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Abstract. We study the connections between learning from examples and inverse
problems. We show that learning from examples can be seen as the discretization of a
stochastic inverse problem defined by a Carleman operator. In particular we develop
a discretization strategy for this class of inverse problems and we give a convergence
analysis. Our approach can be applied to other classes of problems such as integral
equations.

1. Introduction

The aim of the present paper is to clarify the relation between the theory of learning

from examples, developed in the last two decades as theoretical framework in brain and

cognitive science (Vapnik 1998, Cucker and Smale 2002b, Poggio and Smale 2003), and

the theory of inverse problems.

We show that learning from examples can be regarded as the discretization

of a stochastic inverse problem (Vapnik 1998). In particular we prove that the

regularized least squares algorithm (Evgeniou et al. 2000) corresponds to the Tikhonov

regularization of linear inverse problem defined by a Carleman operator (Halmos and

Sunder 1978). As a byproduct, we obtain a convergence analysis for the discretization of

a linear operator. Our result is based on a stability property of Tikhonov regularization

and could be of interest also in the framework of discretization of integral equations

(Kress 1999).

More precisely, let A be a bounded linear operator from a Hilbert space H into a

Hilbert space K and consider the inverse problem associated to

Af = g, (1)
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where g is the datum belonging to K. Usually the above problem is ill-posed and a

regularization procedure is considered. For example, in the framework of Tikhonov

regularization, the following minimization problem

min
f∈H

(
‖Af − h‖2

K + λ ‖f‖2
H
)

replaces Problem (1).

Discretization is a procedure that replaces the exact problem with an approximated

one

Bf = h, (2)

where B is a bounded operator from H into a finite dimensional Hilbert space Z and h is

an element of Z that are approximations of the model A and the datum g, respectively.

Examples of such procedures are degenerate kernel methods, quadrature methods

and projection methods. A common feature of these methods is the fact that they

directly regularize the exact problem and that the reconstruction error of the discrete

solution depends on the noise of the datum h and the dimension of the space Z, where

usually h is the projection of g with an additive noise and Z is a finite dimensional

subspace of K (for a review see Groetsch (1984), Bertero et al. (1985, 1988), Engl et al.

(1996), Kress (1999) and references therein).

Following Wahba (1977) and Groetsch (1990), we regard the datum h as a noisy

approximation of the exact datum g and the operator B as a noisy approximation of the

exact model A. The critical point is to give a measure of the discrepancy between h and

g, and between B and A. For Tikhonov regularization this can be done by observing

that the minimizer of Tikhonov functional is given by

fλ = (B∗B + λ)−1B∗h.

The above equation shows that fλ depends on B∗B, which is an operator from H to

H, and on B∗h, which is an element of H, so that the output space Z disappears.

This observation suggests that the noise measures could be ‖B∗B − A∗A‖L(H) and

‖B∗h− A∗g‖H.

The paper is organized as follows. Section 2 is devoted to the formalization of the

above idea in an abstract setting. In Section 4 we apply the results to the problem of

discretization of Carleman operators, whose properties are briefly recalled in Section 3.

Carleman operators give an unifying framework both for solving integral equations and

for approximation problems in reproducing kernel Hilbert spaces.

We provide a convergence analysis in two different settings. In Section 4.1 the

discrete data are deterministically given. As a simple example we consider the problem

of computing the derivative of a function g when a finite set of samples yi = g(xi) is

given.

In Section 4.2 the discrete data are considered as random variables and a

probabilistic bound on the discrete regularized solution is obtained. Our estimate

holds for a very general type of noise and factorizes in a deterministic term due to



Discretization Error Analysis for Tikhonov Regularization in Learning Theory 3

the regularization procedure and a probabilistic term due to the probabilistic nature of

the data.

Finally, in Section 5 we show that learning from examples can be seen as the

discretization of a Carleman operator with random discrete data. In particular, using

the probabilistic estimate of Section 4.2 we prove the consistency of the regularized least

squares algorithm.

2. Main results

In this section we prove that the regularized (à la Tikhonov) solution of the inverse

problem Af = g is a Lipschitz function of A∗A and A∗g, where the Lipschitz constants

depend on a power of the regularization parameter λ.

First of all we set the notation. By Hilbert space we mean a separable Hilbert space

over R (our results also hold if R is replaced by C). We denote by ‖·‖ and 〈·, ·〉 the

corresponding norm and scalar product, respectively. If H and K are such spaces, we

denote by L(H,K) the Banach space of bounded linear operators fromH into K endowed

with the uniform norm ‖·‖L(H,K). If A ∈ L(H,K) we denote by A∗ the adjoint operator

and by A† the Moore-Penrose generalized inverse (Groetsch 1984, Engl et al. 1996).

We consider a Hilbert space H and we denote by T the set of all possible triples

(K, g, A) where K is an Hilbert space, g ∈ K and A ∈ L(H,K). Given (K, A, g) ∈ T
and λ > 0, we recall that the Tikhonov functional (defined on H) is

‖Af − g‖2
K + λ‖f‖H

2 (3)

and its unique minimizer is given by (A∗A + λ)−1A∗g.

The following proposition studies the dependence of the minimizer of Tikhonov

functional on the operator A and the datum g. To treat both the reconstruction error

and the residue of the solution, we introduce a parameter a ∈ [0, 1] and we let

Ca =

{
1 a = 0, a = 1

aa(1− a)(1−a) 0 < a < 1
. (4)

Proposition 1 Given (K, A, g) ∈ T and (Z, B, h) ∈ T , let λ > 0 and

fλ
0 = (A∗A + λ)−1A∗g,

fλ = (B∗B + λ)−1B∗h.

Then∥∥(A∗A)a(fλ − fλ
0 )
∥∥
H ≤ Ca

λ1−a

(
‖h‖Z
2
√

λ
‖B∗B − A∗A‖L(H) + ‖B∗h− A∗g‖H

)
(5)

for any a ∈ [0, 1].

Proof. We let T0 = A∗A, T = B∗B, φ0 = A∗g and φ = B∗h. We prove some

preliminary facts.

The following equality is a known algebraic identity,

(T + λ)−1 − (T0 + λ)−1 = (T0 + λ)−1(T0 − T )(T + λ)−1. (6)
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Consider now a ∈ [0, 1], we claim that∥∥T a(T + λ)−1
∥∥
L(H)

≤ Ca

λ1−a
. (7)

Indeed, since T is a self-adjoint positive operator, the spectral theorem gives∥∥T a(T + λ)−1
∥∥
L(H)

= sup
0≤t≤‖T‖L(H)

ta

t + λ
.

Computing a derivative tells us that the maximizer of the function ta

t+λ
on the interval

[0, ‖T‖L(H)] is given by τ = λa
1−a

if a < 1, and τ = ‖T‖L(H) if a = 1. Equation (7) follows.

Moreover, the polar decomposition of B yields B = UT
1
2 , where U is a partial

isometry from H to Z, so that ‖U‖L(H,Z) = 1. Since T
1
2 commutes with (T + λ)−1, we

have that ∥∥(T + λ)−1B∗∥∥
L(Z,H)

=
∥∥∥T 1

2 (T + λ)−1U∗
∥∥∥
L(Z,H)

,

and, using Equation (7) with a = 1
2
, we have that∥∥(T + λ)−1B∗∥∥

L(Z,H)
≤ 1

2
√

λ
. (8)

Finally, by definition of fλ and fλ
0 , it follows that

fλ − fλ
0 = (T + λ)−1φ− (T0 + λ)−1φ0

= [(T + λ)−1 − (T0 + λ)−1]φ + (T0 + λ)−1(φ− φ0) .

By Equation (6) and triangular inequality, we obtain that∥∥T a
0 (fλ − fλ

0 )
∥∥
H ≤

∥∥T a
0 (T0 + λ)−1(T0 − T )(T + λ)−1B∗h

∥∥
H

+
∥∥T a

0 (T0 + λ)−1(φ− φ0)
∥∥
H

≤ Ca

λ1−a
‖T − T0‖L(H)

‖h‖Z
2
√

λ
+

Ca

λ1−a
‖φ− φ0‖H.

The thesis is now clear.

Up to our knowledge, the first result in this direction was obtained in Wahba (1977,

Theorem 2) in the framework of integral equations with white noise. In a deterministic

setting, Groetsch (1990, Theorem 1) gives a convergence analysis for integral equations

assuming that B∗B is a degenerate kernel and h = g. Plato and Vainikko (1990,

Theorem 3.1) and Mathé and Pereverzev (2003, Theorem 2) consider a wider class of

regularization methods, but B has the form QnAPn, where Qn and Pn are orthogonal

projections. Our bound is of the same kind of the estimates obtained in Nair (1994,

Theorem 2.2), Nair and Schock (1998, Theorem 2.1) and Rajan (2003, Theorem 2.5).

Anyway in the above papers only the reconstruction error is considered and different

choices of noisy levels are considered.

We briefly comment on regularization procedures other than Tikhonov regulariza-

tion. It is known (Engl et al. 1996, Groetsch 1984) that a large class of regularized

solutions is of the form

fλ
0 = rλ(A

∗A)A∗g, (9)
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where rλ is a continuous function on [0, ‖A∗A‖L(H)] such that for some K > 0

|rλ(t)t| ≤ K ∀t, λ and lim
λ→0

rλ(t) =
1

t
.

The results of Proposition 1 still hold provided that

‖rλ(A
∗A)− rλ(B

∗B)‖L(H) ≤ Cλ‖A∗A−B∗B‖L(H).

A complete discussion on the above condition can be found in Mathé and Pereverzev

(2002, 2003).

The results of Proposition 1 suggest the following definition of parameter choice

rule.

Definition 1 Given (K, g, A) ∈ T and M > 0, for any δ = (δ1, δ2) ∈ R2
+ we let

Uδ = {(Z, h, B) ∈ T | ‖h‖Z ≤ M, ‖B∗h− A∗g‖H ≤ δ1, ‖B∗B − A∗A‖L(H) ≤ δ2},

the set of noisy data with noise level δ = (δ1, δ2).

A function λ = λ(δ;Z, h, B), where δ ∈ R2
+ and (Z, h, B) ∈ T , is called a parameter

choice rule.

In the above definition the constant M plays the role of an a priori information on the

noisy datum h. If this information is not available, a bound of the form of Equation (5)

can still be given, but with a worse dependence on the regularization parameter λ, by

replacing estimate given by Equation (8) with∥∥(T + λ)−1B∗h
∥∥
H ≤ ‖B∗h‖H

λ
≤ ‖A∗g‖H + δ1

λ
.

As a consequence of Proposition 1 we have the following result.

Corollary 1 Let (K, g, A) ∈ T and P be the projection on the closure of the range of

A. Given M > 0 and δ ∈ R2
+, then

(i) if g ∈ dom A† and λ > 0,

sup
(Z,h,B)∈Uδ

∣∣ ∥∥fλ − A†g
∥∥
H −

∥∥fλ
0 − A†g

∥∥
H

∣∣ ≤ δ1

λ
+

Mδ2

2λ
3
2

; (10)

(ii) if λ > 0,

sup
(Z,h,B)∈Uδ

∣∣ ∥∥Afλ − Pg
∥∥
K −

∥∥Afλ
0 − Pg

∥∥
K

∣∣ ≤ δ1

2
√

λ
+

Mδ2

4λ
; (11)

(iii) if g ∈ dom A† and λ = λ(δ;Z, h, B) is a parameter choice rule such that
limδ→0 sup(Z,h,B)∈Uδ

λ(δ;Z, h, B) = 0

limδ→0 sup(Z,h,B)∈Uδ

δ1
λ(δ;Z,h,B)

= 0

limδ→0 sup(Z,h,B)∈Uδ

δ2
2
3

λ(δ;Z,h,B)
= 0,

(12)

then

lim
δ→0

sup
(Z,h,B)∈Uδ

∥∥fλ − A†g
∥∥
H = 0. (13)
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(iv) if λ = λ(δ;Z, h, B) is a parameter choice rule such that
limδ→0 sup(Z,h,B)∈Uδ

λ(δ;Z, h, B) = 0

limδ→0 sup(Z,h,B)∈Uδ

δ1√
λ(δ;Z,h,B)

= 0

limδ→0 sup(Z,h,B)∈Uδ

δ2
λ(δ;Z,h,B)

= 0,

(14)

then

lim
δ→0

sup
(Z,h,B)∈Uδ

∥∥Afλ − g
∥∥
K = 0. (15)

Proof. Inequalities (10) and (11) are consequences of Equation (5) taking a = 1
2

and

a = 0, respectively, and the fact that

|
∥∥fλ − A†g

∥∥
H −

∥∥fλ
0 − A†g

∥∥
H| ≤

∥∥fλ − fλ
0

∥∥
H.

Equations (13) and (15) follow from inequalities (10) and (11), and Conditions (12)

and (14).

The fact that
∥∥fλ

0 − A†g
∥∥
H goes to zero as λ goes to zero is known. Estimating the

rate of convergence of fλ to A†g requires a bound on
∥∥fλ

0 − A†g
∥∥
H and some a priori

assumption on the exact solution. A standard result (Groetsch 1984, Engl et al. 1996)

shows that, if A†g ∈ Im (A∗A)αA∗, then
∥∥fλ

0 − A†g
∥∥ = O(λα). In Mathé and Pereverzev

(2003) a generalization is given under the assumption that A†g = φ(A∗A)v for some

v ∈ H, ‖v‖H ≤ 1, and some convex function φ.

As usual, if g 6∈ dom A†, fλ cannot converge. Indeed, we have the following result.

Corollary 2 Let (K, g, A) ∈ T with g 6∈ dom A†. For any δ ∈ R2
+, let (Zδ, hδ, Bδ) ∈ Uδ

and

fλ
δ = (B∗

δBδ + λδ)
−1B∗

δhδ,

where λδ = λ(δ; hδ, Bδ) is a parameter choice rule satisfying Equation (12). Then

lim
δ→0

∥∥fλδ
∥∥
H = +∞.

Proof. The proof is standard. As in the first part of the above proof we have that∥∥∥fλδ
δ

∥∥∥
H
≥
∥∥∥fλδ

0

∥∥∥
H
−
∥∥∥fλδ

δ − fλδ
0

∥∥∥
H

≥
∥∥∥fλδ

0

∥∥∥
H
−

(
δ1

λδ

+
Mδ2

2λ
3
2
δ

)
.

By definition of parameter choice rule, the second term goes to zero, whereas, if

g 6∈ dom A†,
∥∥fλ

0

∥∥
H goes to +∞ when λ goes to zero (Groetsch 1984, Engl et al. 1996).

Remark 1 We do not know if the bound in Equation (10) is sharp, that is, the following

holds

sup
(Z,h,B)∈Uδ

∥∥fλ − fλ
0

∥∥
H =

δ1

λ
+

Mδ2

2λ
3
2

.

In particular, for the problem of discretization, could one obtain better bounds by

considering only noisy data (Z, h, B) with B having finite range?
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We compare Proposition 1 with the known results for Tikhonov regularization in the

presence of modeling error. To this aim, we consider noisy problems Bf = h, where B

is an operator from H to K and h ∈ K such that

‖h− g‖K ≤ η1 ‖B − A‖L(H) ≤ η2.

In this case it is known (Tikhonov et al. 1995) that if

lim
η1,η2→0

(η1 + η2)
2

λ(η1, η2)
= 0 (16)

the regularized solution fλ approaches A†g. Since

‖B∗B − A∗A‖L(H) ≤ (‖B‖L(H) + ‖A‖L(H))η2 ≤ C1η2 =: δ2

‖B∗h− A∗g‖H ≤ ‖h‖K η2 + ‖A‖L(H)η1 ≤ C2(η1 + η2) =: δ1

it follows that Condition (16) is weaker than Condition (12).

This observation suggests that the noise levels can be evaluated by means of

‖V ∗h− U∗g‖H ≤ η1 and ‖|B| − |A|‖L(H) ≤ η2, where A = U |A| and B = V |B| are

the polar decompositions of A and B, respectively. In fact repeating the standard proof

(Tikhonov et al. 1995) for Tikhonov regularization in the presence of modeling error,

we have that, if Condition (16) holds, then the regularized solution fλ approaches A†g.

However, in the applications it is difficult to evaluate the polar decomposition and,

hence, to ensure that the noisy model is an approximation of the exact model.

Finally, we observe that the content of Proposition 1 can be regarded as

regularization in the presence of modeling error. Indeed, the least squares solutions

of the exact problem Af = g are the solutions of the inverse problem

A∗Af = A∗g.

This suggests to replace the noisy problem Bf = h with the problem

B∗Bf = B∗h,

so that B∗h is a noisy approximation of the exact datum A∗g, B∗B is the noisy model

of the exact model A∗A and the noise levels are given by

‖B∗B − A∗A‖L(H) = δ1 ‖B∗h− A∗g‖H = δ2.

However, the regularized solution fλ = (B∗B + λ)−1B∗h is not the Tikhonov

regularization of the problem B∗Bf = B∗h. Indeed, if T = T ∗ = B∗B and φ = B∗h,

we have that

fλ = (T + λ)−1φ = (T ∗T + λT )−1T ∗φ,

whereas the Tikhonov regularized solution of Tf = φ is (T ∗T + λ)−1T ∗φ.

In this paper we do not discuss the problem of the choice of the parameter λ. Wahba

(1977) discusses the method of cross-validation, see also Wahba (1990), Groetsch (1984)

and Engl et al. (1996) for an account on cross validation. A clear discussion about the

discrepancy principle in the framework of discretization of Tikhonov functional can be

found in Plato and Vainikko (1990), Nair and Schock (1998) and Pereverzev and Schock

(2000) and references therein. Mathé and Pereverzev (2003) propose adaptive strategies

for the choice of the parameter that provides the optimal order accuracy.
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3. Carleman operators

In the present section we briefly review the notion of Carleman operator that allows

an unifying approach to the theories of reproducing kernel Hilbert spaces and integral

equations. Our presentation follows the book of Halmos and Sunder (1978), where a

clear exposition of the relation between Carleman operators and integral equations is

given. The book of Saitoh (1997) is a source for results and bibliography on this topic.

In Bertero et al. (1985), Wahba (1990) and references therein, there is an account of the

theory of reproducing kernel Hilbert spaces in the context of inverse problems.

Let X be a compact separable metric space endowed with a finite measure ν. We

denote by L2(X, ν) the Hilbert space of (equivalence classes) of real functions on X that

are square-integrable with respect to ν.

We consider a Hilbert space H and a map γ from X to H such that the kernel Γ

Γ(x, t) := 〈γt, γx〉H x, t ∈ X

is bounded and measurable as a function on X ×X. If f ∈ H, let Af be the function

on X given by

(Af)(x) = 〈f, γx〉H ∀x ∈ X.

The following result holds.

Proposition 2 For all f ∈ H, Af ∈ L2(X, µ) and the map A

H 3 f → Af ∈ L2(X, ν)

is a Hilbert-Schmidt operator from H into L2(X, ν). Moreover,

A∗φ =

∫
X

φ(x)γx dν(x), (17)

A∗A =

∫
X

〈·, γx〉Hγx dν(x), (18)

where φ ∈ L2(X, ν), the former integral converges in norm and the latter one in trace

norm.

Proof. The proof is standard and we recall it for completeness. First of all, we show

that, if f ∈ H, Af is measurable. If f = γt for some t ∈ X, the claim follows by the

fact that Γ is measurable. Let now Hγ = span{γx |x ∈ X}, where span denotes the

closure of the linear span. If f ∈ Hγ, Af is the pointwise limit of a sequence of linear

combinations of measurable functions of the form Aγti , so that it is measurable. Finally,

if f ∈ Hγ
⊥, then (Af)(x) = 0 for all x ∈ X and the claim is trivial.

We now prove that Af is in L2(X, ν). The Cauchy-Schwarz inequality gives

sup
x∈X

|(Af)(x)| ≤ κ ‖f‖H,

where κ = supx∈X

√
Γ(x, x) is finite since Γ is bounded. Then, recalling that ν is a

finite measure, we have that Af ∈ L2(X, ν) and

‖Af‖2
L2(X,ν) ≤ ν(X)κ2 ‖f‖H

2.
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This last equation implies that A is a bounded operator from H into L2(X, ν). We will

prove that A is a Hilbert-Schmidt operator as a consequence of Equation (18).

We now prove Equation (17). Since H is separable and γ is weakly measurable,

then γ is strong measurable and, if φ ∈ L2(X, ν), φγ is strong measurable. Moreover,

for all x ∈ X,

‖φ(x)γx‖H = |φ(x)|
√

Γ(x, x) ≤ κ |φ(x)|.
Since ν is finite, it follows that φ is in L1(X, ν) and, hence, φγ is integrable as an

H-valued function. Finally, for all f ∈ H,∫
X

φ(x) 〈γx, f〉H dν(x) = 〈φ,Af〉L2(X,ν) = 〈A∗φ, f〉H ,

so, by uniqueness of the integral, Equation (17) holds.

Equations (18) is a consequence of Equation (17) and the fact that the integral

commutes with the scalar product.

We now prove that A is a Hilbert-Schmidt operator. Let (en)n∈N be a Hilbert

basis of H. Since A∗A is positive and |〈γ(·), en〉H|2 is a positive function, by monotone

convergence theorem we have that

Tr (A∗A) =
∑

n

∫
X

|〈en, γx〉H|
2 dν(x)

=

∫
X

∑
n

|〈en, γx〉H|
2 dν(x)

=

∫
X

〈γx, γx〉H dν(x) ≤ κ ν(X) < +∞,

and the thesis follows.

We call A the Carleman operator associated with the map γ (Halmos and Sunder

(1978) give a weaker definition of Carleman operator).

4. Discretization of Carleman operators

In this section we study the discretization of the inverse problem Af = g where A is the

Carleman operator defined in the previous section. Given the exact datum g ∈ L2(X, ν),

the problem Af = g amounts to find f ∈ H such that

〈f, γx〉H = g(x) x ∈ X.

In particular, if P denotes the orthogonal projection on Im A and Pg ∈ Im A, then

(Pg)(x) =
〈
f †, γx

〉
H x ∈ X, (19)

where f † = A†g is the generalized solution.

A natural way of discretizing the above problem is to replace the measure ν by a

discrete measure so that integrals become weighted sums à la Cauchy-Riemann.

More precisely, given ` ∈ N, we consider a `-sample z of X×R, that is, a set of ` couples

((x1, y1), . . . , (x`, y`)) = (x,y) = z,
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where xi ∈ X and yi ∈ R. We replace X by the finite set

I = {1, . . . , `},

and replace L2(X, ν) by the finite dimensional Hilbert space Zz = R` endowed with the

scalar product

〈y,y′〉Zz
=
∑̀
i=1

aiyiy
′
i,

where ai ∈ R+ are chosen as suitable functions of the sample z.

We approximate the operator A by the operator Ax from H to Zz defined by

(Axf)i = 〈f, γxi
〉H i ∈ I,

and the exact datum g by the vector

y = (y1, . . . , y`) ∈ Zz.

The following proposition recalls the main properties of the operator Ax.

Proposition 3 The operator Ax is a bounded operator from H into Zz and

Ax
∗Ax =

∑̀
i=1

ai〈·, γxi
〉Hγxi

, (20)

Ax
∗y =

∑̀
i=1

aiyiγxi
∀ y ∈ Zz . (21)

Proof. We have Zz = L2(I, νx), where νx is the measure on I given by

νx =
∑̀
i=1

aiδi,

and δi is the Dirac measure at the point i ∈ I. Therefore Ax is the Carleman operator

associated to the map

I 3 i 7→ γxi
∈ H.

Mimicking the proof of Proposition 2 and replacing integrals by sums, the thesis follows.

According to the notation of Section 2, if λ > 0, we denote by

fλ
0 = (A∗A + λ)−1A∗g

fz
λ = (Ax

∗Ax + λ)−1Ax
∗y,

the regularized solutions of exact and discrete problems, respectively, where we add the

subscript z to emphasize the dependence of the solution on the data.

The explicit form of fz
λ amounts to solving a linear problem. Indeed, if Γx is the

`× ` matrix with entries

(Γx)ij = Γ(xi, xj) =
〈
γxj

, γxi

〉
H
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then, by a standard computation (Wahba 1977),

fz
λ =

∑̀
i,j=1

ajγxj

(
(Γx + λ)−1

)
ji

yi. (22)

Applying the results of Section 2, we propose a bound for the reconstruction error∥∥fz
λ − f †

∥∥
H or the residue

∥∥Afz
λ − g

∥∥
L2(X,ν)

. To this aim we have to assume some

hypotheses on the relation between the measures ν and
∑`

i=1 aiδxi
and between the

data g and y. We discuss two different settings.

4.1. A deterministic discretization

In this section, we consider a framework where the measure ν is known, the points xi

are given and the values yi are samples of the datum g without noise, that is, yi = g(xi).

Clearly, this is an ideal framework where the noise is due only to the finite dimensional

approximation (see also Smale and Zhou (2004a)).

Moreover, we study the reconstruction error of the approximated solution. To this

aim, we assume that g ∈ Im A so that, by Equation (19), we can restate the hypothesis

that the noise is zero by the fact that

yi = g(xi) =
〈
f †, γxi

〉
H ∀i ∈ I. (23)

Moreover, we consider a family of measurable sets X1, . . . , X` ⊂ X such that

(i) xi ∈ Xi for all i ∈ I;

(ii) ν(Xi ∩Xj) = 0 for all i 6= j;

(iii) ∪iXi = X.

We let ai = ν(Xi) and recall that κ = supx∈X

√
Γ(x, x). Then we have the following

result.

Corollary 3 If λ > 0, then∣∣ ∥∥fz
λ − f †

∥∥
H −

∥∥fλ
0 − f †

∥∥
H

∣∣ =
∥∥f †∥∥H κ c(`) α

(
2

λ
+

κ
√

α

λ
3
2

)
. (24)

where α = ν(X) and

c(`) = max
i∈I

(
sup
x∈Xi

‖γx − γxi
‖H
)

(25)

= max
i∈I

(
sup
x∈Xi

√
Γ(x, x)− 2Γ(x, xi) + Γ(xi, xi)

)
Proof. We claim that

‖A∗g − Ax
∗y‖H ≤ 2

∥∥f †∥∥Hακc(`) (26)

‖A∗A− Ax
∗Ax‖L(H) ≤ 2ακc(`) (27)
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We first prove Equation (27). By definition of Xi and ai and Equations (18) and (20),

we have that

‖A∗A− Ax
∗Ax‖L(H) =

∥∥∥∥∥∑
i

∫
Xi

(〈·, γx〉Hγx − 〈·, γxi
〉Hγxi

) dν(x)

∥∥∥∥∥
L(H)

≤
∑

i

ν(Xi) sup
x∈Xi

‖〈·, γx〉Hγx − 〈·, γxi
〉Hγxi

‖L(H)

≤
(

max
i∈I

sup
x∈Xi

‖〈·, γx〉Hγx − 〈·, γxi
〉Hγxi

‖L(H)

)∑
i

ν(Xi)

≤ 2ν(X)

(
max
i∈I

sup
x∈Xi

(‖γx‖H‖γx − γxi
‖H)

)
≤ 2κc(`)α,

so that Equations (27) is proved. By Equations (19), (17), (20), it follows that

‖A∗Ag − Ax
∗Axy‖H =

∥∥(A∗A− Ax
∗Ax)f

†∥∥
H,

so that Equation (26) is clear.

We observe that, by Equation (23),

‖y‖2
Zz

=
∑̀
i=1

ai

〈
f †, γxi

〉2
H

≤
∑̀
i=1

ν(Xi)
∥∥f †∥∥H2‖γxi

‖H
2

≤ α
∥∥f †∥∥H2

κ2 = M2,

so that, replacing in Equation (10) the above bounds on M , δ1 and δ2 the inequality (24)

follows.

In Equation (24) we need an a-priori bound on
∥∥f †∥∥H. However, we can obtain a

(worse) estimate of
∥∥fz

λ − f †
∥∥
H depending on ‖g‖Z =

∥∥Af †
∥∥
Z .

Let ω(λ) =
∥∥fλ

0 − f †
∥∥
H be the reconstruction error of the regularized solution

of the exact problem Af = g and λ` = λ(z, `) be a parameter choice rule so that

lim`→∞ ω(λ`) = 0 then, as a consequence of Equation (24),∥∥fz
λ` − f †

∥∥
H = ω(λ`) + O

(
c(`)

λ
3
2
`

)
.

A sufficient condition ensuring that the approximated solution fz
λ` approaches to the

exact solution f † is that lim`→∞
c(`)

2
3

λ`
= 0.

4.1.1. The problem of differentiating a real function As a simple example of the above

setting, we consider the problem of computing the derivative of a function g : [0, 1] → R,

when a finite set of samples yi = g(xi) is given.

First of all, we rewrite the above problem by means of the formalism of Carleman

operators. Let H1([0, 1]) be the Sobolev space of continuous real functions on [0, 1]
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whose weak derivative is in L2([0, 1], dx), where dx is the Lebesgue measure on [0, 1].

The scalar product in H1([0, 1]) is given by

〈f, g〉H1([0,1]) = f(0)g(0) +

∫ 1

0

f ′(x)g′(x) dx.

The space H1([0, 1]) can be replaced by any Hilbert space H (of functions on [0, 1])

having a continuous immersion into L2([0, 1], dx).

We define A : H → L2([0, 1], dx) as

(Af)(x) =

∫ x

0

f(t) dt x ∈ [0, 1],

for all f ∈ H. Clearly, Af = g if and only if f = g′, so that f † = A†g = g′ for all

g ∈ Im A. Moreover, a simple calculation shows that, if x ∈ X,

(Af)(x) = 〈f, γx〉H1([0,1])

where γx ∈ H1([0, 1]) is given by

γx(t) =

{
x + tx− t2

2
t ≤ x

x + x2

2
t > x

.

Hence A is the Carleman operator associated to the map γ

[0, 1] 3 x 7→ γx ∈ H1([0, 1])

and we can apply the result of Section 4.1 with X = [0, 1], ν = dx, H = H1([0, 1]). To

this aim, we notice that the kernel Γ is given by

Γ(x, t) = 〈γx, γt〉H1([0,1]) = xt(1 +
1

2
min{x, t})− 1

6
(min{x, t})3,

which is bounded and measurable. As usual, we choose the points xi = i
`

for all

i = 0, . . . , ` and Xi = [xi−1, xi].

If λ > 0, fz
λ is the regularized solution of the discrete problem∫ xi

0

f(t) dt = g(xi) i = 1, . . . , `,

where f ∈ H1([0, 1]). According to Equation (22), fz
λ is a linear combination of the

functions γxi
, that are quadratic splines: piecewise polynomials of degree two with

continuous derivative (Wahba 1990). From a numerical point of view, the computation

of fz
λ reduces to compute the inverse of the `× ` symmetric matrix

Γx(xi, xj) = xixj(1 +
1

2
min{xi, xj})−

1

6
(min{xi, xj})3.

To apply Equation (24), we notice that α = ν([0, 1]) = 1 and, if 0 ≤ t ≤ x ≤ 1,

‖γx − γt‖H =

√
(x− t)2

3 + x + 2t

3
≤
√

2|x− t|.

It follows that c(`) =
√

2
`

and, letting t = 0, that κ =
√

2. Replacing these bounds in

Equation (24) we obtain that

|
∥∥fz

λ − f †
∥∥

H1([0,1])
−
∥∥fλ

0 − f †
∥∥

H1([0,1])
| = 2

√
2 ‖g′‖H1([0,1])

1

`

(√
2

λ
+

1

λ
3
2

)
.
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In particular, if λ` = λ(z, `) is a parameter choice rule such that λ` = O( 1
`b ) with b < 2

3
,

then the approximated solution fz
λ` approaches the exact solution f † = g′ in H1([0, 1]).

This implies that fz
λ` converges to g′ uniformly on [0, 1].

4.2. Stochastic discretization

In this section we consider a framework where the measure ν is unknown and the points

(xi, yi) of the sample z are drawn identically and independently distributed according

to some probability distribution ρ. We assume the following facts:

(i) the marginal distribution of ρ on X is ν (this implies in particular that ν is

normalized to 1);

(ii) if ρ(y|x) denotes the conditional probability distribution of y given x ∈ X, then

g(x) =

∫
R

y dρ(y|x).

In this context we, let ai = 1
`

so that 1
`

∑`
i=1 δxi

is the empirical measure of ν associated

to the set {x1, . . . , x`}.
The aim is to give a probabilistic bound of the residue, that is, a bound on

Prob
{
z ∈ (X × R)` |

∥∥Afz
λ − Pg

∥∥
L2(X,ν)

≤ ε
}

,

where P is the orthogonal projection on the closure of Im A. A similar estimate can be

obtained for the reconstruction error. We bound the residue since in Section 5 it will

provide the consistency of learning algorithms.

To avoid technical problems, we assume that there is L > 0 such that supp ρ(·|x) ⊂
[−L, L] = Y for ν-almost all x ∈ X. In particular, with probability 1, any sample

z = ((x1, y1), . . . , (x`, y`)) is such that |yi| ≤ L.

The following proposition gives a probabilistic estimate of the noise levels (De Vito

et al. 2004).

Proposition 4 Let ε1, ε2 > 0 and κ = supx∈X ‖γx‖ = supx∈X

√
Γ(x, x), then

Prob

{
z ∈ (X × R)` | ‖A∗g − Ax

∗y‖H ≤ Lκ√
`

+ ε1, ‖A∗A− Ax
∗Ax‖L(H) ≤

κ2

√
`

+ ε2

}
≥ 1− e−

ε21`

2κ2L2 − e−
ε22`

2κ4

Proof. The idea of the proof is to apply McDiarmid inequality (McDiarmid 1989) to

the random variables

F (z) = ‖Ax
∗y − A∗g‖H G(z) = ‖Ax

∗Ax − A∗A‖L(H).

This inequality ensures that, given ε > 0,

Prob
{
z ∈ (X × R)` |F (z) ≥ E(F ) + ε

}
≤ e

− 2ε2∑`
i=1

c2
i , (28)

where E(F ) is the expectation value of F , ci ≥ supz,zi |F (z) − F (zi)| and zi is the

training set with the ith example being replaced by (x′, y′) (a similar equation holds for

G).
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Let Y = [−L, L] and ϕ : X × Y → H

ϕ(x, y) = yγx.

Since Γ is a bounded measurable function and |y| ≤ L, ϕ is measurable and

‖ϕ(x, y)‖ ≤ L κ

so that it is integrable and∫
X×Y

ϕ(x, y) dρ(x, y) =

∫
X

γx

(∫
Y

y dρ(y|x)

)
dν(x)

=

∫
X

g(x)γx dν(x)

= A∗g

Let now Φ : (X × Y )` → H

Φ(z) =
1

`

∑̀
i=1

ϕ(xi, yi) = Ax
∗y.

Since the samples are drawn i.i.d., it follows that∫
(X×Y )`

Φ(z) dρ`(z) = A∗g

1

`

∫
X×Y

‖ϕ(x, y)‖2 dρ(x, y) =

∫
(X×Y )`

‖Φ(z)− A∗g‖2 dρ`(z) +
1

`
‖A∗g‖2

so that, by Cauchy-Schwarz inequality,

E(F ) =

∫
(X×Y )`

‖Φ(z)− A∗g‖ dρ`(z) (29)

≤
√∫

(X×Y )`

‖Φ(z)− A∗g‖2 dρ`(z)

≤ 1√
`

√∫
X×Y

‖ϕ(x, y)‖2 dρ(x, y)

( ‖φ(x, y)‖ ≤ Lκ ) ≤ Lκ√
`
. (30)

Moreover, using the triangular inequality,

|F (z)− F (zi)| = | ‖Ax
∗y − A∗g‖ − ‖A∗

xihzi − A∗g‖ |
≤ ‖Ax

∗y − A∗
xihzi‖

=
1

`

∥∥yiγxi
− y′iγx′i

∥∥
≤ 2Lκ

`

so that we can choose

ci =
2Lκ

`
. (31)
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Finally, we observe that, given ε1 > 0, by Equation (30),

Prob

{
z ∈ (X × R)` |F (z) ≥ Lκ√

`
+ ε1

}
≤ Prob

{
z ∈ (X × R)` |F (z) ≥ E(F ) + ε1

}
( Eqs. (28), (31) ) ≤ e−

ε21`

2κ2L2

To prove the second part, we can mimic the same proof, observing that

‖Ax
∗Ax − A∗A‖L(H) ≤ ‖Ax

∗Ax − A∗A‖2 ,

where ‖Ax
∗Ax − A∗A‖2 is the Hilbert-Schmidt norm in the Hilbert space of the Hilbert-

Schmidt operators (we use the Hilbert-Schmidt norm since we need to assume that G

takes value in a Hilbert space).

From the above proposition, we can deduce that

Proposition 5 Given 0 < η < 1, with probability greater that 1− η,

|
∥∥Afz

λ − Pg
∥∥

L2(X,ν)
−
∥∥Afλ

0 − Pg
∥∥

L2(X,ν)
| ≤ κL

2
√

`

(
1√
λ

+
κ

2λ

)(
1 + log

√
4

η

)
(32)

for all λ > 0.

If we choose, according to some parameter choice rule, λ = λ(z, `) = O( 1
`b ), with

0 < b < 1
2
, and we let fz,` = fz

λ(`) and f0,` = f
λ(`,z)
0 , then, in probability,

‖Afz,` − Pg‖L2(X,ν) = ‖Af0,` − Pg‖L2(X,ν) + O(
1√

`1−2b
).

Proof. We observe that

‖y‖2
Zz

=
1

`

∑̀
i=1

y2
i ≤ L2.

The thesis follows from Equation (11) with the choice M = L and from the above

proposition with the choice

e−
ε21`

2κ2L2 =
η

2

e−
ε22`

2κ4 =
η

2

We stress that the set of samples z such that Equation (32) holds depends on ` and η,

but does not depend on λ. This is a consequence of the fact that the analytic dependence

of the bound on λ is due to regularization, whereas its probabilistic dependence on the

sample z is due to the estimate of the noise levels δ1 and δ2.

5. Learning from examples

In this section we show that the learning from examples can be set in the context of

a stochastic discretization of a Carleman operator. To have a linear problem, we treat

only the regression setting with quadratic loss function and we study the regularized

least squares algorithm (for an account of learning theory and its application see Vapnik
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(1998), Evgeniou et al. (2000), Cucker and Smale (2002b), Poggio and Smale (2003) and

references therein). Some results in the same spirit can be found in Cucker and Smale

(2002a), Mukherjee et al. (2002), Poggio et al. (2004), Smale and Zhou (2004b), Rudin

(2004) and Kurkova (2004).

In the framework of learning theory, there are two sets, namely, the input space

and the output space. The former is a compact separable metric space X, the latter is

R. The relation between the input x ∈ X and the output y ∈ R is probabilistic and

it is described by a probability distribution ρ on X × R. We denote by ν the marginal

distribution of ρ on X and by ρ(y|x) the conditional probability of y given x ∈ X. We

assume that there is L > 0 such that supp ρ(·|x) ⊂ [−L, L] = Y for ν-almost all x ∈ X.

The distribution ρ is known only through a sample z = (x,y) =

((x1, y`), . . . , (x`, y`)), called training set, drawn independently and identically

distributed according to ρ. The goal of learning is, given a sample z, to find a function

fz : X → R such that fz(x) is an estimate of the output y when a new input x is given.

The function fz is called estimator and the rule provides fz for any given sample z is

called learning algorithm.

Given a measurable function f : X → R, the ability of f to describe the distribution

ρ is measured by its expected risk defined as

I[f ] =

∫
X×R

(f(x)− y)2 dρ(x, y),

which is finite if and only if f ∈ L2(X, ν). The minimizer of the expected risk over the

set of all measurable functions on X is the regression function

g(x) =

∫
R

y dρ(y|x) x ∈ X,

(since the support of ρ is contained in the compact subset X × [−L, L] the regression

function g is well defined and belongs to L2(X, ν)). However, such a regression function

cannot be reconstructed starting from the sample z since the data are finite and noisy.

To overcome this problem, in learning theory we choose a hypotheses space H,

which is a reproducing kernel Hilbert space on X, (Aronszajn 1950, Schwartz 1964).

We recall that H is a Hilbert space of real functions on X such that, if x ∈ X, there is

γx ∈ H satisfying

f(x) = 〈f, γx〉H ∀f ∈ H. (33)

We assume that the kernel Γ(x, t) = 〈γt, γx〉H is a bounded measurable function on

X ×X, so that the expected risk of any f ∈ H is finite.

Given λ > 0, in the regularized least squares algorithm, the estimator fz
λ is

defined as the minimizer on H of the regularized least squares functional (Cucker and

Smale 2002b)

1

`

∑̀
i=1

(f(xi)− yi)
2 + λ ‖f‖2

H .
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In learning theory, the regularization parameter λ has to be chosen, as a function of `,

in such a way that the algorithm is consistent (Vapnik 1998), that is, for all ε > 0

lim
`→+∞

Prob

{
z ∈ (X × R)` | I[fz

λ` ]− inf
f∈H

I[f ] ≥ ε

}
.

Notice that, in general, inff∈H I[f ] is greater than I[g] and represents a sort of irreducible

error associated to the choice of the space H.

We now show that the above problem is the discretization of an inverse problem

defined by a Carleman operator. Indeed, following Cucker and Smale (2002b), the

expected risk of f ∈ H can be rewritten as

I[f ] =

∫
X

(f(x)− g(x))2 dν(x) +

∫
X×R

(y − g(x))2 dρ(x, y)

= ‖Af − g‖2
L2(X,ν) + I[g],

where I[g] =
∫

X×R(y − g(x))2 dρ(x, y) and A is the canonical immersion of H into

L2(X, ν). The operator A is well defined since Γ is bounded and measurable, and

Equation (33) implies that A is the Carleman operator associated with the map γ

x 3 X 7→ γx ∈ H.

We are now in position to apply the result of Section 4.2. Given a training set z, let Ax

be the discretized version of A, that is,

(Axf)i = 〈f, γxi
〉H = f(xi),

then

1

`

∑̀
i=1

(f(xi)− yi)
2 = ‖Axf − y‖2

Zz
,

so that the estimator fz
λ given by the regularized least squares algorithm is the

regularized solution à la Tikhonov of the discrete problem Axf = y (in the context

of learning theory the functional 1
`

∑`
i=1(f(xi)− yi)

2 is called empirical risk of f).

Finally, since P is the orthogonal projection on the closure of H in L2(X, ν), by

definition of projection,

I[f ]− inf
f∈H

I[f ] = ‖Af − Pg‖2
L2(X,ν) ,

for all f ∈ H. The above equation clarifies that in learning theory we have to study

the convergence of the residue instead of the reconstruction error, as in the theory of

inverse problems.

As a consequence of Proposition 5, we have the following bound on the performance

of the learning algorithm: with probability greater that 1− η,

I[fz
λ] ≤ I[fλ

0 ] +
κL

2
√

`

(
1√
λ

+
κ

2λ

)(
1 + log

√
4

η

)
(34)

for all λ > 0.
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Let now choose the parameter λ` = λ(z, `) such that λ` = O( 1
`b ), with 0 < b < 1

2
,

then, in probability,

lim
`→∞

I[fz
λ(z,`)] = inf

f∈H
I[f ],

showing that the regularized least square algorithm is consistent.

We notice that the set of samples such that Equation (34) holds, depends on ` and

η, but does not depend on λ. This last fact allows us to consider a posteriori parameter

choice rule λ` = λ(z, `) which is problematic in general due to the probabilistic setting

of learning theory (see De Vito et al. (2004), Devroye et al. (1996)).
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