted to the proof of the
main results. LDPs for vectors of log-likelihoods are derived in Section V. In Section VI, we try to overcome the
fact that, unlike the rate functions underlying the classical Sanov Theorem [27], the rate functions underlying
the LDPs stated in Section V are not known to be representable as information divergence rates. In order to
fill the gap, the rate function of the LDP exhibited in Section V is (weakly) related to information divergence
rates through corollary 2. This relationship is then exploited in Section VII where the main result of the paper

(Theorem 6) is finally proved.

II. CONVENTIONS

As pointed out in the introduction, a Gaussiar process is completely defined by the prediction filter and
the variance of the innovation process.

Henceforth©” denotes the (bounded) set of vectars R" such that the polynomiat — 1+ >, a;2"
has no roots inside the complex unit disc. The Aefr) of AR processes of order may be parameterized by
pairs (o,a) € R} x O". Note that this is a full parameterization [9].

If (Y)nez is a stationary Gaussian process, then itis completely defined by its covariance seequeyige,
defined asy(k) = E[Y,,Y,,+«]. Under some mild summability conditions (that are always satisfiediy
processes), the covariance sequence defines a function on theTteruf), 2] that captures many of the
information-theoretical properties of the process.

Definition 2: [SPECTRAL DENSITY The covariance sequence of a stationary Gaussian process is the Fourier
series of the spectral densifyof the process:

FeV/71) =3 q(k)eV 1wk,

kEZ

wherew belongs to the toru¥ = [0, 27].
The spectral density of a stationary process is non negative on theltofne spectral factorization theorem
[13] asserts thaf is the spectral density of a regular stationary process if and only if there exists a sequence

(dn) in I3(Z) such that
2
J(@) = |3 dpe v

nez
The functionf is the spectral density of a regular process of order if and only if there exists an innovation

variancec?, and a prediction filtea € R” such that

o2

Y gV
Let M,. denote the set of spectral densities of form (3) where ©", andF, its subset of spectral densities

fw)

7 ®)

for which & = 1. Note that a functiory € M,. belongs toF. if and only if % Jplog f=0.
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A function f on T defines a sequence of Toeplitz matri¢é3 (f)),,cz

L) = 5 [ F@e/ T for ij € (n—1

f is called the symbol of the Toeplitz matrix. ffis the spectral density of some stationary process, Théif)
is the covariance matrix of the random vectd?,, 11, Yin+2, ..., Yinin) for anym e N.

In the sequel, ifA denotes a matriA’ denotes the transposed matrix.

The log-likelihood of a sequence of observatiois= Yi,...,Y, (interpreted as a column-vector) with
respect to the spectral density f where f € F, will be denoted by/,, (o2, f,Y) :

00 (07,1, Y) = — 5 log (o*"deAT,(1))) — 515 YT, ()Y

A Theorem due to Szég(see [10]) asserts that astends to infinity,% log det(det(7,.(f))) — % Jplog f
which is null if f € F,.. Another Theorem by Szégmotivates the approximation @, *(f) by 7T, (%) The

guasi-Whittle criterion is now defined as:
_ 1 1 1
b (07 1Y) = =S logo® = YT, (4] Y.
o) 2 %87 T 9502 f

The following test will be considered throughout the paper.

Definition 3: [PENALIZED WHITTLE ORDER TESTING Let penf,p) be a sequence indexed By x N.
Assume that pem( p) is increasing with respect to the second variable. The penalized Whittle orderfést
acceptsHy(r) if and only if

sup {Zn(0-27 f? Y) - per(nap)}
o,fe€Fp

is maximum for some < r. Let o!V""(-) be its level function and — B!V (-) its power function.

At that point, it seems that we have to deal with x ©" as a parameter space. Rs. is not bounded, this
does not seem suitable for discretization of the parameter space. Fortunately, the following proposition shows
that as far as order testing is concerned, we can disregard the variance of innovétiand focus on the
prediction filtera.
Proposition 1: [VARIANCE OF INNOVATION] The maximum quasi-Whittle criterion is maximized by choosing
M the maximal value of the criterion equals
YTTn(%)Y 1

1
—Zlog inf — T 2
2 %% T 2

0'2 = inffey.-r

This prompts us to define modified criteria. In order to test whether the observed process is of order exactly
r orr — 1, we will compare
fien%YTTn (}) Yand inf Y'T, (}) Y .
Finally, we will repeatedly need to understand howaaprocess of order exactly can be approximated
by an AR process of order at most— 1. This will be facilitated by an algorithm that has proved to be of

fundamental importance inRR modeling.
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Definition 4: [INVERSELEVINSON-DURBIN RECURSION Let (1,a) with a € R" define the prediction filter
of an AR Gaussian process with innovation variance Then the inverse Levinson-Durbin recursion defines
the innovation variance’? and the prediction filtef1,b) with b € R"~! of a regularAr process of order
r — 1 in the following way:

b, = % forie{1,...,r —1},
—a

T

2
12 g

1+a2’

The Levinson-Durbin algorithm has not been designed in order to solve information-theoretical problems but
rather in order to solve least-square prediction problems (its range of applications goes far beyond Gaussian
processes). But in the Gaussian setting, least-square prediction and information-theoretical issues overlap. This

will be illustrated in the following section.

IIl. | NFORMATION DIVERGENCE RATES

Information divergence rates characterize the limiting behavior of log-likelihood ratio between process dis-
tributions. As theaRrR processes under consideration in this paper are stationary ergodic and even Markovian
of some finite order, information divergence rates betweenprocesses are characterized by the Shannon-
Breiman-McMillan Theorem (see [18], [4], [23]).

Theorem 1:[SHANNON-BREIMAN-MCMILLAN] If P andQ denote the distribution of two stationary cen-
tered Gaussian sequences with bounded spectral dengiiesl f that remain bounded away frof then
the information divergence rate betweBrand Q, lim,, =K (P™ | Q") exists and is denoted bi .. (g | f) or

K. (P | Q). The following holdsP-almost-surely and also ifi;(P):

1 P{Yi.n}
Zlog "L L K )
TREeT (g1f)
The information divergence rate can be computed either from the spectral densities or from the prediction
errors:
1 g g)
Ke(glf) = — (110 dX 4
(g1f) )\ 7 &% 4)
2 2
_ ;{log’; 1y, |0 B Vo) H . )
Ug O'f

Whereaj and aJ% represent the variance of innovations associated Wittnd ) (log aJ% = i Jrlog fdw and

logo? = 5= [, log gdw ).

Equation (4) corresponds to the traditional description of the information divergence rate between two station-
ary Gaussian processes. Although, it does not look as explicit, Equation (5) emphasizes the already mentioned
interplay between least-square prediction and information. It will prove very useful when characterizing the
minimal information divergence rate betweeR-processes of order— 1 and anAR-process of order exactly

r.
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The following class of functions will show up several times in the sequel.
Definition 5: [Definition of ] Let H denote non-negative self-conjugated polynomfalen the torusT,

that is of form ) )
h(w) = ap + Zai (e*\/jl‘*’ + e\/jl“’> =ag+ QZCM cos w
i=1 i=1

for real numbersi, a1, ..., a, such thatag +2Y""_, a; cosw > 0 for all w

Notice that ifh € H has degree, then it may be written as the square of the modulus of a polynomial of

degreep on the torus, that is there exists real numbers;, ..., b, such that
2

p
bo+ ) bie V1w
=1

Indeed,% is a spectral density associated to a covariance sequetik®),. which is zero for|k| > p, that is

h(w) =

the covariance sequence of a moving-average process of ardieis also the inverse of the spectral density

of an AR process.

Corollary 1: Let g denote the spectral density of a stationary regular Gaussian procdass:  H and

K (f | g) < oo then f defines a stabler process.

The next Theorem identifies the minimal information divergence rate betweeM,. and spectral densities
from M,._;. The pivotal role of that kind of result in the analysis of composite hypothesis testing procedures
is outlined in [39], [19]. Theorem 2 is an analog of similar Theorems from [39], [41] or Lemma 6 and 7 from
[31]. But, thanks to the special relationship between log-likelihood and prediction error in the Gaussian setting,
Theorem 2 provides the exact value of the infimum and the precise point where it is achieved in parameter
space.

Theorem 2:[I-PROJECTION ON LOWER ORDER AR PROCESSEH P is the distribution of a regulaar

process of order exactly with spectral density;, prediction filtera and innovation variance?, then

1
inf K. = ~log (1+a,?) .
ot (flg) 5 og (1+a,?)

The infimum is achieved by a stabi& process of order— 1 which prediction filter and variance of innovations
are obtained by the inverse Levinson-Durbin recursion.

Henceforth, we will overload the classical notations: the spectral density ofrhgrocess of order — 1
that realizes the infimum imf rcaq,_, Koo (f | g) Will be called the I-projection of on the setM,._, it will
be denoted by (g).
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Proof: Any spectral density of stable autoregressive proeessl, may be defined by a prediction filter

b € ©7~1 and an innovation variance?.

i . 1 o2 Yo — E [Yo | Yo 1])?
inf Ko(flg = inf [2Ef [10g0/2_|_(0 glYo | Yo oo:—1]) _1]

FEM; 1 FEMy o?
r 2
0.2 (XO — Z::_ll (b7 — ai)Y_i + CLTY_T)

1
—  inf |2Ep. |log Lo
beé?’l,a’ 9P o8 o2 + 2

-1

g

r—1 2
0.2 Ebwg/ [(Zi:l (bl - ai)Y—i - ary—r> :| 0_,2

. 1
= beé?fl7al 5 log ﬁ + 0_2 + ﬁ -1
Note that
r—1 (b ) 2 r—1 (b ) 2
i — Q i G
Ep,o —Y  ;-Y, = Ep,o —Y i) — Y

cannot be smaller than the backward one-step prediction error of ordérof the process defined byf. The

latter is the one-step prediction error of the stationary process obtained by time reversing the ([fpgess

As the time-reversed process has the same covariance structure and it has the same spectral density as the initial
process. Hence backward one-step prediction error of ordet equalso’?.

This lower bound is achieved if the filtéf(b; — a;)] /a,) .1 coincides with the backward prediction

i=1,...,

filter associated with the spectral densjtyThe coefficients of the backward prediction filter coincide with the

coefficients of the forward prediction filter. Hence the lower bound is achieved if and only if
b; —a;=azb._; forali,l1<i<r,

that, is for the result of the inverse Levinson recursion. Hence the infimum is achieved by choosing

and it equals

A similar theorem characterizes the information divergence rate betyes M,._;.
Theorem 3:[LOWER ORDER AR PROCESSHd et g denote the spectral density of a regular Gaussian autore-

gressive process of order Then

1
inf K =—-log(1—a?
i Eolg|f)=—5log(1-ay)

and the infimum is achieved by the spectral density defined which is defined by the prediction filter resulting

from the inverse Levinson-Durbin recursion and with variance of innovations equal to

The proof of Theorem 3 parallels the proof of Theorem 2 and is omitted.
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The following Theorems provide upper-bounds on achievable error exponents. Their proof is similar to the
proof of Stein’s Lemma concerning the efficiency of likelihood ratio testing for simple hypotheses (see [27]) .

For the sake of self-reference, it is included in the Appendix.

Theorem 4:[TRIVIALITY OF OVER-ESTIMATION EXPONENT] Let «!(-) denote the level function of a
sequencep;, of tests of Hy(r) againstH;(r). If the asymptotic power function is every-where positive in

M., then for any autoregressive process of order1 and distributionP,

1
lim —logal (P)=0 .
Jlim —logay,(P)
The next theorem provides a challenging statement and will motivate the rest of the paper.
Theorem 5:[STEIN UNDER-ESTIMATION EXPONENT] Let o/, (-) denote the level function of a sequengg
of tests of Hy(r) againstH,(r). Let (1 — 3. (-)), denote its power function. If the asymptotic level function is
everywhere bounded away fromin M.._1, then for any autoregressive process of order exagttlistribution

P and spectral density € M,.,

1
liminf —log 3 (P) > — inf Kau .
iminf — log 3/ (P) > fe%lr (f1g)

n—-4oco N 1

Remark: It should be noted that thanks to Theorem 2, the Stein under-estimation exponent is non-trivial
and that it does not depend on the variance of innovat%rn)ﬁE gdw.

Remark: Theorem 5 helps us in understanding the difference between error exponents as used in infor-
mation theory and Bahadur efficiencies used in mathematical statistics. Bahadur efficiency is best defined by
considering tests that reject say, for large values of some statistiG,. AssumeP € M; \ M, and assume

that on some samplg,, ..., y, collected according t®, T,,(y1,...,y,) = t. Define the “level attained” as

L,= sup P{T, >t} .
P’eMg

The Bahadur slope &® (if it exists) is defined as th&-almost sure limit of-2n"!log L,,. If the tests consist
of comparing the logarithm of the ratio of the maximum likelihoods in models and M; with thresholds,
then P-almost surelyT,, converges tanfprcaq, Koo (P | P').

The distinction between error exponents and Bahadur slopes is exemplified by the fact that the quantity
infprepm, , Koo (P | P') that shows up in Theorem 3 coincides with the Stein upper-bound on the Bahadur
slope of GLRT atP € M (see [44, Theorem 8.2.9] and [46, Theorem 16.12]).

In [44], Taniguchi and Kakizawa characterize the Bahadur slopes of some testing procedures among stationary
Gaussian processes. Their results (Theorems 8.2.14, 8.2.15, 8.2.16) concern models indexed by compact intervals

on R and do not seem to be easily extendible to the order testing problem considered here.

Although the techniques used in this paper do not allow us to prove that the Stein under-estimation exponents
are everywhere achievable, it is worth mentioning that for the order testing procedures under consideration, the

under-estimation exponents do not depend on the variance of innovations.
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Proposition 2: [SCALE-INVARIANCE OF EXPONENTY Let a € ©"\ ©"~! denote a prediction filter of order
exactlyr. For all o > 0, let P, denote the probability distribution of axr process of order parameterized
by (o, a).

If, for any integerp, penn,p)/n tends to0 asn tends to infinity, the under-estimation exponent of the

penalized Whittle tests do not depend on the variance of innovations:

1 1 .
limsup — log %" (P,). = limsup — log 8" (P;).
n—+oo T n——+oo M
The proof of this proposition is given in the Appendix.
At that point, it is relevant to provide an alternative view at the quasi-Whittle criterion. Minimi¥ifig, (1/ )Y
over f € F, turns out to be equivalent to minimize the forward prediction error

t=1 =1

with respect toa € O, assuming that’; = 0 for all ¢t < 0. The solution of the latter problem is known as
the Yule-Walker estimate of the prediction filter of ordeion the sampléY (see [13]). It can be computed
efficiently thanks to the (direct) Levinson-Durbin algorithm. Moreoven,ifdenotes the-th coefficient of the

prediction filter of ordenr output by the Levinson-Durbin algorithm on the dafa an interesting aspect of the

analysis of the Levinson-Durbin algorithm is the following relation:
iIlffej:r YTTn (%) Y
infrer , YT, (%) Y

Hence, comparing of Whittle approximations of log-likelihoods boils down to comparing the absolute value of

2

roc

=1—a

r-th reflection coefficient,., with a threshold. This is all the more interesting as the fingflection coefficients

only depend on the first + 1 empirical correlationijfzﬂrl Y,Y;_;, that is on a finite dimensional-statistic.
However, the possibility to approximate GLRT while relying on finite dimensional statistics does not seem

to be of great help as far as investigating error exponents is concerned (see [28] for more background on the

interplay between the availability of finite-dimensional sufficient statistics and error exponents).

IV. MAIN THEOREMS

From now on,P is the distribution of an auto-regressive Gaussian process of order exaethd spectral
densityg € F,.. Our goal is to prove that at leatnsup,,_, ., %log BYW:r(P) > 0 and whenever possible that
lim sup,, _, o %log BY-r(P) can be compared with some information-theoretical quantities.

Recall thatf(g) denotes the spectral density of the I-projectioryadn the set\M,._; of spectral densities
of AR processes of order — 1.

The following subset of\,. shows up in the analysis of the under-estimation exponegt at

Definition 6: Let F(g) be defined as the subset of spectral densitie$ AR(r) processes such that for all

n sufficiently large
T, (1/f) + Tt (9) — T (1/9)

is positive definite.
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As T ' (g) — T, (1/g) is non-positive (see Proposition 5)(g) defines a non-trivial subset ¢¢1,.. In some
special cases the ftriviality or non-triviality df(g) may be checked thoroughly. For exampley i the spectral
density of anar(1) process, thelf(g) is the spectral density of a&Rr(0), and computations relying on Lemma
4, allow to check thatf(g) € F. As soon as we deal with processes of orglethings get more complicated,
as demonstrated by the following proposition.

Proposition 3: Let g be the spectral density of an autoregressive process of @rdeith prediction filter
(a1,a2). Then
f(9) € F(g) <= (1 +a2)* > a? (1 +d3) .

The proof of Proposition 3 is given in the Appendix.

In the sequel, ag remains a fixed element of,., we will often omit to make the dependence grexplicit,
and abbreviatd’'(g) to F.

The main result of this paper is the following Theorem.

Theorem 6:[UNDER-ESTIMATION EXPONENT]

Let g denote the spectral density of am process of order exactly and letF(¢) be defined as above. let

L(g) be defined by

L(g) = inf |K. — inf K. (f|h)].
(9) o (f19) ot (f|h)

The followings hold:

a) L(g) > 0.

b) If, for any integerp, peng,p) tends to0 asn tends to infinity, penalized Whittle tests have non trivial
under-estimation exponents:

1
limsup — log 3" (P) < —L(g) .

n—+oo N -

The quantityL(g) may or may not coincide with the Stein under-estimation exponent described in Theorem
5. For example, elementary computations reveal f{g! coincides with the Stein upper-bound wheiis an
AR(1) process. Note that, using the the connection between the Whittle test and tests concerning the Yule-Walker
estimate pointed out after Proposition 2, and building on results from [7], it is possible to check directly that

the Whittle test forarR(1) processes achieves the Stein under-exponent.

V. LDP FOR VECTORS OF QUADRATIC FORMS

In this section,f1, ..., fq denote a collection spectral densities of stadfdr) processesfi € M..). This
collection defines a vector of quadratic forrﬁYTTn(l/fi)Y)i:Ld.
The basic concepts of large deviation theory were recalled in the introduction (see Subsection I-B).
Our goal is to prove a LDP upper bound for the tuple of quadratic fo(rT!ﬁéTn(l/fi)Y)i:Ld, when the
time seriesYy,...,Y,,... is distributed as anR(r) process with spectral density As under-estimation events

correspond to large deviations of the log-likelihood process indexed,bfthis qualitative statement will be
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turned into a formal one thanks to Definition 12 in Section VIl below) we aim at identifying the under-
estimation exponents with the value of the rate function, or rather with a limit of values of the rate function
evaluated at some well-chosen points. This goal will be achieved through Lemma 9.

The search for LDP for Toeplitz quadratic forms of Gaussian sequences has received deserved attention
during the last fifteen years (see [1], [3], [26], [14], [7], [30] and early references in [16], [17], [12], [11]).
Those papers, except [30], describe the large deviations of a single quadratic form while just assuming that the
underlying time series is a regular stationary Gaussian process. The results described in those references need
to be completed to fit our purposes.

The basic scheme of analysis in those papers remains quite stable: the logarithmic moment generating function
of the quadratic form is related to the spectrum of a product of Toeplitz matrices. The limiting behavior of the
spectrum is characterized using the asymptotic theory of Topelitz matrices developped byaBdegd/idom
(see [10] for a modern account). The main difficulty lies in the fact that understanding the limiting behavior
of the spectrum of the Toeplitz matrices is not enough.

Definition 7: A,, is the logarithmic moment generating function (OYTT,L (%) Y,....YT, (ﬁ) Y) .

For any\ € R¢, )
1
Ap(A) =1ogE [exp (; YT, (f> Y)] .
For anyX € R%, A(N),
AN = 1;1321;5 %A”()\).

I is the Fenchel-Legendre transform &f: for anyy € R4,

I(y) = s (A y) —AWN).

Definition 8: A point y € R? is said to be an exposed point bfwith exposing hyper-plana € R¢ if and
only if for all y’ € R%:

I(y)>I(y)+ Ay —vy).

Note that as a pointwise limit of convex lower-semi-continuous functighsjs convex and lower-semi-
continuous.
Theorem 7:Let f1,..., f4 denote a collection spectral densities of stakigr) processes.

a) The sequence of tuples of quadratic forfn§Y ™7, (1/f)Y) satisfies a LDP upper-bound with good

i=1,d’
rate functionl.
b) The sequence of quadratic forms satisfies a LDP lower bound with rate fun¢yonf y is an exposed

point of I with exposing hyperpland such thatlim,, %An()\) exists and is finite, and infinity otherwise.
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This Theorem is a direct application of Baldi's generalization of tket&er-Ellis Theorem (see [27], Chapter
4, Section 5). As stated, it is of little utility since we know next to nothing abbuin the next section, we

will check thatI is non-trivial and that the set of exposed points is non-empty.

VI. REPRESENTATION FORMULAE OF RATE FUNCTION

This section unveils the structure AfandI. It prepares the derivation of the partial information-theoretical
interpretation of the LDP upper bound stated in Theorem 7. Lemma 1 provides with a characterization of
A(X\) when it is finite. This characterization only depends on the spectral den(sfmgl)d, and g, through
the convex functiom\ defined in Definition 9. The Fenchel-Legendre transfdify) of this functionA(-) is a
leverage in the analysis of the rate functibnAs a matter of fact, for any € R¢, such thatl(z) < oo, 1(z)
may be identified as an information divergence rate between a carefully chasgr process and the process
with spectral density;, (see Lemma 2). Lemma 3 states that the supremum in the definitidrisochieved
wheneverl(-) is finite. Moreover, an important consequence of Lemmas 2 and 3 is that although they differ,

I(-) and I(-) have the same effective domain (Corollary 2).

Definition 9: [DEFINITION OF A.] For A € R?, let

1 oY
A()\):—E/Tlog (1—Qg;ﬂ> dw .

A is strictly convex, lower-semi-continuous on

i . .
Dy = {)\ t1-29) 7 s non-negative oﬁ[‘} ,
. 1

and finite onA’s in Dy such thatl /g —2 )", A\;/ f; is not the null function. This follows from the fact that for

suchX’s, 1/g—2%". \;/ f; belongs to the sét (see Definition 5), has isolated zeros, anglw is integrable a0.

Lemma 1:[CHARACTERIZATION OF A.] A coincides withA on the setD; where it is finite. Moreover, if

for any A in Dy, f» is defined as a function ofi by
d A
1/ falw) = 1/g(w) 22 Al
then\ € Dy if and only if f € F(g).
Recall thatF'(g) is defined at the beginning of Section IV.
Proof: From a well-known elementary result (the Cochran Theorem, see [14, Lemma 1]), it follows that for

any integern and any\ € R?,

~}logdet(1, — 2T, (9)T, (S0, %))
AN =1 i T (g) T (%) + T, (1/f) is definite positive

400 otherwise.
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Now

mon ($3) - 1 () 500 5 (2)

As T, (g) is definite positive for allr, if fx ¢ F, limsup,, 1A, (X) = cc.

On the other hand, ifx € F, we may use the following factorization:

o mon () - men () (e () (50 ()

The limits of — - log det(7},(g)) and —5- log det(T;,(1/ fx)) are readily identified as

——/loggdw and ——/log—dw
thanks to Szeadjs limit theorem (see [10, Theorem 5.2, page 124 ]). As

AN = 4177 log fg)\ dw ,

it remains to check that

hmlogdet<l + T (flJ (T—l (9) — Ty (;))) =0.

Recall thatT, (l) —T.1(g) is the sum of two matrices of rank that it is non negative and that the sum of

n

its eigenvalues is upper-bounded hy(l +> ) wherea € O" is the prediction filter associated with

j=1%
(see Proposition 5 in the Appendix). This proves that (1/fx) ( ~l(g)—T, (5)) has at mos2r non null
(actually negative but larger thanl) eigenvalues, and their sum is uniformly lower bounded. This is enough
to prove that de(In + T (1/fx) (Tn—1 (9) — Ty (é))) is smaller thanl but remains bounded away from

0 and that the desired limit is actually null.

Definition 10: Let I be the Fenchel-Legendre transform/of for anyy € R,

I(y) = sup, (A y) = AN).

Lemma 2:[REPRESENTATION FORMULA FORI]
a) For ally € R?,
: f
) = int {Kw (1) 5w

dw for all z} .
feM,

- o
b) When I(y) is finite, the infimum is attained at som& and thisf,\ is the spectral density of amr(r)

process:
d
1 1 Ai
—=--2Y" (6)
Ix g ; fi
for someA € D such that

I(y) = (A y) —AA).
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The proof of Lemma 2, consists of checking that the convex functiaa essentially smooth according to
definition 2.3.5 in [27].

Proof: [Lemma 2] Let us first check that {fA™),, . is @ sequence of vectors frof that converges to
A € Dy \ DR, then([[7A (A™)]]),,,.en CONVerges to infinity.

For anyA™ € DY, by Lebesgue differentiation Theorem

81'A|)\7n = i g/fZ

2 d m “o
T 1 =297 A/ f;

and

d
1—=2g> \"/f; >0

j=1
everywhere orll. Now asX € Dy \ D}, 1 —2g 2?21 Aj/f; = 0onT and equality holds on at most finitely
many points, moreovey/ f; is positive onT. Thus (@Ap\m)meN tends to infinity for eachi € {1,...,d}.

Let y be such thaf (y) < co. Let us now show that there exists sothesuch that
Ily) = Ay) =AA) .
There exists a sequen¢d™), . where € D3, such that
I(y) = Em(A™, y) — A (A™) .

If the sequencé\™),  is bounded, it has an accumulation pokitn D, sinceD, is closed (see Definition

9). Then by lower-semi-continuity of:

I(y) = (A y) —A(A) .
Moreover\ € D3 and
y=vVAa.

Let us check now thatA\™), is indeed bounded. Assume the contrary for a while. If the sequexite,, is
not bounded, then the sequence™/ |A™]|),, . has an accumulation poinf on the unit sphere oR?. For
eachm such that]| \™|| > 1, A™/||A™|| € D} since0 € D} . Hence we may assume thatc Dj.

For everyw € T, 2g(w) >0, m;/fi(w) <0,

The subsequencgA™,y) — A (A™)),, is equivalent to(5 (|| A™[| (n,y) —log [A™]))), . Hence, this sub-
sequence converges ¢, which contradicts the assumptidify) < co.

Hence, for anyy € R%, such thatl(y) < +oo, there exists soma € D{ such that

I(y) =(Ay) = AN .
From the very definition of andA, for every\’ € Dy,

AN) AN+ N =Ny),
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which entailsy = A (A). Now define f using equation (6), therfx € M,, for eachi € {1,...,d},

Yi = o= [p [a/fidw, andI(y) = K (fx | g) . This proves that ifl (y) < oo, then
I(y) > inf {Koo(fg) : yi:i j:dwforalli}.

feEM, 27( T Ji

Now let f € M, be such that for alf € {1,...,d}, y; = % Jr fi dw, then for any\ € Dy

d d
st eae = 3 o515 3) om(r (-5
i=1 " i=1 7"

0.

%

This proves that

I(y) < inf {Koo(fg) : yi—;ﬂ/qr;:dwforalli}.

T feM,
[
Lemma 3:[REPRESENTATION FORMULA FORI] For anyy € R?, if I(y) < oo, there exists\ € Dy such
that I(y) = (A, y) — A(N).

Corollary 2: For anyy € R?, I(y) < oo if and only if I(y) < occ.

Proof: A > A, so thatl < I. This proves that iff (y) < oo thenI(y) < oo.
If now I(y) = +o0, there exists a sequeneé™ in D} such that(A™,y) — A(A™) tends to infinity. Since
A is either continuous and finite on the boundaryZdf, or tends to—co on this boundary|| A™ || tends to

infinity. Let now « be an accumulation point o™ /||[A\™||. For anym, anyw € T,

1 doam
@ 2w 2O

so that, since| A™ || tends to infinity and allf; are positive,
m

d
ul
; fi(w) =0

But by Lemma 1, this implies that € Dy, and also that for any positivd/, M« € Dx. Now, asm tends to

infinity,
AA™) ~ =1/2log || A™ ||
so that(A™,y) > 0 for large enoughn, leading to(u,y) > 0. This implies that, for large enough/,
(Mu,y) ~ A(Mu) > S log M

so that/(y) = +oc. [ |

VII. TooLs

When I(-) and I(-) do not coincide, it is not possible to get a full analog of Lemma 2, that is to identify

1() with an information divergence rate betweensmprocess and ther process defined by, nevertheless,

thanks to Lemma 2 and 3, it is possible to get a partial information-theoretical interpretatigr .of
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Lemma 4:Let y denote an element dP; C R, let A be defined byl (y) = (A,y) — A(A) and A, be
defined as the solution df(y) = (Ay,y) — A(Ay). For any, let f5 be defined by

d
s
_2;ﬁ'

Then

~i

(y) = I(y)_Koo (f)\y |f;\):Koo (f)\y ‘g)_Koo (f)xy |f;\)
= Ko (fa, l9) — AiGHDfA Koo (fa, | f2) -

The corrective terninfxep; Ko (fx, | f) is the price to be paid for the lack of steepness\of

Proof: We first check that (y) = K« (fx, | 9) — K (fA | fx) -

Koo (i 19) = K (B 1 f3) = 3= [ 2 Zf yzﬂogﬂdw
_ g
= Z)"yl /log f}\dw
- 1 4N
= (A,y>+MAlog<l—Qg;ﬁ> dw

= <x> y> - A (X)

= I(y) .

Now, for anyX € Dy, (A,y) — A (X) < I(y). Butagain,(A,y) — A(A) = Koo (fa, | 9) — Koo (fr, | fA),
leading toK (fx, | fx) > Koo (fa, | f5)- u

Remark: If d = 2, f; = g and Ay = —A; with Ay < 0, the quadratic form under-consideration is the
stochastic part of the quasi-log-likelihood ratio betwgerandg. The LDP satisfied by this log-likelihood ratio
is well-understood thanks to Proposition 7 in [7] and Proposition 5.1 in [8]. It actually admits an information-
theoretical representation property.
Lemma 5:Let y denote and element @; C R¢, let A be such thafl (y) = (A,y) — A(X), lety be such
that7 (y) = (A, y) — A(X), then
I(y) > 1(y) .

Proof: From the definitions of\ andy, it follows that

For any A\, we have
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Now for anye € [0,1], (1 — €)A € D%, since bothd and A belong toD$. Substituting(1 — €)X for X in the
preceding inequality, and rearranging leads to:

LR —on - A) < (Ay).

€

Letting e tend to0, and recalling thaWA(\) = y:

The following lemma relates the shape®jf and the shape dPj; (clause a) of the Lemma), as a byproduct,
we also get a relation betwedify) and a relative entropy with respect o

Lemma 6:Let p be defined as

min g(w)/(2max g (w)).

Let (h;),_, 4 denote a sequence of functions frdth Let I and I denote the rate functions associated with
the sequencéh;),_, ,. Lety denote and element @, C Re. Let A € Dy satisfyI (y) = (A, y) — A(N). Let
f be defined by

11 S
N 2 ; Aihi .
Then the followings hold
a) pA € Dj,
b) pKoo (falg) < I(y).

Proof: Let u be such thad < o < 1 anduX € Dj;. Note that
1 W 1—p
—_— = — 4 —
fux I g
Then by the convexity of(., (fx | -):
Koo (Ia]fun) < (=K (frlg).

Let nowp be defined as in the statement of the Lemma. Then, for all tuples of funétjidnem H, as\ € Dy,

forall w e T:
1

miny g(w)

d
>23 " Aihi(w),
i—1

which entails—2p Zle Aih; > —1/maxy g(w). Hence, the largest eigenvalue of

d
T, <2p > Ah)
=1
is larger than—1/ maxt g(w), while the smallest eigenvalue @f, * (g) is not smaller than / maxt g(w). This

finally entails that for alln
¢ 1 1
T, (9)— T, | 2 Nihi | =T, <>+Tn1 g)—T, ()
o) <pz ) Yero - (L
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is definite positive, which implies that,x € F.
Then

pKoo (f)\ ‘ g)

IN

Ko (f)\ | g) - Keo (f)x ‘ fp)\)

(y) -

by Lemma 4. ]

IN
~i

The following partial information-theoretical interpretation bfis now an easy consequence of Lemma 2
and Lemma 4.
Lemma 7:Let y belong toDy, let f, be defined as the spectral density that minimizes (- | g) among

the solutions of

L[ty _
27T T fi - y’L i
then
I(y) < Koo (fy | 9) = jnf Koo (fy [ h) -
Proof: From the representation formula fér [ ]

VIIl. UNDER-ESTIMATION EXPONENTS

Throughout this sectiong denotes the spectral density of tha process of order > 0 that generates
the observations. Hencefortk, (M, _; | g) denotes the minimum information divergence rate betwsren
processes of order — 1 and theAr process with density (K., (M,_1 | g) is the Stein under-estimation
exponent associated withy see Theorem 5).

Sieve approximations allow to handle the large deviations of the log-likelihood processes indekgdby
equivalently by®? using the LDPs for vectors of quadratic forms exhibited in Section V. Thanks to the sieve
approximation Lemma (Lemma 8) and to the LDP upper-bound for vectors of quadratic forms 7, Lemma 3
provides a lower bound on order under-estimation exponent. This lower bound is defined as a limit of infima of
large deviation rate functions. Such a definition does not preclude the triviality of the lower bound. The rest of
this section is devoted to the identification of this limit with the epxression given in the statement of Theorem
6 (Lemma 11) and to checking that the latter expression is non-trivial (Lemma 12).

Definition 11: [SIEVE] For any integerp, any positivee, an a-sieve for the setf, of spectral densities of
stableAR(p)processes with innovation variance equalltds a finite subset\V(«) of F,, such that for any
f € F,, there existsf € () such that

lay—aj[l2<a,

whereay (resp.ay) is the prediction filter associated within ©7 (resp.f in Fp)-

Upper bounds on the size ofsieves forF, or ©7 can be checked by the following argumentale ©P,

then the complex polynomiadl + Y~?_, a;2* has no roots inside the open complex unit disc. Let us denote by
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(2:)P_, its p complex roots,
d P
14+ 3wz =1~ 2/2).
i=1 i=1
This implies that for alli € {1,...,p}, |a;| < (7). Hence we get the following rough upper-bound on the

minimal cardinality of anx-sieve foroP?:

\/]3 p P P 9P p
X <= .
( o} };[1 1) T\«
HenceforthN («) denotes the index set the sie&&«), by definition, we have:

/\/(a)z{fi;fie}"r,iEN(a)}.

In the sequel J(-) is the rate function for the LDP satisfied Wy >, Y}?) _ whenY; is generated by

neN
a GaussiamR-(r) process with spectral density (we refer to [14] for a full presentation of this LDP and to

the Appendix for an explicit definition of (-)).
Lemma 8:[SIEVE APPROXIMATION] For eacha > 0, let A'(«) denote ana-sieve for ¥, according to
Definition 11. N («) denotes the index set foy'(a):

N()={fi : fi € Fpyi€ N(a)}.
For any positiveM, any integerp, for anye > 0, if o > 0 satisfies

e>al2r+1)2 g (M),

() (]2 ) <

where N («) denotes the index sets forsieves ofF,,.

then

1
limsup —log P | sup inf
n—+oo T feF, i€N(a)

The proof of the sieve approximation Lemma is given in the Appendix (BJarThe next definition is
concerned with the sets of values for vectors of quadratic forms indexed by sievés that correspond to

order under-estimation events.

Definition 12: For anya > 0, let N(«) and N’(«) denote respectively the index setsofieves of F,._;

and F,. C, is the closed set of real vectors indexed By«a) x N’(«) defined by:

Co=<y: inf y <a@r+1)27"J 1 (Ke (M,— “x inf y;
{v: dut w0200 (e Moy [9) 4 e int

andy® is an element of’, that minimizes!:

y® such that (y*) = inf I(y).
y€Ca

5th October 2004 DRAFT



22

NotationsI andI have been intentionally overloaded. For every index\égt) x N’ («), they denote specific
rate functions.

The existence of® is ensured by the fact thdtis lower-semi-continuous and,, is closed.

Lemma 9:For each positivey, let y* be defined according to Definition 12, then

lim sup — logﬂw’( ) < —lim I (y%)) .

n—-+oo a\,0
Proof: [Proof of Lemma 9]
gyr(p) < P <3p<r : sup {ln(0® f,Y) —penn,p)} > sup {l,(o )Per(mr)}>
o,feF, o, feF,

1 1 1
P <E|p <r: flenffp {nY T, <f) Y} flenjt-: { Y'T, (f) Y} exp [2 (pen(n, p) per(n,r))])
The second line follows from Proposition 1. Lebe defined as(2r +1)2" 1)1 (K, (M,_1 | g)). For any

a > 0, for large enough, penn,p) — penn,r) < a.

1 1 1 1
W,’I' < : _ T _ < 3 —_ T —
gyrr(P) < <3p <r 1nf {nY T, (f) Y} < flen]f‘r {nY T, <f> Y} expa)
t 1 . |- 1
= P inf Y T, =Y, < inf S=Y'T, (= |Y pexpa
fEF 1 f fer. | n f
< P ( inf { ~Y'T, < L ) Y} <e+ inf { ~Y'T, ( L ) Y} expa)
1EN (o) fz 1EN' () f’L

+P | sup inf
feF, €N(a)

1 1
[ G) - ()l¥=)

f i
The first summand on the right-hand-side is handled using the large deviations theorem (Theorem 7), while the
second summand is handled using the sieve approximation lemma (Lemma 8). Althogether, this implies

lim sup — log pMLr(p)

n—-+4oo

<max{— inf T lim su 710 P su inf
- { yeCyqy ( ) n_>+£ & <f€]13 i€EN ()

YT (T, (f) =T, (f3)] Y‘ > e>}

<max{ = inf T(3)i Ko (M, | 0)}-

But Theorem 5 (Stein upper-bound) imply that for small enough

o { = it 1(5)i~ Ko (M1 [0} == inf T00).

and the Lemma follows by letting tend to0. ]

The next corollary follows from Theorem 5 (Stein upper-bound) and Lemma 9.
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Corollary 3: Let y* be defined according to Definition 12, then

lim I (y®) < inf K
lm I(y®) < inf Koo (f9)

Lemma 10:Let y* be defined according to Definition 12, Iaf* € D, be such that
I(y®) =A%) =A%)

Let o be the innovation variance dffx-), anda® its prediction filter in©”. For any accumulation point
(5,a) € (0,00) x O, then0 < & < oo, and if f is the spectral density with innovation variangéeand

prediction filtera, then f is the spectral density of a stabi® (r) process.

Proof: [Proof of Lemma 10] Letp = 22229 from Lemma 6, it follows that for any,

2maxt g’
pEoo (fax | 9) < I(y?).
But taking o to 0 and applying Corollary 3 leads to the fact tigatcannot bed or +oco, so that one obtains
that
~ 1
Koo (flg) < min Ku(Fl9).

This implies thatf defines a stablar(r) process. [ |

Combining the next lemma with Lemma 3 proves Part b) of Theorem 6.

Lemma 11:Let y* be defined according to Definition 12, then

. T « > . _ .
WO 2 il [F V9= g R U

Proof: [Proof of Lemma 11] According to Lemma 4, there exiafs € D, such thatfx- is the spectral

density of anar-(r) process satisfying
f(ya) =Ky (f)\"‘ | g) - )‘ienpff K (f)\"‘ | f)\)

and
a_ 1 [ fae

Yy = forieluJ
2 T i

which, sincey® € C, and all f;s verify [;.log f; = 0, leads to

. 1 fae o . 1 fae
mip (5 [ 50 ) <oy (o [ 50). @
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Let s, &, f be defined as in the statement of Lemma 10. There exists0 and M such that, for small enough

a, we havem < fyo« < M on T, which, together with (7) leads to
inf i/i < inf i/i
feF_a \ 21 Jp f feF- \2m Jo f

nf Ke (FI5) < inf Kee (F17).

feMy_1

and then to

This implies by Theorem 3 thaf is the spectral density of a stabl& (1 — 1) process.

The Lemma will thus be proved as soon as the following is established:
. T o > s _ . rs .
lim I(y") > Koc (1 9) = inf Koo (F | 2) (8
Define F,, as the set of spectral densities

_ g
1-2 51 Xig/ fi
with A € Dy (the dimension of\’s depends on the size of the sie¥&«), but for any«, F,, is a subset of

F). Then for anyh € F,,

Ia

I(y®) > Koo (fae | 9) = Koo (fae | ) -

Without loss of generality, we may assume that the sigvVi¢éa) are nestedd > o’ implies V() C N (a)).

Hence for any/, for anyh € F,/
lim T(y*) = Koo (£ 19) = Koo (F 1)
lim 7(y*) > Koo (£ |9 fl
But for anyh in F', with associated innovation varianeg and prediction filtery,, there exists somee N («)

such thath, € F, has innovation variance? and prediction filtera; such that|| a, — a; |< «, so that
lima—o Koo (f| ha) = K. <f| h). Thus for anyh € F, one has

. T o > rs _ rs

lim 1(y%) 2 Koo (7| 9) = Koo (£ 1)
which leads to (8). ]

Part a) of Theorem 6 follows from the next lemma.

Lemma 12:[NON TRIVIALITY OF UNDER-ESTIMATION EXPONENT]

it Koo (f19) = jnf Koo (f [ R)] >0.

Proof: [Proof of Lemma 12] Leth be the spectral density of a stalle(r) process. For any real such

thata > — infp h/ supy g, defineh, by
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Thush, is positive onT and is the spectral density of &R (r) process. Moreover, the smallest eigenvalue of

T, (hla>+Tn‘1(g)—Tn (;) =a+1T,"(9)

is positive, so that, € F'. One has

it [Re (19 = ot K (F10] 2 it (K (719) = Ko (7 ).

and the infimum on the right-hand side is attained. Let rfohe such that

inf [Koo (f 1 9) — inf Koo (f | h)} > L(a) = Koo (£ 1 9) = Koc (£ | a)

feM,_1

But L(a) satisfies the following equation:

) -
L(a):E/T log(l—i—a%)—a% dw .

HenceL() is a concave function, wittL.(0) = 0 and L'(0) = & [, gff dw. Now, f # ¢ since f has order

<r—1andg has order, and it is possible to choogesuch thatZ’(0) # 0. Indeed, if this were not the case,

we would gethQ’T g(w) cos kw dw = fo% f(w) cos kwdw for k = 0,...,r. But the spectral density of asr(r)

processes is determined by covariances with lags less/th@n, this would lead tg = f and contradict the

fact thatf € F,_;.

Let h be such thatf./(0) # 0. Then there exista (¢ < 0 in caseL’(0) < 0 anda > 0 in caseL’(0) > 0) such

that L(a) > 0. [ |
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APPENDIX

a) Stein exponents:

Proof: [Proof of triviality of over-estimation exponent] Let € M,._; denote the spectral density of an
AR-process of order — 1. Let P denote the distribution of the process.
Now let Q denote the probability distribution of amr-process of order exactly. The finite-dimensional
projections@™ of @ are absolutely continuous with respect to the finite-dimensional projecttdnsf P. Let

e be positive and smaller thdim,, 3, (Q).. Let AS, denote the event

A;:{y:yERn logdg:()_Koo<Q|P)+€}'

By the Shannon-Breiman-McMillan Theorem (Theorem 1),idarge enough,

QA >1—c. ©
ol (P) =

B [dP” ]

- e[

dP'll

= [ AL aqQr }

> exp(—n(Kn (Q | P) + ) (Eg [6)] — ¢)

> exp(—n(Kn (Q | P)+ ) (5L(Q) — € -

Taking the limit of logarithms with respect te, aslim,, 5/, (Q) > 0:
lim 1 loga, (P) > —Ko (Q | P) — €. (10)
n -n

Let o2 denote the variance of innovations associategl (> = 1/(2) fT g dw), andb € ©"~! the associated
prediction filter. LetP denote the probability distribution associated wijth

Let now (a™),en denote a sequence of elementsadf such that for alin, a) # 0

r—1

D (af —b)*\.0 and a} \,0.

i=1
Let P,, denote the probability distribution of ther-process of order exactly parameterized byo, a™). Then
lim,, Ko (P, | P) = 0. [
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Proof: [Proof of Stein under-estimation exponent]
Let P denote the probability distribution of axr-process of order exactly.
Now let @ denote the probability distribution of amr-process of order — 1. The finite-dimensional
projections@™ of @ are absolutely continuous with respect to the finite-dimensional projecitdnsf P. Let
e be positive and smaller thdim,, 1 — o, (Q). Let A, denote the event

dqQr
dpm

By the Shannon-Breiman-McMillan Theorem (Theorem 1),+diarge enough,

1
A;:{y:yeR”,nlog (Y)SKoo(Q|P)+€}-

QA} >1—c. (11)
L (P) = Ep[(1—¢p)]
> Ep[lag(1—¢7)]
~ o [Luy Gpn (-4

%

exp (—n(Keo (Q | P) +€)) (EQ[1 = ¢p] =€)
> exp(—n(Ku (@] P) +6)) (1 —an(Q) —€) .
Taking the limit of logarithms with respect to, aslim,, o/, (Q) < 1:
lim - log 05(P) > Ko (Q| P) —c. (12)

Optimizing with respect ta@) leads to the Theorem. ]

Proof: [Scale invariance of error exponents] Lt ©" \ ©"~! denote a prediction filter of order exactly

r. For allo > 0, let P, denote the probability distribution of ar process of order parameterized byo, a).

Note that theR™-valued random variabl¥ is distributed according t&, if and only if 1/5Y is distributed
according toP; and thatf € M, if and only if f/0? € M,.

The probability that the quasi-ML order testing procedure under-estimates the order on a randomYample

of lengthn is

P, {e—pednﬂ inf YIT,;L(f)Y < e Pmr=1  inf YTTn‘l(f)Y}
feMr fEM'r—l

X 1 1 ) 1 1
- P {e—Der(nﬂ) inf —YTT-Y(f)=Y <ePertnr=1 inf  —ytr-L( f)Y}
feEM, o g fEM,_1 O g

= Pl {eper(n,r) inf YTTTTI(%)Y < efper(nv"'*l) inf YTTnl(f;)Y}
feMr g fEM'r—l o

- Pl{eper("”) inf YIT71(f)Y <ePenr=b  ipf YTTnl(f)Y}
fEM, feM,_1

This is enough to conclude thdtnsup,, . 1 log BML7(P,) = limsup,, ., < log ML (Py) .

n n

The same line of reasoning works for the quasi-Whittle testing procedure and for the maximum likelihood

testing procedure. ]
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b) Inverses of Toeplitz matrices associated with processes:
The next proposition provides with a quantitative assessment of the Whittle approximation when the symbol is

the spectral density of amrR process.

Proposition 4: Let f denote the spectral density of ar(r) process with unit innovation variancg € M,.).

Let a € ©" denote the associated prediction filtgz) = ——1——— ,, letag = 1. Forn > 2r, the inverse

N |1+Z;'=1 iz’

of the Toeplitz matrixZ,,(f) is given by:

0 if |kl >r
—Mlasas iflkl]<randiAni+k>randn—r>iVi+k
T;l(f)[i,iJr k] _ Z],_O, 345+ k| | ‘ (13)
Zyﬁg'%)_l ajaj ikl <randiAi+k <r
Z;:O(kHW) ajajyp  iflk[<randivi+k>n—r
The Toeplitz matrix associated witty f is given by:
r—|k| f
—Masas; if |k| <r
T () i+ = | 20 e T (14)

0 otherwise

Proof: Assume(Y;), .y is anAR(r) process with spectral densifyThe log-likelihood of a vectoy € R

can be written in two different ways:

1 1 1o
~5 18 Gyederz )~ 2 T Y
and 2
_110 ;_1 T T—l(f) _1 i +ia‘ A
2 g (27r)"del(Tn(f)) 2yl:'r r Yir 9 = Yt - iYt—i .

Note that7,,!(f) is symmetric with respect to its two diagonals. Identifying coefficientsgfin the two
preceding expressions leads to Equation (13).

Equation (14) follows immediately from the definition @f, and1/f. ]

Proposition 5: Let f denote the spectral density of amr-(r) process with unit innovation variance, let
denote the associated prediction filter, dgt= 1, then:

a) T, (1/f) — T,;1(f) is non-negative of rank at most.

b)
y T (/) =T (D] y < rllall; (Z v+ D yf) : (15)
t=1 t=n—r+1
Proof: The following equation follows from Proposition 4:
2 2
1 _ I i s
y' [Tn (f) -7, 1(f)] Y= 3 (Do aitniii | + | D @ity (16)
j=1 i=j i=j
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Then Proposition 5 follows from Cauchy-Schwarz inequality.

c) Proof of the sieve approximation lemma 8 :

Proof: [Sieve approximation] As botfT,;*(f) — T, *(f;)) andT, G —

first get a general upper-bound on

y' Ay

30

%) are band-limited matrices, let us

where A is an x n symmetric matrix suchd[i;i + k] = 0 whenever|k| > r. Agreeing on the fact that

Ali; j] = 0 whenever eithef or j does not belong td1,...,n}, we get:

YAy = D) yiirAlizi+ k)

(£))

1=1 k=—r
= Z <Z/z Z yi+kA[i§i+k]>
=1 k=—r
" 12 /. . 2\ 1/2
< <Zylz> (Z ( > yi+kA[i;i+k]> )
i=1 i=1 \k=—r
n r 1/2
< Ayl (Z(Z A%[i; Z+k> (Z y12+k>>
=1 \k=-—r k=—r
2 ;.
< vl maX(Z A222+k’> (Z
=—r i=1
1/2 1/2
<yl maX<Z A%Hk) varTi (Zy)

1e{1,..

1/2
< max - ( Z A2 [4 Z—|—k]> W”YHQ .

Now from Proposition 4, it follows that ih and b denote the prediction filters associated wjthand f;

from F,.:

r—|k
(T (DL + K = T ()l +K)® < (Z araik — bibiyk

=0

IA

IA

=0
< 22r+1a2.

Plugging this bound in the preceding inequality, we get

)2

r— k| 2 ek ?
2 Z ar(aipr —bigw) |+ Z biyr(a; — by)
1=0 1=0

2 <Z< - bz)2> (lall* v [b?)

sup inf YT (T - T () Y

feF, iEN(a) N

1
< Za(r+12t Y
n
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In a similar way, we also get:

1
sup inf —
feF iEN(a) N

1 1
YT, ( - ) Y‘
ffi
1
< Za@2r+ 127 Y
n

Hence it remains to check that for any positiv&, there exists an integeérsuch that

hmsuplogP{ ZYQ }< -M

n—oo

From Theorem 2 in [14], it follows that: >°;" | ¥;* satisfies a LDP with rate function

J(y) = sup {Ay = L)}
A€(—00,1/2(|gll o]

where
L) = _i/bgdetu — 2g(w)) du
47'[' T

Now in order to terminate the proof of Lemma 8, it is enough to cheo$e such a way that

d) Non-triviality of F'(¢) for AR-processes of orde2:

Proof: [Proposition 3] Letg denote the spectral density of an autoregressive process of order 2 with
prediction filter (a1, az) then

f(9) € F e (1+a2)?>a?(1+d?).

Let g € F» be defined by the prediction filter = (a1, a2). Let us agree on the following notations

by = 1 —i—a%
ay
by = /1 2
1 +a21+a2
P,(z) = 14az+ as2?.

The I-projectionf(g) of g on M, is the spectral density/|by + b; 2|2
If |z] <1, thenP,(z) # 0. HenceP,(x) is non-negative of—1, 1]. MoreoverP,(1) > 0 and P,(—1) > 0.
This implies

—(1+a2)<a1<1+a2

which entails|b; | < by.
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The matrixT,,(1/f(g)) + T, *(g) — T(1/g) coincides with

di e 0 0
e do ¢ 0
0 ¢ d c
0 ¢
M, = 0
d ¢ 0
c doy e
0 0 e d
where
d=0b3+b3

dy = b3 + b3 — a3
di = b2 + b3 — a3 — a3

Cc = bobl

e = bob1 — aias.
M, is definite positive if all determinants of its “main minors” are positive. ERtdenote the determinant of
the submatrix formed by the lagtrows and columns of/,,.

1) Ifk<n—-2andk > 3. ThenE), = dE;_1 — c*Ej_».

2 2
The polynomialz? — dz + c2 has rootsw. This entails

By = abg* + gb3"

with
G{b% + ﬁb? = dl
Oébé + ﬁb% = d1d2 — 62
Note that
iy — (1+ az)? — 2aqa?
(1+ag)?
and that the conditio; > 0 may not be satisfied, for exampledf = 2, a; = —2r andr ~ 1 —e.

Note thate = a;(1 — az)/(1 + az) anddy = 1 + b3.
In order to haveE, > 0 for all k, it is necessary that > 0, henced;ds —e? —d;b? > 0 andd, —b? = 1,
that isd; — e2 > 0.

This finally entails the necessary condition

(14 a2)? > a2(1 + ad).
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2) The caséi = n — 1, boils down to the following relation

E’ﬂ*l - dQEn72 — C2En73
= (deg — 02)04[)(2)(’”—3) + (dgb% _ 02)/81)?('”—3)
= oy (1= B0 - )

> 0.

3) Finally the casé = n is dealt with by

But

En

dlE’rL—l - €2En—2
(didy — €*)Ep—o — d1c*Ey 3

[(dldz - 62)58 — d102] abg(”_3) + [(dldg —eHp? — d162} ﬁbf("_?’)

0

for sufficiently largen

as soon agd;ds — e*)b3 — dic? > 0

(didy — )b — dic® = b] [dids — €* — d1b]]

= bg [dl(dg — b%) — 62]

= bi(d? —e?) sincedy =1+ b2

Hence,f(g) € F(g) if and only if (1 + a2)? > a?(1 + a3).
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