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Abstract

In this paper we propose a generalised iterative algorithm for cal-
culating variational Bayesian estimates for a normal mixture model
and we investigate its convergence properties. It is shown theoret-
ically that the variational Bayes estimator converges locally to the
maximum likelihood estimator at the rate of O(1/n) in the large sam-
ple limit. We also demonstrate by numerical experiments that the
generalised algorithm can be accelerated by suitable choice of step
size.
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1 Introduction

A full Bayesian analysis of data involving missing values or based on latent
structure models is almost always non-trivial; tractable closed-form expres-
sions for Bayesian posterior or predictive distributions are rarely available.
Computational tools such as Markov chain Monte Carlo methods are well
established, but, even in simple problems such as the analysis of mixture
data, these methods are not totally straightforward. In addition, the actual
implementation of MCMC may be impractical, because of computational
explosion or analytical intractability, for instance if the structure of the in-
complete component in the data involves high dimensionality or non-trivial
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dependence, and one has to deal with issues such as convergence and storage
of the MCMUC realisations.

In the face of these difficulties, deterministic variational Bayes approxi-
mations have recently been introduced in the machine learning community,
for instance by MacKay (1997) and Attias (1999, 2000), and are widely recog-
nised to be effective and promising in a variety of contexts, such as hidden
Markov models (MacKay (1997)), graphical models (Attias (1999, 2000)),
mixture models (Humphreys and Titterington (2000); Penny and Roberts
(2000)), mixtures of factor analysers (Ghahramani and Beal (2000)) and
state space models (Ghahramani and Beal (2001); Beal (2003)). Titterington
(2004) gives a more extensive review and Jordan (2004) provides an overview
of a general formulation of the approach in terms of convex analysis.

Let y denote observed data, x denote missing data, p and 6 generically
denote probability density and parameters, and p(z, f|y) denote the posterior
distribution of (z, @), given y. The variational Bayes approximation, ¢(z, 0|y),
for p(z,0|y), is defined as the minimiser of the Kullback-Leibler divergence
between ¢ and p

p(x,@\y) -
/q(x,9|y) log —q(:c,Gly)d de, (1)

with ¢ restricted to have a special structure, usually corresponding to in-
dependence between ¢ and x. The minimisation of the Kullback-Leibler
divergence (1) is equivalent to maximising the so-called negative free energy

p(x,0,y)
q(x,0|y) log ——=dxdf.
] oo s G

Empirically, variational Bayesian approximations have often been shown
to perform well in earlier contributions, but the convergence behaviour of the
algorithm has not been examined in detail, nor have the asymptotic proper-
ties of the variational Bayes estimator: exact theoretical analysis of the qual-
ity of the method needs to be studied. Hall et al. (2002) initiated a discussion
of these aspects and proved that, for certain Markov models, the parameter
estimator obtained by maximising the lower bound function is asymptotically
consistent provided the proportion of all values that are missing tends to zero.
However, unfortunately this sufficient condition is not satisfied in the case of
many problems, such as state space models and mixture models. In Wang
and Titterington (2003a) we investigated the consistency properties of both
so-called mean field and variational Bayes estimators in the context of linear
state space models, in which the above sufficient condition obviously does
not hold. We proved that the mean field approximation is asymptotically



consistent when the variances of the noise variables in the system are suffi-
ciently small, but neither the mean field estimator nor the variational Bayes
estimator is always asymptotically consistent as the ‘sample size’ becomes
large. Later we studied the consistency property of variational Bayesian es-
timators for mixture models involving known component densities in Wang
and Titterington (2003b). Since the likelihood equations have multiple solu-
tions in general (see Duda and Hart (1973)), the variational Bayes algorithm
may, like other optimum-seeking algorithms, converge to different limits if
different starting values (or hyperparameters) are chosen. It was shown in
Wang and Titterington (2003b) that, with probability 1 as the sample size
grows large, the iterative algorithm for the variational Bayes approximation
converges locally to the maximum likelihood estimator, in that very special
context.

In this paper we investigate a generalised iterative algorithm for a more
general mixture model. For mixture models, iterative procedures, such as
the EM algorithm, for obtaining maximum likelihood estimates of the pa-
rameters, have been widely investigated; see, for example, Peters and Walker
(1978), McLachlan and Peel (2000) and references therein. Motivated by
the earlier work on the EM algorithm, we propose a generalised iterative
algorithm for calculating approximate Bayesian estimates, and prove theo-
retically that the variational Bayes estimator, for the parameters of mixture
models of normal densities, converges locally to the maximum likelihood es-
timator at the rate of O(1/n) in the large sample limit, which is the main
contribution of the paper. It is also demonstrated by numerical experiments
that, for appropriate choice of step size, the generalised algorithm can be
accelerated.

2 The mixture model and the variational ap-
proximation

We consider a model in which we have a mixture of m multivariate normal
densities py, ... , p, with mean vectors pq, . .. , i, and precision (inverse co-
variance) matrices I'1,... ,I',,, respectively. Thus the density of an observa-
tion is given by

m

p(y:l©) =Y ps(yil®)p(s; = 5/0), (2)

s=1

where y; € IR¢ denotes the ith observed data vector, and s; indicates the
hidden component that generated it. The components are labelled by s =



1,...,m, and the component s has mixing coefficient 7, = p(s; = s|©) for
any i. We write the parameters collectively as

s} I Iy

For notational convenience, we define several vector spaces. For each
s, 1 < s < m, m, p, and Iy are elements of the vector spaces IR, IR?
and the set of all real, symmetric d x d matrices, respectively. We denote
by o/, # and 7 the respective m-fold direct sums of these spaces with
themselves. Then 7, u, T and © are elements of &7, .#, 7 and their direct
sum of & M B T, respectively.

We use conjugate priors on the parameters ©. The mixing coefficients
7 follow a symmetric Dirichlet distribution D(A°). The precisions are inde-
pendently Wishart, with 'y ~ W(?, ®°). The means conditioned on the
precisions are independently normal, with p,|Ts ~ N (p°, 3°T,), where 5°T
is the inverse covariance matrix in the normal distribution.

Suppose that we have (complete) data consisting of a random sample of
size n, with Y = (y1,... ,y,) and S = (s1,...,s,). Then the joint density
of ©, S and Y is

p(©.8,Y) = p(m) [ [ p(usITs)p Hﬂ-slpsl (yi)-
s=1
In the variational Bayes approach, we use an approximate density ¢(S, ©]Y)
for p(S,©Y"), which factorises as
q(S,0[Y) = ¢ (S]Y)g@(e]Y),

and such that the factors are chosen to maximise the negative free energy

(@ S,Y)
/% q(S,0|Y)lo 8 4(5.0[7) =246, (3)

For the sake of simplification, we drop the dependence of ¢(S, ©|Y), ¢*)(S]Y)
and ¢®(O|Y) on Y and write them as ¢(S, 0), ¢*¥(S) and ¢'®(©), respec-

tively. As a result of the form of p(©,S,Y), it follows immediately that the
optimal ¢¥)(S) and ¢(®)(6) must factorise as

®)(8) = qu@(si), and  ¢©(©) = q(m) [ [ alpsITo)a(T).
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As in Attias (1999, 2000), Humphreys and Titterington (2000) and Penny
and Roberts (2000), the remaining details of the variational posteriors can
be obtained by the following iterative procedure. In turn, we perform the
following two stages.

(i) Optimise ¢(®)(0©) for fixed {qz-(s)(sl-),i = 1,...,n}. Since conjugate
priors are used, these variational posteriors are functionally identical to the
priors, with different hyperparameter values: the mixing coefficients 7 are
jointly Dirichlet, with g(7) = D(7 : A1, ..., \); the precisions are indepen-
dently Wishart, with ¢(I's) = W(Ls : vs, ®5); and the means conditioned on
the precisions are independently normal, with q(us|Ts) = N (15 : ps, GsLs)-
Here D(mw : Ai,... ,A\n), W(s @ vs, @) and N(us : ps, BsIs) denote the
relevant density functions. The hyperparameters are updated as follows:

)\SZZHS—F)\O, Ps:<irisyi+ﬁopo>/<iﬁs+ﬁo>, (4)
' i=1 i=1

n
0 0
ﬁSZE ris—l—ﬂy VSZE Tis + U,
i=1 =1
n

¢, = ZriS(yi — Jis) (yi — ﬂS),

[ = 7~ 0] (s ) + @,

where

re=as= 0. = () /().

i=1 i=1

(ii) Optimise {ql(s)(si), si=1,...,m,i=1,... n} for fixed ¢'®(0©). For
s=1,...,m, this results in

(yi—ps)lfs(yi_PS)/Q_d/QﬁS) 4

Tis = v (5; = 8) o< T, L'V 2e™ 2 Yis,

where

If welet v; = > 7" s, i = 1,... ,n, then 5 = 75/

b}



This iterative procedure can be initialised by taking, for each ¢ and s,
Tis OC /\0(V0q>0>1/26—(111-—po)’l’o‘bo(yi—po)/2—d/(2ﬁo)‘
Remark 1. Stage (i) of the procedure reveals the key fact that underlies the
simplification created by the variational approzimation: the variational ap-
prozimation to the posterior distribution of the parameters is a single member

of the corresponding conjugate family, whereas the true posterior is a com-
plicated mizture of a large number of such conjugate distributions.

3 Generalised iterative algorithm for calcu-
lating variational Bayesian estimates and
its convergence

The Bayesian estimator 6 of the parameter # associated with a quadratic loss
function is taken to be its posterior mean, i.e.

0 = / ODpos (0)d6,

where p,os is the posterior density of #. Similarly we define the variational
Bayesian estimator 6 as

b= / Odponl0)d0, (5)

where g0 is the variational posterior density of 0.
At the kth iteration of the iterative procedure (i) (ii), we define the cor-
responding approximations to the variational Bayesian estimates by

n

1
(k) _ = (k;—l) 6
R (62
n n
PO = (3t w) /(o). (6b)
=1 i=1

n n 1
r = () (o= = i) L (60
=1 i=1

where the notation for r now recognises the fact that the r-values change
from iteration to iteration. Then the procedure given in the previous section
suggests the following algorithm, which is clearly similar in character to the
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EM algorithm itself: starting with some initial value ©(®), we define successive
iterates inductively by

n

1
(k+1) — — k) 2 11.(0" 7
s n ;rzs S( )7 ( a)
D) <er %)/(ZT( )) 2 M (0W), (7h)
=1
T = (3 0) (3~ ) - ) 25, 6), (70
i=1 i=1
where Tg) is updated as follows:

(k)

_’yzs //Yz ) Z’st ’

3B = 7 E) (P26 ik )’F§k>(yi—psk))/2—d/(2ﬂ§k>)

I

in which
= exp{/ ) log medm},

£ exp{ / 0)(T,) log [T, dT,}.
Rkt
and

q(k)(PS) = W(Fs : ng): (I)gk))7
g™ (us|Ts) = N (s = p, BT,

and the hyperparameters in the variational posterior distributions are given
by

A =0+ 2% p = (npP ) + 30°) [ (nm ) + o),
B = prd) 4 30 ng) = mrg )0,
oM = na(CM) ™ + na® (1l — ) () = p°) (nrl® + Go) ' + @°.

Remark 2. In fact, the estimates given by (6) are not exactly the variational
Bayesian estimates defined in (5). For example, from (4) at the kth iteration
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the variational Bayesian estimate of g is

D = (Sl Vg 800) [l 4 8),

1= 1=

not (7b). For simplicity we neglect the constants given by the priors, because
in this paper we investigate their properties in the context of large samples
and the limiting behaviours of the two iterations are the same.

Let
I1,(©) M,(©) 51(©)

Then II, M and S are operators from o/ @& .# ® 7 to itself, and the iterative
procedure (7) can be rewritten as

I1(e®)
k+1) — M(@O®) | . (8)
S(e®)

More generally, we define the following generalised iterative algorithm for
obtaining the variational Bayesian estimates. Given some initial value O,
successive iterates are defined recursively by

H(@(k))
Okt = (1 —g)o® e | M(O®) | £ &5(0W), (9)
S(eHk)

for k = 1,2,... and some £ > 0. Obviously, when ¢ = 1 algorithm (9)
becomes (8).

Suppose that the true value of the parameter © is ©*. Then in the
Appendix we establish the following theorem.

Theorem 1. With probability 1 as n approaches infinity, the iterative pro-
cedure (9) converges locally to the true value © whenever 0 < e < 2, that is,
the iterative procedure (9) converges to the true value ©* whenever 0 < e < 2
and the starting values are sufficiently near to ©*.

Intuitively, as the sample size gets large, the joint posterior distribution
p(S,0]Y) of S and © becomes less dependent on the prior distribution of
O, and thus the factorised distribution ¢**)(S|Y)q¢®)(6]Y") provides a more
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accurate approximation to the true posterior p(S, ©|Y") when the sample size
becomes larger. Theorem 1 verifies that in mixture models the use of a
factorised form ¢**)(S|Y)q'® (O|Y) for the posterior distributions of © and
S does not lead to bias for large samples, because the correlation comes from
the prior distribution of the parameters, but not the model itself, as would be
the case for hidden Markov chain models, for instance, for which we proved
in Wang and Titterington (2003a) that the variational Bayes estimators for
linear state space models are not always asymptotically consistent as the
sample size becomes large, because they destroy the intrinsic correlations
between the states of the models.

Unfortunately, for mixture models with unknown parameters in the com-
ponents, because the negative free energy (3) may be multi-modal, the vari-
ational Bayes algorithm may converge to different limits if different starting
values (or hyperparameters) are chosen. Therefore only the local convergence
property is proved here.

4 The convergence rate of the variational Bayes
estimator

It is known that in general the (non-variational) Bayes estimator and the
MLE get closer to each other at rate O(1/n). In this section we estimate
the rate at which the variational Bayes estimator converges to the maximum
likelihood estimator (MLE). Suppose the sample size n is large, and let o
be the strongly consistent MLE of the parameter ©; that is, it is the solution
of the following likelihood equations (see, for example, Redner and Walker
(1984)). For s =1,... ,m,

Ln A - Z 77Z)zs7rs _




Denote by ©" the variational Bayes estimator, which is the equilibrium
point of the iteration (9) in the neighbourhood of the true value; that is,
from (9), at the equilibrium point, ©" yields

I(en)
e"— | M©™) | =0, (10)
S(em)
and the hyperparameters in the variational posterior distributions are, cor-
respondingly, given by
N =il 40, L= (nfial + 5°0°)/(ndl + Bo),
B" =na" + 3%, O =na" 4+ 10,
by =l (0) 7+ nl 80 — p*) (i = p°)' (ntl + o) ™" + @°.
Hence it follows from (10) that

0 = w”—3i7

ne="7s
n/An 775%5 ’?is
n/An 781/}1378 ¢s’715
DACORE Z (1)
P Dis

According to Appendix A we have that
= 700 +O(1/n), 4. =147 +0(1/n),

so the second term of (11) is of order O(1/n). From Taylor’s expansion the
first term can be rewritten as

LM(O") =L"(O") + VL (O" + A\(O" — 6" ))(én —-em
=VL!(O"+\(©O" —6m")(©O" — o),
where 0 < A < 1. Thus, we obtain

0= VIN6" + A6" — 6") (0" —6") + ().

n
Similarly, we have
- A ~ 1
0=VL? (@" + A(O" — @"))(@ — o) + O(ﬁ)
. ~ 1
0=VL} (@” + A(O" @”))(@ —on) + O(ﬁ)



If we let

=1\,

the last three equations give
~ A ~ A ~ 1
VE”(@" + A(O" — @”))(@” — 0" + O(E) =

We have proved that on converges to the true value ©* and it is known
that the MLE O™ tends to ©*, so a derivation similar to the proof of Theorem
1 gives that, forany B € 4 .4 &7, VL" ((:)"+)\(@"—é”)) (B) converges to
VIE(H R(B)), which is positive definite, where ¥, H and R(-) are as defined
in Appendix. Therefore, we obtain that ©" = ©" + O(1/n).

5 Experiments

As an example to demonstrate the convergence properties of the algorithm
and the effect of the step size we consider the simple mixture of two known
univariate normal densities p;(-) and ps(-) with means of p; and pg; both
have unit variance. The mixing coefficients are 7 and 1 — 7, respectively.
The parameter 7 has a Beta prior distribution Beta(ag, by). We let fi; and
fo; denote the known conditional densities evaluated at the observation y;.

At the (k + 1)st iteration, the variational posteriors of the hidden states
and the parameter are

qi(s)) =71 —r) %, fors; €{0,1},i=1,...,n,
q(1) = Beta(m;a,b) = 7 1(1 — 7)*"'/B(a,b), 0 < 7 < 1,

where
plzﬂ-l/ plzﬂ-l + p227T2> a = nﬂ—(k) + aO b =n—- nﬂ—(k) + b07

= exp{/ Jlogmdr}, o= exp{/ )log(1l — m)dr},
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and Beta(7; a,b) denotes the Beta(a,b) density function.
Therefore, the negative free energy (3) is

p(m, S, Y)
/Z (S, ) log 2 75 )d

{5}
/ZH% 5i)q IngWSYdW—ZZqz ) log qi(s:)
(S} i=1 i=1 {s;}

- / 4(m) log g(r)dr.

It is easily derived that

ZqZ )log qi(s;) = rilogr; + (1 —r;) log(1 — ry),
{si}
/q(w) log g(m)dr = (a — 1) log 7 + (b — 1) log 73 — log B(a, b),

n

/Z I_IqZ si)q(m)log p(m, S, Y )dn = Zm log p1; + Z(l — 1) log po;

{8} i=1 =1 =1
+ Z [(ap + r; — 1) log 1 + (by — ;) log 72| — log B(ag, bo).
i=1
Hence, we obtain

p(m, S, Y
/Z Swlog (Sﬂ')>d

{s}

= Z [ri log p1; + (1 — r;) log pa; — rilogr; — (1 —r;) log(1 — 7"1)]
i=1

+(na0—n+2ri—a+1)10g7~r1+(nb0—2ri—b+1)log7~r2
i=1 =1

+ log B(a, b) — log B(ag, by).

We generate a sample of total size 200 observations using © = 0.65,
1 = 2.5 and py = 1.5. For different sample sizes made up of the first n
of the generated values the MLE and the variational Bayes estimate based
on a Beta prior distribution for m with ag = by = 1 are computed using the
first n observations, and are plotted in Figure 1. It turns out that, when the
sample size is small, there is a gap between the two estimates, but they come

together very quickly as the sample size grows.
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Figure 1: Variational Bayesian estimate of a mixing weight and MLE plotted
against the sample size

Fixing the sample size at n = 200 and m = 0.65, we generate a sample
based on different choices for the means of the normal distributions and
compute the variational Bayesian estimate by the iterative algorithm for
different values of €. In Figure 2 we use u; = 4.0 and ps = 1.5, so that the
two mixture components are widely separated. In this case changing ¢ from
1 does not accelerate the algorithm significantly; the slightly better ¢ is near
1 while € near 2 hinders the convergence of the algorithm, a little.

However, if the two components in the mixture are very similar, a choice
for € near 2 can improve the convergence rate considerately while the algo-
rithm is accelerated only slightly for € near 1. This is illustrated in Figure 3
for the case of p; = 2.3 and puy = 1.5.

6 Conclusion

Exact theoretical analysis of the quality of variational Bayes approximations
is an important issue. In this paper we have investigated iterative algorithms
for estimating parameters in normal mixture models. The results of this pa-
per are twofold. First we proposed a generalised algorithm for obtaining the
variational Bayesian estimates, and demonstrated by numerical experiments
that for appropriate step size the generalised algorithm can be accelerated; if
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Figure 2: Variational Bayes estimates (a) and the corresponding negative free
energies (b) for different step sizes ¢ for the example with widely separated

components. The solid horizontal line in 2(a) indicates the MLE. The number
of iterations to convergence of the algorithm for ¢ = 1.0,1.95,1.05 are 10, 9,

9 to achieve the same accuracy.
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the components in the mixture model are widely separated, the optimal € is
only slightly greater than 1, whereas, if the components are nearly identical,
the optimal € is close to 2. This coincides with the theoretical analysis of Pe-
ters and Walker (1978), who discussed the optimal ¢ for obtaining maximum
likelihood estimate.

Secondly, we proved theoretically that the variational Bayes estimators
for mixture models of normal densities converge locally to the maximum
likelihood estimators at the rate of O(1/n) in the large sample limit, which
had not been justified in the previous literature. This implies that in mixture
models the factorised form of the posterior distribution does not cause bias
for large samples, so the variational Bayesian estimator is very effective and
asymptotically consistent for mixture models. However this property may not
be hold for other models. For example, we proved in Wang and Titterington
(2003a) that the variational Bayes estimators for linear state space models
are not always asymptotically consistent as the ‘sample size’ becomes large,
because the factorised form destroys the intrinsic correlations between the
hidden states in the models.

Since we have proved that the means of the variational posterior distribu-
tion converge to the maximum likelihood estimators, an interesting question
arises naturally: do the variances (covariances) of the variational posteriors
have the same properties, that is, do the variances (covariances) associated
with variational Bayesian approximations converge to those of the true pos-
terior distributions in some sense? In Wang and Titterington (2004) we
examine this problem and investigate the resulting performance of varia-
tional Bayes approximations in this context for interval estimation. It turns
out that the covariance matrices corresponding to the variational Bayes ap-
proximation are normally ‘too small’ compared with those for the MLE, and
therefore the variational Bayes approximations are unrealistically narrow.
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Appendix: Proof of Theorem 1

In order that the derivative in the vector space &/ & .# & .7 makes sense, we
endow them with norms. We define the norm of p € R as [|u|| = (1/p)"/?,
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and the norm of a real, symmetric d x d matrix I' as

T[] = sup [Tyl
ueR?

l[pll=1

The norms on the direct sums &, #, 7 and o & .# & 7 are defined
naturally as

m ™

Il = I, form=| : | €,
s=1 Tm
m 241

leall =D " llssll, for = | ¢ | €.,
s=1 L
m 1—‘1

T = IT[l, forT=| : | €7,
s=1 Fm

™
1O =l + lell + T, for 6= | p | € 7 &M ST
r

For any operator ® on the vector space & & .4 & 7, its norm is defined as

@[] = sup [|®(B)]. (12)
I1Bl=1
Also, V@ denotes the Fréchet derivative of ®. When ambiguity exists, the
specific vector variable of differentiation appears as a subscript of the symbol
V. V®(©) denotes the Fréchet derivative evaluated at O, which is a linear
operator on &/ & .# & 7 ; see Chapter X of Bhatia (1997).

Appendix A. First of all we prove the following lemma, which is a variant
of the Laplace’s approximation; see Chapter 4 of Evans and Swartz (2000).

Lemma 1. Suppose that p,(x) is the probability density function of the IR™-
valued random wvector X, = (x., ... ™), that TB(X,) = u, — p and
Cov;j(X,) = O(1/n) as n — oo. Then, for any function f(-) with con-
tinuous second-order derivative near i, it holds that

1

n

E(f(Xn)) = f(un) + O(=).
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Proof. From Taylor expansion we have

FO6) =) + 3 2t iy 5 3 T iy — )

+o([| X0 — pal®),

and thus

O ) (i — iy — 1)) + o(B(| X, — i 2))

O

Appendix B. We now show that, if {X,,} is a sequence of independent and
identically distributed random variables and F,(-) — Fp(+) uniformly, then,
with probability 1,

—ZF 1) — E(Fy(X5)).

In fact, we have that

|%ZFH(X,~) — E(Fp(X5))]
%ZFH( ——ZFO |+\—ZF0 Fo(Xi))l
S IR(X) - R0+ ZFM) ~ B(F(X))

< suplFu(e) = Fow)] + - Y Ro(Xo) — B(R(X).

IN

IN

The second term tends to zero by the strong law of large numbers, as does
the first term because of the uniform convergence.
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Appendix C. Proof of the theorem: We first prove that, with probability 1
as n approaches infinity, the operator ®5 on &/ ©&.# & .7 is locally contractive
in the norm defined above; that is, there exists a number A\, 0 < A < 1, such

that ) )
[95,(0) — @7,(67)] < A6 — 67,

whenever E:) lies sufficiently near ©*.
Since © is near ©*, it follows from Taylor’s theorem on Banach spaces,
see p.315 of Bhatia (1997), that

125,(8) — @07 < [IV25,(07)][16 — ©7[| + O([|© — &71%).

Consequently, it is sufficient to show that V¢ (©*) converges with probabil-
ity 1 to an operator which has norm less than 1.

For
U
Um
u U1
B=| v | = : cdAdMDT,
%% U
Wi
Wi,

from the definition of the operator ®;, we have

V. VI Vi [u
Vo:(0)(B) = (1 — &) lmayeayB+e | VaM VM VoM | [ v |,
VeS V.S VrS ) \W

where I,,(1124) denotes the m(1 + 2d) x m(1 + 2d) identity matrix. Also,
the entries of the above matrix can themselves be represented as matrices of
Fréchet derivatives.

To obtain the limits of these derivatives as n tends to infinity, from (7)
we need the limits of r;; and all its derivatives with respect to 7, p and T,
evaluated at 7v*, p* and IT'*.

Since, at ©*,
¢ (w) =D(m : A}, S,
¢ (Ts) =W(s : vl ®F),



and

A =m0, = (il 500 (s + ),
By =nm + 5 V) =mnm+0°
% = nmy (T + 0wl — p°) (s — p°) (n + Bo) ™" + @,

it is obvious that, as n tends to infinity, the mean of 74 corresponding to the
density ¢*(7) is

the covariance between 7y and 7y, for s # t, is

=X /[P x+ 1)
= — (o} + X)) /[(n -+ mA) (0 mA 4 1)
:O(%) — 0,

and the variance of 7, is

* - * * = * < * 1
XA =) /[ A+ 1] = 0(-) = 0
s=1 s=1 s=1
similarly, the mean of I'y corresponding to the density ¢*(T'y) is

V(@) T

S S

and its covariance matrix is 25 (9%t @ (@) 7! = 27 (PF @ PF)~!, whose
components obviously tend to 0 at the rate of O(1/n), where ® denotes
Kronecker product.

After a straightforward calculation we obtain

1 n
v7r']-—[s ") =— m;ilisy
n©) L3 v
* 1 -
v“sz(@ ) :Ezvpjrisa

=1

1 n
VFsz(@*) :ﬁ Z Vrjh's,
i=1
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v, M(61) = (Z><ZW) - (irisyi)(ivmrw)' f(3on)
v, M,(6°) :j(ir@é%mm) _ zy wa 1/ (z)
Vrst(@*> ::(iris)(iwvrﬁw) - irwyz ZVF Tzs /(iris)z,
= vams (Zm Yi Ms)>_1
—(ims)<z7‘zs(y - ) - us>)1@(%—u:><yi—u:>'ijris)
X (zn:ns(y 1) (y us))_l,
V,; Ss(07)v; = (Zn:ﬁs(yi — )y — M;‘)’) I(Zn: Vi, Tisv;)
;rzs (2::7“28 i ) (Zz:; — 113)'V 1, 1505
— TV (Ys — s) Osj — Tis(Yi — phs)Vj0s; )( s Tis Ms)>_1,
Vr, S <ZT25 Yi M:)')l(injT’iSW])
—(ﬁ:%(irw(y 1) (y uﬁ)’)1<zn:(y 13)(yi — 1135)' Vo nsW>
(Dt - )

where d,; is the Kronecker delta function: d,; = 1 if s = j and d5; = 0
otherwise.

Now we study their limits with the help of Appendix B. All of the cor-
responding functions F,(X;), such as r;; and their derivatives, are of the
following form

(Y — by )Fe™ W) Cnlui=bn)/2, 13)
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where k € {0,1,2,3,4} and, as n tends to infinity, it follows from Appendix
D that

an — Qo, bn - b07 On - C’0~

Since the first-order derivatives of the function (13) with respect to ay, b,
and ¢, are bounded in y;, (13) converges uniformly in y; to

ao(yi _ bo)kef(yi*bo)'co(yrbo)/Q'

Moreover, if we denote by y any random vector distributed according to
the probability density of the form (2) and let

x| L 1 * * * — *
- |Fs|zexp{—§(y—us)’Fs(y—us)}, and ¢:Zﬂ-s¢s7
s=1

we have that

<¢S / O p(y|©*)dy =1, (14a)
(%0 - u) / L)y )y (141)
E(%(@/ — )y — uy) /¢>s y—pi)(y — pi)'dy =5, (14c)
(% - i)y - ) - ) =0, (140)
E(% [y — p)(y — ui)’f) =302 (14e)
For s =1,... ,m, we introduce the notation
al= % ol =m Oy - )

1 *¢S * * * * *
(Ig = 571—53 [Fs(y - Ns)(y - :U’s)lrs - Fs}’

A = diag(7?), Q=diag(z* '), X =diag(2r:'TF7?).
Then, applying Appendices A, B and D and after a very careful calculation,
we obtain
aj

V10 u — Lyu— AE | { ia;us},
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V. MO v — Lgv— QE

)Ji

) Ztr{a W} :

VM09 W — Q]E(

am

VaS(0"u — E]E(

>

3

V,5(0") — —SE (a ) {i }

s=1
am

3
o351

: ) {itr{aiWs}}.

3
A

VrS(O)W — IuW — XIE (
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Set

m m

R(B) =) alu,+ Y (a2 v, + Y _tr{aW,},

s=1 s=1

EYCI

SRR

Oy

Accordingly, we have that, as n tends to infinity, V& (0*)(B) converges to
Lni+20) B — eVIE(HR(B)).

We define the inner product on IR as scalar multiplication, the inner
product of R? as (u,v) = p/v and the inner product on the set of real,
symmetric d X d matrices as (A, B) = tr{AB}. Naturally, the inner products
on the direct sums o7, 4, 7 and of & M & T are the corresponding direct
sum inner products. For instance, (01, 09) = (71, 72) + (1, o) + (T1, ),
for

T )
Or=|\m|ledouddT, O=|pw|cAdoaddT.
| I,

For any operator ® on the vector space & @ .4 @ .7, its norm as defined in
(12) is actually equal to supyp (B, ®(B)).

It is obvious that W and IE(H R(-)) are positive definite and symmetric
with respect to the inner product which we have defined. Therefore, as n
tends to infinity, VO (0*)(-) < Ina42q) whenever € > 0.

Furthermore, Peters and Walker (1978) proved that, when 0 < € < 2, the
operator of the form I,,140q) — eVIE(HR(+)) is greater than —1,,(1424) With
respect to the inner product. For completeness, we have included a brief
proof in Appendix E.

Thus we have proved that V&g (©*) converges with probability 1 to an
operator with norm less than 1, and consequently the operator ®; is locally
contractive.
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Moreover, along the similar lines as above it is easy to deduce that ®¢ (©*)
tends to ©* as n approaches infinity. Therefore, since

lo® —e < [lo(6") — @ (07| + [[@5(7) — &7
< Alo® - e+ [|97,(0) - &7,

the iterative procedure (9) converges locally to the true value ©* as n ap-
proaches infinity .

Appendix D. We consider the limits of the Fréchet derivatives, with respect
to 7, p and I', of the quantities

I, = /q(ﬂ') log medm, I, = /q(Fs)log]FS\dFS, I3 = VS(QDS)_l,
with

q(m) =D(m; A, Am),
(](Fs) = W(F87 Vs, (I)s)7
q(ps|Ts) = N (ps; ps, BsTs),

and
As = nms + /\0> Ps = (nﬂsﬂ's + 60/00)/(”7(8 + ﬁO)a
By =nm, + (% vy =nm, +1°,
O, = nmy(To) ™ + nma3 (s — p°) (s — p°)' (7 + Go) ™ + @°.
If we write
d o0
P(x) = —1logl'(x) = F_l(x)/ 2" e " log zdz,
dz 0
where I'(x) is the gamma function, then we have
/q(ﬂ') log modm = (A,) — (> As).
s=1

Since > Ay = n+mA°, it follows that

Vi | qg(m)logmedm =V, [F_l()\s)/ 2™ log zdz

0

_nF_2(/\s){/ 2Nl Jog? zdz/ e dz
0 0
o0 2
- (/ Pl logzdz) } (15)
0
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We consider the integral of the form

/00 M le™ f(2)dz

0

for some function f(-) with continuous second-order derivative.
If we make the change of variable z = u(A; — 1) and denote f(u(As —1))
by h(u), we obtain

/ A leT f(2)de = (A — 1) / e~ Qe Dluzlogw)p (1) dyy,
0 0
Obviously, k(u) £ u—log u attains its global minimum at @ = 1, and therefore
an application of Laplace’s approximation yields, see for example Chapter 4
of Evans and Swartz (2000),

/ e~ e DmloB W by () du = (27r)1/26’(’\5’1){h(11)()\8 —1)712

0

O = 172 larh(@) — ash' () + ash ()] + oA — 1)),

where

a] = —

kW) 1 kB (0)\2 3B (a) 1
41 +§( 3! )15, = 3 BTy

2
Letting f(2) be 1, log z and log? 2, respectively, we obtain
/ P leFdy = (2m)Y2e~ M (N, — 1)
0

{Oe =D @ — ) 4o - 1))},

/ 7 le  log zdz = (2m)Y2e AT (), — 1)
0
{()\5 — 1) 2log(A\s — 1) + (A\s — 1)7%2[ag log(Ns — 1) — ag — ag]

+o(( =171,

/ At log? zdz = (271')1/26_()\5_1)(/\3 — 1)
0
{(/\s — DY 2log? (A — 1) + (A\s — 1)732[ay log?(\, — 1) — 2azlog(As — 1)

4 2a5(1 — log(As — 1))] + o((As — 1)—3/2)}.
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Hence, after a straightforward calculation we obtain, as n — oo,
2azn(As — )72+ o((Xs — 1))

As — D) +2a;(As — 1)2 4+ 0o((As — 1)72)

1

—
Ts

V. [ q(m)logmedm ~

It is obvious that the derivatives of [ g()log msdm with respect to p, T
and 7; (j # s) are zero.
The integral I, can be rewritten as

d
/q(Fs) log |Ts|dTs = Zl/)((l/s +1—k)/2) —log|®,| + dlog 2,
k=1
and it follows that
V.. [ a(t)log|r. dr.

d o
:Vm{ Z I Y(vs+1-k)/2) /0 L=k 2=l =2 g zdz}
k=1

— V.. log| Py,

Along the same lines as (15), we obtain

VWS{F’l((l/s +1- k)/Q)/ L H=R271 =2 g zdz} — i,
0

Ts

and it is easy to show that

7 d
V.. log|®s| = tr((I)S_lV,TS@S) — tr([ﬁsf‘s_l} IFS_1> ————
T
Therefore,
V. | q(Ts)log|Ts|dl's — 0.
Similarly, for any real, symmetric d x d matrix W,
{vr. /q(FS) log |y[dT’, bW
d 00
:{VFS [Z I ((vs+1-k)/2) / LH=R2=1 02 1600 2
k=1 0

— log |®4| + dlogQ} }W
_ {vps log |<I>s|}W = —tr{® 'V, &)
—tr{[r, 0] DW= {0 W)

27



The derivatives of [ ¢(I's)log|Ts|dls in 7, p, T'; (j # s) are zero.

It is easy to obtain that Vr,I5 converges to I; and the other derivatives
converge to zero.

Appendix E. We prove that I,(110q) — eVIE(HR(:)) > —I(424). Since
0 < e < 2 and V¥ is positive definite diagonal matrix, it suffices to show that

(B,E(HR(B))) < (B,¥"'B).
In fact, we have

(B,IE(HR(B)))
_]E<Zoz us—i—z vs—ithr{o;’W})

“w( Yo o T

+wgua%—@xm—@ﬂt—mumﬂ).

As a corollary of Schwarz’s inequality it holds that, if ny, > 0fors =1,--- ,m

and Y7 ns =1, then | D7 &nsl? < D &2, for all {&}Fso1,.. m (see Pe-
ters and Walker (1978)). Applying this result and noting that ZS | Tas/ P =
1, we get

(B,IE(HR(B)))
¢S *x—1 EAYARES
<]E(Z o [usﬂs + (y — pi) T

s=1

+tr{ TSy = )y — ) T3 = Z}WS}F)

m

=ZE@9@%*H@ﬂmmw
s=1
(tr{ Dy — i)y — i) T3 = T W) + 2uems ™ (y — ) Tho,
Ut 1tr{ Uiy — pi)(y — p)'Ts = T W}
+ (y — p3) Thvste{ [T (y — pi)(y — p3)'Ts — T3] W, }>
— Z { 2rl ol T, + tr{%ﬂ;‘WSFfWS}}
s=1
=(B,V'B),
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where the second-last equality comes from (14) and the fact

&
o

which can be verified by expanding the matrices into the expression of their
components and after a straightforward reduction.

1 1
IE [7?1‘ (tr{ 5 [T3 0y — )y — 1) T — FZ]WS})Q] = tr{GmW,ITW, }
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