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Abstract

The Googlesearchenginehasenjoyed hugesucceswith its web page
ranking algorithm, which exploits global, ratherthan local, hyperlink
structureof the web using randomwalks. Here we proposea simple
universalrankingalgorithmfor datalying in the Euclideanspace such
astext or imagedata. The coreideaof our methodis to rank the data
with respecto theintrinsic manifoldstructurecollectively revealedby a
greatamountof data. Encouragingexperimentalresultsfrom synthetic,
image,andtext dataillustratethevalidity of our method.

1 Intr oduction

The Googlesearchengine[2] accomplishesveb pagerankingusingPageRankalgorithm,
which exploits the global, ratherthanlocal, hyperlink structureof theweb[1]. Intuitively,
it canbethoughtof asmodellingthe behaior of arandomsurferon the graphof theweb,
who simply keepsclicking on successie links at randomand also periodicallyjumpsto
arandompage. The web pagesareranked accordingto the stationarydistribution of the
randomwalk. Empiricalresultsshov PageRanks superiorto the naive rankingmethod,n
which the web pagesare simply ranked accordingto the sumof inboundhyperlinks,and
accordinglyonly thelocal structureof thewebis exploited.

Ourinteresthereis in thesituationwheretheobjectsto berankedarerepresentedsvectors
in Euclideanspace suchastext or imagedata. Our goalis to rank the datawith respect
to the intrinsic global manifold structure[6, 7] collectively revealedby a hugeamountof
data.We believe for mary realworld datatypesthis shouldbe superiorto alocal method,
which rankdatasimply by pairwiseEuclideandistance®r innerproducts.

Let us considera toy problemto explain our motivation. We are given a setof points
constructedn two moonspattern(Figurel(a)). A queryis givenin theuppermoon,andthe
taskis to rankthe remainingpointsaccordingto their relevanceso the query Intuitively,
the relevant degreesof pointsin the uppermoonto the query shoulddecreasalongthe
moonshape.This shouldalsohapperfor the pointsin the lower moon. Furthermoreall
of the pointsin theuppermoonshouldbe morerelevantto the querythanthe pointsin the
lower moon. If we rankthe pointswith respecto the querysimply by Euclideandistance,
thenthe left-mostpointsin the lower moonwill be more relevant to the querythanthe
right-mostpointsin the uppermoon(Figure1(b)). Apparentlythis resultis not consistent
with ourintuition (Figurel1(c)).

We proposea simpleuniversalrankingalgorithm,which canexploit theintrinsic manifold



(a) Two moons ranking problem (b) Ranking by Euclidean distance (c) Ideal ranking
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Figure 1. Rankingon the two moonspattern. The marker sizesare proportionalto the
rankingin the lasttwo gures. (a)toy datasetwith a single query; (b) ranking by the
Euclideandistances(c) idealrankingresultwe hopeto obtain.

structureof data. Thismethods derivedfrom ourrecentesearclonsemi-superviseltarn-
ing [8]. In facttherankingproblemcanbe viewed asanextremecaseof semi-supervised
learning,in which only positive labeledpointsareavailable. An intuitive descriptiorof our
methodis asfollows. We rst form a weightednetwork on the data,andassigna positive
rankingscoreto eachqueryandzeroto theremainingpointswhich arerankedwith respect
to the queries.All pointsthenspreadheir rankingscoreto their nearbyneighborsvia the
weightednetwork. The spreadprocesss repeatedintil a global stablestateis achieved,
andall pointsexceptqueriesarerankedaccordingto their nal rankingscores.

Therestof the paperis organizedasfollows. Section2 describeshe rankingalgorithmin
detail. Section3 discusseshe connectionsith PageRank.Section4 furtherintroducesa
variantof PageRankwhich canrankthe datawith respecto the speci ¢ queries.Finally,
Section5 present&xperimentakresultsontoy data,ondigitimage,andontext documents,
andSection6 concludeghis paper

2 Algorithm

Givenasetof pointX = fX1;::5Xq; Xg+1 ;25 Xn g R™; the rst g pointsarethequeries
andtherestarethe pointsthatwe wantto rankaccordingo their relevancego the queries.

Letd: X X ! R denoteametricon X, suchasEuclideandistancewhich assigns
eachpair of pointsx; andx; adistanced(x;;x;): Letf : X | R denotea ranking

function which assignsto eachpoint x; a rankingvaluef;: We canview f asa vector
f = [f1;::f,]": We alsode ne avectory = [y1;::yn]", in whichy; = 1if x; isa

query andy; = 0 otherwise If we have prior knowledgeaboutthe con dencesof queries,
thenwe canassigndifferentrankingscoreso the queriesproportionalto their respectie

con dences.

Thealgorithmis asfollows:

1. Sortthe pairwisedistancesamongpointsin ascendingrder Repeaiconnecting
the two pointswith an edgeaccordingthe orderuntil a connectedgraphis ob-
tained.

2. Formtheafnity matrix W de ned by Wj; = exp[ d?(x;;x;j)=2 2] if thereis
anedgelinking x; andx; : NotethatW; = 0 because¢hereareno loopsin the
graph.

3. SymmetricallynormalizeW by S = D ¥2WD 172 in which D is thediagonal
matrix with (i; i)-elementequalto the sumof thei-th row of W:



4. lteratef (t+ 1) = Sf(t)+ (1 )y until corvergencewhere is aparameter
in [0; 1):

5. Letf; denotethelimit of thesequencéf;(t)g: Rankeachpointx; accordingts
rankingscored; (largestranked rst).

Thisiterationalgorithmcanbeunderstoodntuitively. Firsta connectedhetwork is formed
in the rst step. The network is simply weightedin the secondstepand the weightis
symmetricallynormalizedn thethird step. Thenormalizationin thethird stepis necessary
to prove thealgorithm's corvergence In theforth step,all pointsspreadheirrankingscore
to their neighborsvia the weightednetwork. The spreadprocesss repeatedintil a global
stablestateis achieved, andin the fth stepthe pointsareranked accordingto their nal
rankingscores.The parameter speci estherelative contritutionsto therankingscores
from neighborsandtheinitial rankingscoreslt is worthmentioningthatself-reinforcement
is avoidedsincethe diagonalelementsof the af nity matrix aresetto zeroin the second
step.In addition,theinformationis spreadsymmetricallysincesS is a symmetricmatrix.

Aboutthe convergenceof this algorithm,we have thefollowing theorem:
Theorem1l Thesequencéf (t)gcorvemestof = (I S) ly,whee =1

Se€[8] for therigorousproof. Herewe only demonstratdow to obtainsucha closedform
expression. Suppose (t) corvergesto f : Substitutingf  for f (t + 1) andf (t) in the
iterationequationf (t + 1) = Sf (t) + (1 )y; we have

f=1+@a )y, (1)
which canbetransformednto

(! St =@ )y
Since(l S) isinvertible,we have

f=@ ) 9y

Clearly, the scalingfactor doesnot make contributionsfor our rankingtask. Hencethe
closedform is equivalentto
f=0 9 2

We canusethis closedform to computetherankingscoresof pointsdirectly. In large-scale
real-world problemshowever, we preferusingiterationalgorithm. Our experimentsshav
thatafew iterationsareenoughto yield high quality rankingresults.

3 Connectionwith Google

LetG = (V;E) denoteadirectedgraphwith vertices.Let W denotethen n adjaceng

matrixW; in whichWj = 1if thereisalink in E from vertex x; to vertex x; ; andW; = 0

otherwise.Note thatW is possiblyasymmetric.De ne arandomwalk on G determined
by thefollowing transitionprobability matrix

P=(1 )U+ D w; ()

whereU is thematrix with all entriesequalto 1=n. This canbeinterpretecasa probability

of transitionto anadjacenwertex, andaprobabilityl  of jumpingto ary pointonthe
graphuniform randomly ThentherankingscoresoverV computedoy PageRanks given
by the stationarydistribution  of therandomwalk.

In our case we only considergraphswhich areundirectedandconnected.Clearly W is
symmetricin this situation.If we alsorankall pointswithout queriesusingour method as
is doneby Google thenwe have thefollowing theorem:



Theorem?2 For thetaskof rankingdatarepresentedby a connected@ndundirectedgraph
withoutqueriesf andPageRankyield thesamerankinglist.

Proof.We rst show thatthestationarydistribution of therandomwalk usedin Googleis
proportionatlto the vertex degreeif thegraphG is undirectecandconnectedLet 1 denote
thel n vectorwith all entriesequalto 1. We have

IDP = 1ID[1 )U+ D 'w]=(@ )ibu+ 1DD 'w
= (1 )b+ W= )ID+ 1D = 1D:

Let vol G denotethe volume of G; which is given by the sum of vertex degrees. The
stationarydistributionis then
= 1D=vol G: (4)

Notethat doesnotdependon : Hence is alsothe the stationarydistribution of the
randomwalk determinedy thetransitionprobabilitymatrixD  1W:

Now we considertherankingresultgiven by our methodin the situationwithout queries.
Theiterationequationin thefourth stepof our methodbecomes

f(t+ 1)= Sf(t): (5)

A standardresult[4] of linearalgebrastateghatif f (0) is a vectornot orthogonalto the
principal eigervector thenthe sequencéf (t)g corvergesto the principal eigervector of
S. Let1denotegshen 1 vectorwith all entriesequalto 1: Then

sD'*?1=D '?*wD '?D'?1=D '*wi1=D *?D1=D"’L

Further noticing thatthe maximaleigemwvalueof S is 1 [8], we know the principal eigen-
vectorof S is D1721: Hence
f = D1 (6)

Comparing(4) with (6), it is clearthatf and givethesamerankinglist. Thiscompletes
our proof.

4 PersonalizedGoogle

AlthoughPageRanks designedo rankall pointswithoutrespecto ary query it is easyto
modify for query-basedankingproblems.LetP = D W: Therankingscoresgivenby
PageRanlarethe elementf the corvergencesolution  of theiterationequation

(t+ 1= PT (b): )

By analogywith thealgorithmin Section2, we canadda querytermontheright-handside
of (7) for thequery-basedanking,

t+1= PT O+ )y (8)

This canbe viewed asthe personalizedversionof PageRank.We canshaw thatthe se-

quencef (t)g corvergesto = (1 )(1 PT) ly asbefore,whichis equialent
to

=@ Pty ©)

Now let us analyzethe connectiorbetween(2) and(9). Notethat (9) canbetransformed
into

=[(@d Ww)D 7'y=D(D W) 'y
In addition,f canberepresenteds

f =D ¥¥D WwW)D ¥?]ly=D¥D w) D¥y: (10)



Hencethe maindifferencebetween andf isthatin thelattertheinitial rankingscore
y; of eachqueryx; is weightedwith respecto its degree.

The above obsenation motivatesus to proposea more generalpersonalized®?ageRank
algorithm,

(t+1)= PT (1)+ (1 )DKy; (12)
in whichwe assigndifferentimportanceto querieswith respecto their degree.Theclosed
form of (11) is givenby

=( PT) Dky: (12)
If kK = 0; (12)isjust(9); andif k = 1; we have
= (I PT) IDy=D(D W) !Dy;
whichis almostassameas(10).

We canalsouse(12) for classi cationproblemswithout any modi cation, besidessetting
theelementof y to 1 or -1 correspondingo the positive or negative classe®f thelabeled
points,andO0 for the unlabeleddata. This shavs the rankingand classi cation problems
arecloselyrelated.

We cando a similar analysisof the relationsto Kleinbeig's HITS [5], which is another
popularweb pagerankingalgorithm. The basicideaof this methodis alsoto iteratively
spreadthe ranking scoresvia the existing web graph. We omit further discussiorof this
methoddueto lack of space.

5 Experiments

We validateour methodusingatoy problemandtwo real-world domains:imageandtext.
In ourfollowing experimentsve usethe closedform expressiorin which  is x edat0:99:
As atrue labelingis known in theseproblems,i.e. the imageand documentcateyories
(whichis nottruein real-world rankingproblems)we cancomputetherankingerrorusing
the Recever OperatorCharacteristi¢ROC) score[3] to evaluaterankingalgorithms.The
returnedscoreis betweer0 andl, ascoreof 1 indicatinga perfectranking.

5.1 Toy Problem

We considetthetoy rankingproblemmentionedn theintroductionsection.Theconnected
graphdescribedn the rst stepof ouralgorithmis shavnin Figure2(a). Therankingscores
with differenttime steps:t = 5;10;50; 100 areshavn in Figures2(b)-(e). Note thatthe
scoreson eachmoondecreasalongthe moonshapeaway from the query andthe scores
on the moon containingthe query point are larger than on the other moon. Rankingby
Euclideandistancds shovn in Figure2(f), which fails to capturethe two moonsstructure.

It is worth mentioningthat simply rankingthe dataaccordingto the shortestpaths[7] on
thegraphdoesnotwork well. In particular we draw thereaders attentionto thelong edge
in Figure 2(a) which links the two moons. It appeardhat shortestpathsare sensitve to
the smallchangesn the graph. The robust solutionis to assemblall pathsbetweentwo
points,andweightthemby a decreasindactgs This is exactly whatwe have done. Note

thatthe closedform canbeexpandecasf =, 'S'y:

5.2 ImageRanking

We address taskof rankingon the USPShandwritten1 6x16digits datasetOnly a subset
of digits from 1 to 6 is consideredn this experiments.Thereare1269,929,824,852,716
and834exampledor eachclass for atotal of 5424examples.



(a) Connected graph (b)t=5 (c)t=10

Figure2: Rankingon the patternof two moons.(a) connectedyraph;(b)-(e) rankingwith
thedifferenttime stepsit = 5; 10; 50; 100; (f) rankingby Euclideandistance.

(a) Query digit 1 (b) Query digit 2 (c) Query digit 3
1 1 1
0957 T BT ae - B
.95 .
0599 09 09
| e g : : W
0906 | 0.85 0.85
[} Q 8}
o Q 0.8 O 0.8
4 x 4
0.994 0.75 0.75
/ 0.7 0.7
0.992(/
¥ -~ Manifold ranking 0.63 ~~ Manifold ranking 0.65 —%~ Manifold ranking
—&- Euclidean distance —&- Euclidean distance —&- Euclidean distance
0 2 4 6 8 10 o 2 4 6 8 10 o 2 4 6 8 10
# queries # queries # queries
(d) Query digit 4 (e) Query digit 5 (e) Query digit 6
1 1 1
S, s S VY |
0.95f —v—" 0.957/7 B o.gyﬁ
0.9 0.9 0.9
0.85 W 0.85 0.85
Q Q Q
o odf S 08 o o8
x x 4
0.75) 0.75 0.75
0.7, 0.7 0.7
0.65 ~%~ Manifold ranking 0.65 ~%- Manifold ranking 0.65 ~7- Manifold ranking
o —5- Euclidean distance o —5- Euclidean distance o —5- Euclidean distance
c2 4 6 8 10 T2 4 6 8 10 v2 4 6 8 10
# queries # queries # queries

Figure3: ROC on USPSfor queriesfrom digits 1 to 6. Note thatthis experimentakesults
alsoprovide indirectproof of theintrinsic manifold structurein USPS.
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Figure4: Rankingdigits in USPS.The top-left digit in eachpanelis the query The left
panelshavs the top 99 by the manifold ranking; andthe right panelshavs the top 99 by
the Euclideandistancebasedanking. Note thattherearemary more2s with knotsin the
right panel.

¥,

We randomlyselectexamplesfrom one classof digits to be the querysetover 30 trials,
andthenrank the remainingdigits with respecto thesesets. We usea RBF kernelwith
thewidth = 1:25to constructheafnity matrix W; but the diagonalelementsaresetto
zero. The Euclideandistancebasedrankingmethodis usedasthe baseline:givena query
setfxsg(s 2 S), the pointsx areranked accordingto thatthe highestrankingis givento
thepointx with thelowestscoreof ming; skx  xgk:

Theresults,measuredsROC scoresaresummarizedn Figure 3; eachplot corresponds
to a differentquery class,from digit 1 to 6 respectrely. Our algorithmis comparable
to the baselinewhena digit 1 is the query For the otherdigits, however, our algorithm
signi cantly outperformghebaseline Thisexperimentalesultalsoprovidesindirectproof
of theunderlyingmanifold structurein the USPSdigit datasef6, 7].

Thetopranked99imagesobtainedy ouralgorithmandEuclideardistancewith arandom
digit 2 asthe query areshavn in Figure4: The top-left digit in eachpanelis the query
Note that thereare some3s in the right panel. Furthermorethereare mary curly 2s in

theright panel,which do not matchwell with the query: the 2s in theleft panelaremore
similar to the querythanthe 2s in the right panel. This subtlesuperioritymakesa great
dealof sensan thereal-word rankingtask,in which usersareonly interestedn very few

leadingrankingresults. The ROC measurds too simpleto re ect this subtlesuperiority
however.

5.3 Text Ranking

In this experimentwe investigatethetaskof text rankingusingthe 20-nevsgroupslataset.
We choosehe topic rec which containsautos,motorcycles,baseballandhodey from the
version20-nevs-18828.

The articlesare processedby the Rainbav software packagewith the following options:
(1) passingall wordsthroughthe Porterstemmerbefore countingthem; (2) tossingout
ary token which is on the stoplistof the SMART system;(3) skippingary headersj4)
ignoring wordsthat occurin 5 or fewer documents.No further preprocessingvasdone.
Remawing the emptydocumentsye obtain3970documentvectorsin a 8014-dimensional
space Finally thedocumentsarenormalizednto TFIDF representation.

We usetherankingmethodbasedn normalizednnerproductasthe baseline Theaf nity
matrix W is alsoconstructedy inner product,i.e. linearkernel. The ROC scoresfor 100
randomlyselectedjueriesfor eachclassaregivenin Figure5.
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Figure5: ROC scorescattemlots of 100 randomqueriesfrom the cateyory autos,motor
cycles baseballandhodey containedn the 20-navsgroupslataset.

6 Conclusion

Futureresearctshouldaddressmodelselection. Potentially if onewasgivena smallla-
beledsetor a querysetgreaterthansize 1, one could usestandardcrossvalidationtech-
nigues. In addition, it may be possibleto look to the theory of stability of algorithmsto
chooseappropriatehyperparametersThereare alsoa numberof possibleextensionsto
the approach.For exampleonecould implementan iterative feedbak framewvork: asthe
userspeci espositive feedbackthis canbe usedto extendthe querysetandimprove the
rankingoutput. Finally, andmostimportantly we areinterestedn applyingthis algorithm
to wide-rangingreal-word problems.
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