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" MNCE_ îNPUO�éNO�MSCT_'HiíNPLCEíNPUOnHiêEKS@�MSO�HLCTM�a�íSFTHi@G_�_�ì]éY@BF�aLOn_�O�M�a�HVKN@GïÇ@GHiíSFTP�KNMFbKNaLPUO2MNCE_$íNPUCTíNPUOTõNù´O<aLaLO:A�FTPUFEA�aUì�PU@GHVaL@Bê�KNOJílO�PU_�O<a�éYO�PLO]A<CTMSMSF
�BaLPUOJDGOnH�MNCE_�H
éYO�òÈFT_�@GDGDfO�éNFTMSH�KNMNO�HLKN@faLO�� 5 � � �*.�� �'. õ

�NõJù�FbPdFTA<aLì�PU@BH9aU@Gê�KNO Q DG@fìnO:FbK!MSCT_ îSPLO�éYO�íSFTHUHUFbhTO]HÌPUO�MÇïTC�çEìnH�íSFbP R
FbíSPLè]H´@GM�aLOnPLPUCTh�F�X

aL@GCTMóéYKÂ_�CbaUO�KNP+éYO�PUOnAdWNOnPUAdWSO �



� ¬´rs�do]Á}kn�����[~Ex�rstUp��Ç¨�kn�[�[rsÍE©È­�t���k���{:r}xErÊ���(k<q[p9rs���
	�knÁsÁsrsxÇk<p9rô�ÇtUq ® p9rsÄ]r�q[q9t�	´pVkn~

" DGOóDfCEhEFbPU@faLWN_�OÂéYK MNCT_;îNPLOÂéYOóíSFEHLHUFbhEOnH;PLOnMÇïTC�çTì]H íSDfKSH�KSMNOÓA<CEMSH9adFbM�aLO K
õ

ù´O<aLaLO�ï�FbDGO�KNP +�� MNCT_;îNPLO�éYO!íSFEHLHUFbhEOnH +�þ&AnFbPdFTA�aUì�PU@GHLO'DBFóhTìnMNì�PdFbDG@}aUì!éYO�DGF PLO�X
ê�K��<aUO�éNFTMSHÕDGO�A�CTPUíNKSHÕaLPdFb@faLìTõ�æ=F A<CTM�H9adFbM�aLO

K
F KNMNO�ï�FTDfOnKNP�ê�KN@iOnHVa�éNO

D«þ CEPUéYPUO2éNO2hEPUFTMSéYO�KSP�éYK�MNCT_;îNPUO2éYOiíSFTHUHUFbhTO]H�ê�KNOiDyþ CTM�ïTOnKYa�PUO�MÇïEC�çTO�P]õ ` CTKSPMNC�H�O<ðYí�ìnPL@GO�M�A<OnH Q MNCEKSH�Dyþ F�ïTCEMSH´öNðYì�ñ 100
õ

� �:� �Jà �=Þ´ßNå ������� � âM� à ����ã�	(ß������´ä�� � ���Çå	��ä �
ßNåVá�ÞF�(ßÓä¤á�
 �M�	à �Éå �Eá´Þ
æ=F:HLì�DGOnA�aU@fCEM'éYO�PLO]ê�K��<aUO�MNìnA�OnHUHV@faLO+éYO+éNì<öSMN@GP�KSM�A�PL@faLènPLO�ílCTKSP &9KNhTOnPÌéYO+DBF�í�OnPVaU@fMSO�MSA�O
éYOnHiéY@��lìnPLOnMEaUOnH2PLO]ê�K��<aUOnHiA�FbM�éY@GéSF�aLO]H+O�a�HLì�DGOnA<aL@GCTMNMNOnPJDBFÕ_�O�@GDGDfOnKNPLOEõ ` CEKNPiA�O�DBF Q MNCTKSHéYì<öSMS@GHUHVCEMSH

pres(R, Q)
DGF�íNPUìnA�@GHL@fCEM�é(þ KNMNO�PUOnê�K���aLO�î�CÇCTDGì�OnMNMNO

R
hEì�MNìnPLìnO;ñ�íSFbPLaL@GP

é(þ KSMNO�ê�KNOnHVaL@GCTM
Q
A�CT_�_�O�HVKS@}a �

pres(R, Q) =
#
éYO�éYCYA�KN_�O�M�aUH�PUO�MÇïEC�çTìnH�íSFbP�DGO R Z F�ïTO]A R

A<CTM�aUO�MSFTMEa�DBF�PLìní�CEMSHVO:ñ
Q

#
éYO�éNCÇA�KN_�O�M�aUH�PUO�MÇïEC�çTìnH´íSFTP�DfO R Z FbíSPLè]H´@GM�aLOnPLPUCTh�F�aL@GCTM�íSFbP R

` FTPL_�@YD«þ OnMSHLO�_ îSDfO {R1, ..., RP }
éYO�PUOnê�K���aLOnH�hEì�MNìnPLìnOnH�í�CEKNPÉKNMNO�ê�KNO]H9aU@fCEM

Q
éNCTMNMNìnO QMNCTKSH�éNì<öSMN@BHUHVCEMSH ,�� 45#���,�,�#�& ��# � #�%�&('��0#

Rmax
; �8&��

Q
A<CT_�_�O�ì<adFbM�a+A<O�DGDGO�êEKN@&F

DGF�íNPUìnA�@GHL@fCEM�_'FbðÇ@G_'FbDGOTõ
ù´O<aVaUO!éYì�öSMN@faL@GCTM¯éYO'DBFÂ_�O�@GDfDGO�KNPUO'PUOnê�K��<aUO'MNCTK�H:í�OnPL_�O�a;éYOÕA<CE_�íSFbPUO�P:DGOnH:PUOnê�K���aLO]H
O�M�aLPUO�O�DGDfO]H�õ&ø�MÖO��lO�a Q ì<aUFTM�a éYCTMNMSì�éNO�KYðÖPLO]êEK �<aLO]H R

O�a
R′ Q hEì�MNìnPLìnOnH�ñ�íSFbPLaL@GP�éYOnH_�CTaUH�é(þ KNMNO�ê�KNO]H9aU@fCEM

Q Q MNCTK�H�í�CEKNïTCTM�H�éYCTMNMSO�P�DfO]H+éYOnKYð�éYì�öSMN@faL@GCTMSH+HLKN@Gï�FbM�aLO]H �
" ?+CEKSH�éY@GPLCEMSH�ê�KNO R

O<a
R′
HLCTM�a EG� 4 ;H������C(,�#�+ HV@(O�aJHVOnKNDfOn_�O�M�a+HV@

R
O<a

R′
HLCTM�a

hTìnMNì�PUì�O]H!ñ íSFTPVaU@fP�éYOnH�_�CbadH!é(þ KNMNO:_ ��_�O êEKSOnHVaL@GCTM
Q
O<aÂê�KNO

pres(R, Q) 6=
pres(R′, Q) Q

" (JOÂíNDGKSH Q í�CEKNP�éNO�KYð¯PUOnê�K���aLOÂA<CT_�íSFTPUFTîNDGOnH R
O�a

R′ Q MNCTKSH�éY@GPLCEMSH�êEKSO R
#�+0�

45#���,�,�#�& ��# %�&�#
R′
O<a�MNCEKSH�MNCbaUO�PUCTMSH

R � R′
HL@(O<a�HLO�KNDGO�_�O�M�a+HL@

pres(R, Q) >

pres(R′, Q)
õ

?+CTK�H;FTDfDGCTMSH íSFbP;DGF�HVKS@}aUO�íNPUìnHLO�M�aUO�P éYOnKYð FbíSíNPLCYAdWNO]H�é(þ FbíNíSPLOnMEaU@GHUHUFbhTO'KNaL@GDf@BHLFTM�a;DBF
A�FbPdFTA<aLìnPL@BHLFbaL@GCTMÂéYO PUOnê�K���aLO]H+íNPUìnHLO�M�aLìnO ñ'DBF!HLOnA<aL@GCTM ��� õ¤æ=FÕíSPLOn_�@Gè�PUO�FbíSíNPLCYAdWNO OnHVa
éYì<öSMS@fOÂéNFbM�H;DGO�AnFTéYPUO�A�DGFEHLHL@BêEKSO�éYO�DGF � 2 ��� �@1 � � � � 1�� �úéNO�PUOnê�K���aLOnH Q O�DGDfOÂFTHUHVCYA�@fO�KNMHLA�CTPUO�KSMN@Gê�KNO2ñ:AdWSFTê�KNO�PUOnê�K��<aUO�íSFbP�KNMNOJFTíNíNPUCÇAdWSO�A�DGFEHLHL@fö�A�FbaL@GCTM Q O�a�DGF�_�On@fDGDfOnKNPUO�OnHVaHVìnDfO]A�aL@GCTMSMNì�OEõNæ=F�HVO]A<CEMSéYO:FbíNíSPLCYAdWNOiKYaL@GDG@GHLO:DGF�� �'.�	��'5
�*1�� � �ÖéNOiPUOnê�K���aLO]H�õ

� 
�� 
 ;(;(� � E��(#7;H��� E),�� +�+����HEG������� �
æÌþ FbíNíNPUCYAdWNO éYOÖA<DBFTHUHV@fö�AnF�aL@GCTMúê�KNOÖMNCEKSH!FEéYCTíYaUCTMSH�OnHVa�éNì<öSMN@GO8éNFbMSH!DfO8A�FEéYPUO éYOnH
íNPLCEîNDGè�_�OnH+éNO;A<DBFTHUHL@}ö�AnF�aU@fCEM�îN@fX[A<DBFTHUHVO]H�õNø�DfDGO;HLKN@faJDyþ FbíSíNPLCYAdWNO�A�DGFEHLHL@BêEKSO�éYO;HLì�DGOnA<aL@GCTM
é(þ ìnDfìn_�O�M�aUH;íSFbP;KNM A�DGFEHLHL@}ö�O�KNP�KNaL@GDf@BHVìnO�éNFTMSH�DGO�AnFTéYPUO �:ëbZ í�CEKNP;éYO]H í�FTHUHLFThTOnH�CEK
éYOnHiPUì�ílCTMSHLOnH2Fb@GMSHV@Éê�K&þ @fDÉF!ì<aLì�éYì]A<PU@}aiO�M�HLOnA<aL@GCTM ��� õ¤æ�þ CEPL@GhT@GMSFTDf@faLì éNKÓaLPdF�ï�Fb@GD=aU@fOnM�a
ñ;D«þ KYaL@GDf@BHUF�aL@GCTMóéYO�D«þ FTíNíNPUCYAdWNOiHLKNP+éYO]H�PUOnê�K��<aUOnH Q A<O�ê�KN@(M&þ F�&VFb_'Fb@BH�ì<aUì�aLOnHVaLì�ñ�MNCTaLPUOA<CTMSMSFb@BHLHUFbM�A<OTõ��ÉadFbM�aÌéYCTMNMSì�KSMNO�êEKSOnHVaL@GCTM

Q
O<aÉKNMNO�PUOnê�K���aLO

R
A<CE_�ílCEHLì�O�é(þ KNM�HVCEKSH9X

O�MSHLO�_;îNDfO:éYO]H�_�CTaUH�éYO�DBF;ê�KNO]H9aU@fCEM Q MNCEKSH�FbDGDfCEMSH�FTHUHVCYA<@GO�P�ñ R
KNMNO:éYO]H�éYO�KYð�A<DBFTHUHVO]H

HVKN@Gï�FbM�aLO]H �



	�ÀUx�ÀUpVk<q9r}onxÕuEt�­�t�|�~�ÅLq9td�É�Çk<p �����Tp9tdx�q9r}�[�9k�Ä]tJ��qVk�q9rs�¥q9r}|b~Et ±

" c(R) = 1
ÿ A�DGFEHLHLO!éYO

R
OnHVa

1
�:HL@�O<a�HVOnKNDGO�_�O�M�a;HL@

R
OnHVa;DBFó_�O�@GDfDGO�KSPLOÕPUOnê�K���aLO

í�CEKNP�DBF'êEKSOnHVaL@GCTM
Q
õ

" c(R) = 0
ÿ A�DGFEHLHLOóéYO

R
O]H9a

0
�;HL@

R
M&þ O]H9aÕí�FTH�DBF�_�On@fDGDfOnKNPUOóPLO]êEK �<aLOÂílCTKNP'DBF

ê�KNOnHVaL@GCTM
Q
õ

?�þ @f_�ílCTPLaLO�êEKSO�DÉA<DBFTHUHV@föSOnKNPJílO�KYa ��aLPUO;KYaU@fDG@BHVì�í�CEKNP�A<O�DBF�ñ!A<CEMSéY@faL@GCTMÖêEK=þ @GD	íNPLCYéYKS@GHLO
KNM;O]H9aU@f_'FbaLO�KSP	éNOnH�íNPUCTîSFTîN@fDG@faLìnH	F2í�C�H9aUO�PU@fCEPL@«õ�æ&O�AdWNCT@fð�éYK�A<DBFTHUHV@föSO�KSP
DGKN@Y_ ��_�O�M&þ OnHVa
íSFTH�A<PUKSA<@BFbD�í�CEKNP�ì<aLK�éY@fOnP´DGOJílCbaUO�M�aL@GO�D(éYO2Dyþ FbíSíNPLCYAdWNOEõ�?JCTKSH�KYaL@GDG@GHLCTMSH�éNFTMSH�MSCEH�aLOnHVaUH
KNMÕ_�CYéYè�DGO2éYOiéY@BHLA�PL@G_�@fMSFbaL@GCTM'DGCThE@GHVaL@Bê�KNO ����� õNù´O+_�CYéYè�DGO+òÈFT@}a�Dyþ WÇç�ílCbaUWNènHLOJHLKN@Gï�FTM�aLO �
` CEKNPóaUCTKYaUO PLO]êEK �<aLO R Q @BHUHVKNO éYO DGF ê�KNOnHVaL@GCTM Q

O<a PUO�íSPLì]HVOnMEaUì�OÖíSFbP DfO ïEOnA�aUO�KNP
R = (R1, ..., Rp)

Q DGF�íSPLCEîSFbîN@GDG@}aUì P (c = 1|R)
ê�KNO

R
HVCE@}a2éNO A<DBFTHUHVO �;F'KNMNO:òôCEPL_�O

DfCEhT@BH9aU@Gê�KNO �
P (c = 1|R) =

1

1 + e−
Pp

i=1 λiRi

ÿ � �
C��ÕDGOnH�íSFbPdFb_�è<aUPLO]H

Λ = (λ1, ..., λp)
ÿ
p
O]H9a�ì�h�FbD�ñ��#6:éNFTMSH´MNCbaUPLOJAnFTH �ÉHLO�PUCTM�a�OnHVaL@G_�ìnH

íSFbP+FTíNíNPUO�M�aL@BHLHUFbhEOiHLKNP�KNMSO:îSFTHLO:éYO�A�FEH�ì<aL@Bê�KNO<aUì�OEõSæ=F�íNPUCTî�FbîN@GDf@faLì
P (c = 0|R)

ê�KNO
R
HVCE@}aJéNO�A�DGFEHLHLO�8�í�OnKYaJHVO�éNìnéYKN@GPUO�éNO:Dyþ O<ðYíNPUOnHUHV@GCTM�íNPUìnA<ì]éYO�M�aUOií�FbP

P (c = 0|R) = 1 − P (c = 1|R) =
e−

Pp

i=1 λiRi

1 + e−
Pp

i=1 λiRi

ÿ 6 �
æ&OnH&íSFbPdFb_�è<aUPLO]H

Λ
HLCTM�a&FbíNíNPU@BH(O�M�_�@fMS@f_�@BHLFTMEa
DfOÌA�PL@faLènPLOÉøÌPUPUO�KNP �2KSFEéYPdF�aL@Bê�KNO R C�çTOnMNMNOÿ ø0� R ��HLKNP�KNMSO:îSFTHLO:é(þ FTíNíNPUO�M�aL@BHUHLFThTO ÿ g�^ ���

EQM =
∑

R∈BA

{c(R) − P (c = c(R)|R)}2 ÿ � �

C�� A ÿ Z �JéYìnHL@fhEMNO�DBF!A�DGFEHLHLO éYO;DGF'PUOnê�K���aLOEõ�I+MSO òôCE@GH2êEKSO DGOnH2íSFbPdFb_�è<aUPLO]H+éYKÓhEì�MNìnPUFbX
aLO�KSP�FTKYaLCE_'F�aL@Bê�KNO2HLCTM�a ��	 	 5@1�� HLKNP�KNMNOiîSFTHLO2é&þ FTíNíNPUO�M�aL@BHLHUFbhEO Q DBF�HVCEPVaU@fOJéNK�HLçÇHVaLèn_�OOnHVa�KNaL@GDf@BHVìnO�í�CEKNP�F'�¤OnA�aUO�P�KNMÂHUA<CTPUO2FTKYðÕPUOnê�K��<aUOnH�ílCTKNP�KNMSO�ê�KNO]H9aU@fCEM�ê�KNOnDGA�CTMSê�KNO

QéYCTMNMSì�OTõ
^+@GMSHV@(DBF�_�On@fDGDfOnKNPUO2PUOnê�K���aLO

Rmax
Q (classif)

í�CEKNP�KNM�OnMSHLO�_ îSDfO
R
éYO]H�PLO]êEK �<aLO]H�êEK=þ @GD

OnHVa+í�C�HLHL@fîSDfO�éYO:hEì�MNìnPLOnP+ñ�íSFbPLaL@GP+é(þ KNMNO�ê�KNO]H9aU@fCEM
Q
F�ïTO]AiDfO�A�DGFEHLHL@}ö�O�KNP�O]H9aJA�O�DGDfO�ê�KN@

_�FbðY@f_�@BHVO;DGF!íNPLCEîSFbîS@fDG@}aUì;F!í�C�H9aUO�PU@fCEPL@�é(þ ��aLPUO;éYO�A<DBFTHUHLO�� Q OnHVaL@G_�ì�O í�FbPiDGF�HVCEPVaU@fO�éYK_�CYéYènDfO �

Rmax
Q (classif) = argmax

R∈R
P (c = 1|R)

ÿ $ �

� 
 � 
 ;(;(� � E��(#7;H��� E)�845;(����� ��+0� �
?+CTK�H2íSPLCEí�C�HVCEMSH+KNMSO;MNCEKNïTOnDfDGO;FTíNíNPUCYAdWNO ílCTKNPiD«þ FTíNíNPUO�M�aL@BHLHUFbhEO éYO�DGF!_�O�@GDfDGO�KNPUO�PLO�X
êEK �<aLO�ê�KN@&A�CTMSHL@BH9aUO�ñ�FTíNíNPUO�MSéYPUO�KNMNO�òôCEMSA�aU@fCEM�éYO�A�CT_�íSFTPUFT@GHLCTM&õ
) DBF éN@ �¤ì�PUO�MSA�O�éNK AnFTéYPUO!WSFTîN@faLKNOnD�éNO�DBF�A�DGFEHLHL@fö�A�FbaL@GCTM¯îN@fX[A<DBFTHUHVO Q A�O<aVaUO�FTíNíNPUCYAdWNOA<CTM�HV@BH9aUO�ñ�éYì<aUO�PU_�@fMNOnP:éYO òÈF�=<CEM�FbKNaLCT_'FbaL@BêEKSO;KNMSO òôCEMSA�aU@fCEM îN@GMSFb@GPUO

cmp Q íNPUO�MSFTM�aO�MÂO�M�aLPUì�O:éYOnKYð!PUOnê�K���aLOnH E)�845;(������CH,�#�+
R
O�a

R′ Q O�a�aLO�DGDGO�êEKSO �

cmp(R, R′) =

{

1
HL@

R � R′

0
HL@fMNCEM



�d� ¬´rs�do]Á}kn�����[~Ex�rstUp��Ç¨�kn�[�[rsÍE©È­�t���k���{:r}xErÊ���(k<q[p9rs���
	�knÁsÁsrsxÇk<p9rô�ÇtUq ® p9rsÄ]r�q[q9t�	´pVkn~
� #�+�E ����;(�0���8� !�& 45�1!(3�,�# ^�öSMÂéYO�éYì<aUO�PU_�@GMNOnP�A�O<aLaLOiòôCTMSA<aL@GCTM Q MNCEKSH�PLOníNPUìnHLO�M�aLCEMSHKNM A�CTKNíSDfO�éYOÂPLO]êEK �<aLO]H;A�CT_�íSFTPUFTîNDfO]H

(R, R′)
íSFTP;DBF�éN@ �¤ì�PUO�MSA�O�éNO�DGO�KSPUH;ïTO]A�aLOnKNPdH

PLOníNPLì]HVOnM�aUF�aU@}òÈHnõ
üÇ@

R
O�a

R′
HLCTM�aóPUOnHLí�O]A�aL@GïTOn_�O�M�a�PUO�íSPLì]HVOnMEaUì�O]H�í�FbP��

= (R1, ..., Rp)
O<a�� �

=
(R′

1, ..., R
′

p)
Q FbDGCTPdH´DGO�A<CEKNíNDGO (R, R′)

OnHVa�PUO�íSPLì]HVOnMEaUì2í�FbP �
�

−
� �

= (R1 − R′

1, ..., Rp − R′

p)
ÿ � �

) íSFTPVaU@fP�éYO�A<O�aVaLOiMNCEKNïTOnDfDGOJPUO�íNPUìnHLO�M�adF�aL@GCTM Q MNCEKSH�í�CEKNïTCEMSHÌPdFb_�O�MSO�P�DfOiíNPUCTîNDGè�_�O2éNODyþ FbíNíSPLOnMEaU@GHUHUFbhTO�éYOÂDGF òôCTMSA<aL@GCTM éYOóA<CT_�íSFTPUFT@GHLCTM¯ñ�KNM íNPUCTîNDGè�_�OÂéYO�A�DGFEHLHL@fö�A�FbaL@GCTM
îN@}X[A<DBFTHUHLOnH:éNFTMSH:D«þ O]HVíSFEA<O � ��òôCTPU_�ìÕíSFTP:DfO]H A<CEKNíNDGOnH�éNO'PLO]êEK �<aLO]H�A<CE_�íSFbPdFbîNDGOnH:éNO
MNCbaUPLOiîSFTHLO�é(þ FTíNíNPUO�M�aL@BHUHLFThTO�� 
 Q (R, R′)

HLO�PdF;éNO�A�DGFEHLHLO �:HL@
R � R′

O�a+éYO:A<DBFTHUHVO 8
HV@GMNCTM=õ
æ=F�A<DBFTHUHV@fö�AnF�aL@GCTM;HVOnPUF2PLì]FbDG@GHLì�O´O�M�KYaU@fDG@GHUFbM�a	DfO�_�CYéYènDfO�DGCThT@BHVaL@BêEKSO�éYì]A<PU@}a	íNPUìnA�ìnéYOn_�OnM�a
_�FT@GH�HLKNP�DGF�PUO�íNPUìnHLO�M�aUFbaL@GCTM ÿ ��� ��õ(øÌM8MNCTaUFTMEa�íSFTP

A = (α1, ..., αp)
DfO]HiíSFbPdFb_�è<aUPLO]H

éYO�A<O�MNCEKNïTO]FbK�_�CYéYènDfO Q DfO]H�íNPUCTîSFTîN@GDf@faLì]H�F�ílCEHVaLOnPL@GCTPU@(HVOnPLCEMEa �

P (ccmp = 1|(R, R′)) =
1

1 + e−
Pp

i=1 αi(Ri−R′

i
)

ÿ & �

O<a
P (ccmp = 0|(R, R′)) = e

−

Pp
i=1

αi(Ri−R′

i
)

1+e
−

Pp
i=1

αi(Ri−R′

i
)

õb?+CEKSH�KYaL@GDf@BHLCTMSH	FbK�HLHL@ÇDfO�_ ��_�O�A<PU@}aUè�PUO
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 �

EQM =
∑

(R,R′)∈CR

[ccmp(R, R′) − P (ccmp = ccmp(R, R′)|(R, R′))]
2
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fcmp(R) =

p
∑

i=1

αiRi

CTMÂF;@G_�_�ìnéY@BF�aUO�_�O�M�a �

fcmp(R) > fcmp(R
′) ⇔ P (ccmp = 1|(R, R′)) > 0, 5
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Rmax
Q (comp)

ê�KN@(_'F�ðY@G_�@BHLOiDBF;òôCTMSA<aL@GCTM
fcmp

�

Rmax
Q (comp) = argmax

R∈R
fcmp(R)
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