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Abstract. We investigate theoretically some properties of variational
Bayes approximations based on estimating the mixing coefficients of
known densities. We show that, with probability 1 as the sample size
n grows large, the iterative algorithm for the variational Bayes approx-
imation converges locally to the maximum likelihood estimator at the
rate of O(1/n). Moreover, the variational posterior distribution for the
parameters is shown to be asymptotically normal with the same mean
but a different covariance matrix compared with those for the maximum
likelihood estimator. Furthermore we prove that the covariance matrix
from the variational Bayes approximation is ‘too small’ compared with
that for the MLE, so that resulting interval estimates for the parameters
will be unrealistically narrow.

1 Introduction

Variational Bayes approximations, introduced by Attias [1, 2], have been success-
fully applied to complex models involving incomplete-data where computational
difficulties arise in the ideal Bayesian approaches, as for instance with hidden
Markov models and mixture models. The approximations are widely recognised
to be effective and promising in a series of papers, such as [3–10] and the refer-
ences therein. In these earlier contributions, the approximations were shown em-
pirically to be convergent and consistent. In Attias [1, 2] and Penny and Roberts
[10] the authors claimed that the variational Bayes estimator approaches the
maximum likelihood estimator in the large sample limit, but no rigorous proof
was given. While experimental results are often satisfactory in practice, exact
theoretical assessment of the quality of this method is an important issue.

In this paper we study some properties of variational Bayes approximations
theoretically for certain mixture models. Based on estimating the mixing coef-
ficients of known densities, we show that, with probability 1 as the sample size
n grows large, the iterative algorithm for the variational Bayes approximation
converges locally to the maximum likelihood estimator at the rate of O(1/n).
Moreover, we prove that the variational posterior distribution for the parameters
is asymptotically normal with the same mean but a different covariance matrix
compared with those for the maximum likelihood estimator. Further develop-
ments show that the covariance matrix from the variational Bayes approxima-
tion is ‘too small’ compared with that for the MLE, so that resulting interval
estimates for the parameters will be too narrow. Numerical examples reinforce
the theoretical analysis.



2 The mixture model and the variational approximation

We consider a model in which we have a mixture ofm known densities p1, p2, . . . , pm.
The density of an observation is given by

p(yi|Θ) =
m∑
s=1

ps(yi)p(si = s|Θ) , (1)

where yi ∈ IRd denotes the ith observed data vector, and si indicates the hidden
component that generated it. The components are labelled by s = 1, 2, . . . ,m,
and the component s has mixing coefficient θs = p(si = s|Θ) for any i. We write
the parameters collectively as Θ = (θ1, θ2, . . . , θm)′, and assign a Dirichlet prior
distribution D(a(0)

1 , a
(0)
2 , . . . , a

(0)
m ) to Θ.

Suppose that we have (complete) data consisting of a random sample of size
n, with Y = (y1, y2, . . . , yn)′ and S = (s1, s2, . . . , sn)′. Then the joint density of
Θ, S and Y is

p(Θ,S, Y ) ∝
{ m∏
s=1

θ
a(0)
s −1
s

} n∏
i=1

{
θsipsi(yi)

}
.

In the variational Bayes approach, we use an approximating density q(S,Θ)
for p(S,Θ|Y ), which factorises as q(S,Θ) = q(S)(S)q(Θ)(Θ), and is chosen to
maximise ∫ ∑

{S}

q(S,Θ) log
p(Θ,S, Y )
q(S,Θ)

dΘ .

It follows that q(S)(S) factorises as q(S)(S) =
∏n
i=1 q

(S)
i (si) and the variational

posterior can be obtained by the following iterative procedure. In turn, we per-
form the following two stages.

(i) Optimise q(Θ)(Θ) for fixed {q(S)
i (si), i = 1, . . . , n}. This step results in

q(Θ)(Θ) ∼ D({a(0)
s +

n∑
i=1

ris}ms=1) , (2)

where ris = q
(S)
i (si = s).

(ii) Optimise {q(S)
i (si), si = 1, . . . ,m, i = 1, . . . , n} for fixed q(Θ)(Θ). This

results in

ris = q
(S)
i (si = s) =

ps(yi)φs∑m
s=1 ps(yi)φs

, s = 1, . . . ,m, (3)

where
φs = exp{

∫
q(Θ)(α) logαsdα}, α = (α1, . . . , αm)′ .

We write φ = (φ1, . . . , φm)′.
This iterative procedure can be initialised by taking, for each i and s,

ris =
ps(yi)a

(0)
s∑m

s=1 ps(yi)a
(0)
s

.



3 Local convergence of the iterative procedure

An iterative procedure is said to converge locally to a limit if the iterates converge
to that limit whenever the starting values are sufficiently near to the limit.
We suppose that the true value of the parameter Θ is Θ∗, with 0 < θ∗s <
1, s = 1, . . . ,m. In this section we shall show that the algorithm presented in
the previous section converges locally to Θ∗.

In the kth iteration, we write

θ(k)
s =

1
n

n∑
i=1

r
(k)
is , Θ(k) = (θ(k)

1 , . . . , θ(k)
m )′ ,

where the notation for r now recognises that the r-values change from iteration
to iteration.

We define the variational Bayesian estimator of a parameter as its variational
posterior mean. Then the procedure given by (2) and (3) suggests the following
algorithm for calculating the variational Bayesian estimate of Θ: starting with
some initial value Θ(1), successive iterates are defined inductively by

Θ(k+1) = Φn(Θ(k)) (4)

for k = 1, 2, . . ., where Φn = (Φ1
n, . . . , Φ

m
n )′,

Φsn(Θ(k))
4
=

1
n

n∑
i=1

ps(yi)φ
(k)
s∑m

s=1 ps(yi)φ
(k)
s

,

φ(k)
s = exp{

∫
q(Θ)(k)(α) logαsdα} , (5)

and
q(Θ)(k)(α) ∼ D({a(0)

s + nθ(k)
s }ms=1) . (6)

We have the following theorem.

Theorem 1. With probability 1 as n approaches infinity, the iterative procedure
(4) converges locally to the true value Θ∗.

Proof. We first prove that, with probability 1 as n approaches infinity, the op-
erator Φn is locally contractive; that is, there exists a number λ, 0 ≤ λ < 1, such
that

‖Φn(Θ̄)− Φn(Θ∗)‖ ≤ λ‖Θ̄ −Θ∗‖ ,

whenever Θ̄ lies sufficiently near Θ∗.
Since Θ̄ is near Θ∗, one can write

Φn(Θ̄)− Φn(Θ∗) = ∇Φn(Θ∗)(Θ̄ −Θ∗) +O(‖Θ̄ −Θ∗‖2) ,

where ∇Φn(Θ∗) denotes the gradient of Φn(Θ) evaluated at Θ∗. Consequently,
it is sufficient to show that ∇Φn(Θ∗) converges with probability 1 to an operator
which has norm less than 1.



From the definition of the operator Φn, we have, for s, j = 1, . . . ,m, that

∇jΦsn(Θ∗) =
1
n

n∑
i=1

ps(yi)φjs(
∑m
t=1 pt(yi)φt)− ps(yi)φs(

∑m
t=1 pt(yi)φ

j
t )

(
∑m
t=1 pt(yi)φt)2

,

where φs is as given in (5)-(6) but with Θ(k) replaced by Θ∗ in (6), and where
φjs denotes the derivative of φs with respect to θj . However, it is obvious that,
as n tends to infinity, the mean of θs corresponding to the density q(Θ)(Θ) is

a
(0)
s + nθ∗s∑m
s=1 a

(0)
s + n

→ θ∗s ,

the covariance between θs and θt, for s 6= t, is

− (a(0)
s + nθ∗s)(a(0)

t + nθ∗t )

(
∑m
s=1 a

(0)
s + n)2(

∑m
s=1 a

(0)
s + n+ 1)

= O(
1
n

)→ 0 ,

and the variance of θs is

(a(0)
s + nθ∗s)(

∑m
s=1 a

(0)
s − a(0)

s + n− nθ∗s)

(
∑m
s=1 a

(0)
s + n)2(

∑m
s=1 a

(0)
s + n+ 1)

= O(
1
n

)→ 0 .

From these we show in Appendix A that, as n tends to infinity,

φs → θ∗s ,

φjs →
{

1, if j = s ;
0, if j 6= s .

Thus from Appendix B we obtain that, with probability 1,

∇jΦsn(Θ∗)→


IE
{
ps(yi)(

∑m
s=1 ps(yi)θ

∗
s)− p2

s(yi)θ
∗
s

(
∑m
s=1 ps(yi)θ∗s)2

}
, if j = s ;

−IE
{

ps(yi)pj(yi)θ∗s
(
∑m
s=1 ps(yi)θ∗s)2

}
, if j 6= s ,

= IE
{

ps(yi)∑m

s=1
ps(yi)θ∗s

}
δjs − θ∗s · IE

{
p2
s(yi)

(
∑m

s=1
ps(yi)θ∗s )2

}
,

where δjs is the Kronecker delta function and the expectation corresponds to
the true model in which Θ = Θ∗.

Since

IE
{

ps(yi)∑m
s=1 ps(yi)θ∗s

}
=
∫

ps(yi)∑m
s=1 ps(yi)θ∗s

· p(yi)dyi = 1 , (7)

where p(yi) =
∑m
s=1 ps(yi)θ

∗
s is the (true unconditional) probability density of

each observation, the last expression can be rewritten as

∇Φn(Θ∗)→ I −ΞΨ ,



where I denotes the identity matrix, Ξ
4
= diag(θ∗1 , θ

∗
2 , · · · , θ∗m) and

Ψ = IE


ν1

ν2

...
νm

(ν1 ν2 · · · νm
)
, νs =

ps(yi)∑m
s=1 ps(yi)θ∗s

. (8)

Obviously Ψ is a positive definite matrix. Therefore, as n tends to infinity,

∇Φn(Θ∗) < I .

Next we prove that I − ΞΨ ≥ 0. Since Ξ is a positive diagonal matrix, it
suffices to show that

Θ′Ξ−1Θ ≥ Θ′Ξ−1ΞΨΘ = Θ′ΨΘ (9)

for any Θ = (θ1, . . . , θm)′.
In fact, one has

Θ′ΨΘ = IE(θ1ν1 + θ2ν2 + · · ·+ θmνm)2

= IE

[
m∑
s=1

(θ∗−1
s θs · θ∗sνs)

]2

.

As a corollary of Schwarz’s inequality we have that, if ηs ≥ 0 for s = 1, · · · ,m
and

∑m
s=1 ηs = 1, then

|
m∑
s=1

ξsηs|2 ≤
m∑
s=1

ξ2
sηs (10)

for all {ξs}s=1,···,m (see [11]).
Applying this result and noting that

∑m
s=1 θ

∗
sνs = 1, we obtain

Θ′ΨΘ ≤ IE

[
m∑
s=1

(θ∗−1
s θs)2θ∗sνs

]
= IE

[
m∑
s=1

θ∗−1
s θ2

sνs

]

=
m∑
s=1

θ∗−1
s θ2

sIEνs =
m∑
s=1

θ∗−1
s θ2

s = Θ′Ξ−1Θ ,

because of (7).
Thus we have proved that ∇Φn(Θ∗) converges with probability 1 to an opera-

tor with norm less than 1, and consequently the operator Φn is locally contractive.
From the above proof, it is then obvious that Φn(Θ∗) tends to Θ∗ as n

approaches infinity. Since

‖Θ(k+1) −Θ∗‖ ≤ ‖Φn(Θ(k))− Φn(Θ∗)‖+ ‖Φn(Θ∗)−Θ∗‖
≤ λ‖Θ(k) −Θ∗‖+ ‖Φn(Θ∗)−Θ∗‖ ,

the iterative procedure (4) converges locally to the true value Θ∗ as n approaches
infinity . ut



4 The convergence rate of the variational Bayes estimator

In this section we consider the rate at which the variational Bayes estimator
converges to the maximum likelihood estimator (MLE). Suppose the sample size
n is large. Let Θ̂n = (θ̂n1 , . . . , θ̂

n
m)′ and Θ̃n = (θ̃n1 , . . . , θ̃

n
m)′ denote the fixed point

of iteration (4) in the neighbourhood of the true value and the variational Bayes
estimator, respectively; that is, from (4),

θ̂ns =
1
n

n∑
i=1

ps(yi)φs∑m
s=1 ps(yi)φs

, (11)

q(Θ)(α) ∼ D({a(0)
s + nθ̂ns }ms=1) ,

φs = exp{
∫
q(Θ)(α) logαsdα} ,

and

θ̃ns
4
=
∫
αq(Θ)(α)dα =

a
(0)
s + nθ̂ns∑m
s=1 a

(0)
s + n

.

Hence Θ̃n = Θ̂n +O(1/n).
Suppose that Θ̄n = (θ̄n1 , . . . , θ̄

n
m)′ is the strongly consistent MLE of the pa-

rameter Θ; that is, θ̄ns is the solution of the following likelihood equation (see
Peters and Walker [11], Redner and Walker [12]):

lns (Θ)
4
= θs −

1
n

n∑
i=1

ps(yi)θs∑m
s=1 ps(yi)θs

= 0 ,

for s = 1, . . . ,m. Let ln = (ln1 , . . . , l
n
m)′. Then we have the following lemma.

Lemma 1. With probability 1 as n tends to infinity, the gradient of the likelihood
function ln, evaluated at the true value Θ∗, converges uniformly to ΞΨ , where
Ξ and Ψ are defined as in the previous section.

Proof. After some straightforward manipulations, the convergence is a direct
corollary of the strong law of large numbers. ut

Meanwhile, from (11) we have that

0 = θ̂ns −
1
n

n∑
i=1

ps(yi)φs∑m
s=1 ps(yi)φs

= lns (Θ̂n) +
1
n

n∑
i=1

[
ps(yi)θ̂ns∑m
s=1 ps(yi)θ̂ns

− ps(yi)φs∑m
s=1 ps(yi)φs

]

= lns (Θ̂n) +
1
n

n∑
i=1

∑m
j=1 ps(yi)pj(yi)(θ̂

n
s φj − φsθ̂nj )

[
∑m
s=1 ps(yi)θ̂ns ][

∑m
s=1 ps(yi)φs]

.



It follows from Appendix A that φs = θ̂ns + O(1/n), so θ̂ns φj − φsθ̂nj = O(1/n).
Thus the second term is of order O(1/n). From Taylor’s expansion the first term
can be rewritten as

ln(Θ̂n) = ln(Θ̄n) +∇ln(Θ̄n + λ(Θ̂n − Θ̄n))(Θ̂n − Θ̄n)
= ∇ln(Θ̄n + λ(Θ̂n − Θ̄n))(Θ̂n − Θ̄n) ,

where 0 ≤ λ ≤ 1. Thus, we obtain

0 = ∇ln(Θ̄n + λ(Θ̂n − Θ̄n))(Θ̂n − Θ̄n) +O(
1
n

) .

We have proved that Θ̂n converges to Θ∗, and it is well known that Θ̄n tends
to Θ∗, so it follows from Lemma 1 that ∇ln(Θ̄n + λ(Θ̂n − Θ̄n)) converges to
ΞΨ . Therefore, we have that Θ̂n = Θ̄n + O(1/n), and consequently that Θ̃n =
Θ̄n +O(1/n).

Remark 1. It is known that the (non-variational) Bayes estimator and the MLE
get closer to each other at rate O(1/n), so the variational Bayes estimator is
asymptotically consistent at the same rate.

5 Asymptotic normality of the variational posterior
distribution

In this section, we show that the variational posterior distribution for the param-
eter Θ obtained by the iterative procedure has also the property of asymptotic
normality. This implies that the variational posterior becomes more and more
concentrated around the true parameter value as the sample size grows.

Suppose the sample size n is large. Denote by Θ̂n = (θ̂n1 , . . . , θ̂
n
m)′ the fixed

point of the iteration (4). Thus the variational posterior density of Θ at Θ̂n is

q(Θ)
n (Θ) ∼ D({â(n)

s }ms=1) , (12)

where â(n)
s = a

(0)
s +

∑n
i=1 r̂is and r̂is = q

(S)
i (si = s).

In the rest of the paper, we express θm explicitly as 1−
∑m−1
s=1 θs. Thus the

density (12) can be rewritten as a density of exponential family type:

q
(Θ)
n (Θ) ∝ exp

{
(â(n)

1 − 1) log θ1 + · · ·+ (â(n)
m − 1) log(1−

∑m−1
s=1 θs)

}
4
= exp{h′(Θ)β − αψ(Θ)} ,

(13)

where
β
4
= (â(n)

1 − 1, . . . , â(n)
m−1 − 1)′ ,

h(Θ)
4
= (log θ1, . . . , log θm−1)′ ,

α
4
= 1− â(n)

m , and ψ(Θ)
4
= log(1−

m−1∑
s=1

θs) .



In Wang and Titterington [13] we have proved the asymptotic normality
of the variational posterior distributions associated with natural exponential
families with missing values. Since the algorithm (4) has been proved to be
convergent, along the same lines it can be easily checked that the result holds
for the density (13). Therefore, if Θ̃n = (θ̃n1 , . . . , θ̃

n
m−1)′ is the maximiser of

h′(Θ)β−αψ(Θ) and we define Σn = −[∇2 log q(Θ)
n (Θ̃n)]−1, we have the following

theorem.

Theorem 2. As n approaches infinity, the variational posterior density q(Θ)
n (·)

converges in distribution to a normal density with mean Θ̃n and covariance ma-
trix Σn.

More clearly, from the definition we can actually evaluate Θ̃n explicitly as

θ̃ns =
â

(n)
s − 1∑m

s=1(â(n)
s − 1)

=
a

(0)
s +

∑n
i=1 r̂is − 1∑m

s=1 a
(0)
s + n−m

, s = 1, . . . ,m− 1 .

Thus the covariance matrix Σn can be expressed as



â
(n)
1 −1

(θ̃n1 )2 + â(n)
m −1

(θ̃nm)2

. . . â
(n)
m −1
(θ̃nm)2

. . .
â

(n)
m −1
(θ̃nm)2

. . .

â
(n)
m−1−1

(θ̃n
m−1)2 + â(n)

m −1

(θ̃nm)2



−1

,

where θ̃nm is defined as 1−
∑m−1
s=1 θ̃ns .

It follows from Theorem 1 and the law of large numbers that 1
n

∑n
i=1 r̂is

converges to θ∗s , and hence we obtain that Θ̃n converges to the true value Θ∗

and nΣn converges to the matrix



θ∗−1
1 + θ∗−1

m

. . . θ∗−1
m

. . .

θ∗−1
m

. . .
θ∗−1
m−1 + θ∗−1

m



−1



which is equal to

θ∗1(1− θ∗1)
. . . −θ∗i θ∗j

. . .

−θ∗i θ∗j
. . .

θ∗m−1(1− θ∗m−1)


4
= Λ . (14)

There have been a large number of contributions about the asymptotic nor-
mality of maximum likelihood estimators and posterior distributions; see for
instance Walker [14], Heyde and Johnstone [15], Chen [16], Bernardo and Smith
[17] and Ghosal, Ghosh and Samanta [18]. In the setting of mixture models,
letting Θ̄n = (θ̄n1 , . . . , θ̄

n
m−1)′ be the strongly consistent maximum likelihood es-

timator of the parameter Θ and I(Θ) the Fisher information matrix, Redner
and Walker [12] showed the following theorem.

Theorem 3. As n tends to infinity,
√
n(Θ̄n − Θ∗) is asymptotically normally

distributed with mean zero and covariance matrix I(Θ∗)−1.

From Theorems 2 and 3, the limiting densities of the variational Bayes density
and the MLE have the same mean (i.e. the true value Θ∗). However one can see
that their covariance matrices are not equal in general. An interesting question
is: how can they be compared? In the next section we will study this issue.

6 Fisher information and covariance associated with
variational Bayes approximation

In this section, we denote by y any random vector distributed according to the
probability density of the form (1). Therefore, the Fisher information matrix is
given by

I(Θ) =
∫

[∇ log p(y|Θ)][∇ log p(y|Θ)]′p(y|Θ)dy . (15)

Let L(Θ) = log p(y|Θ) and define ν as in (8). After a straightforward calcu-
lation the Fisher information matrix (15) can be rewritten as

I(Θ) =
∫
V V ′p(y|Θ)dy = IE[V V ′] ,

where V = (ν1 − νm, . . . , νm−1 − νm)′.

Proposition 1. Letting Λ denote the limiting covariance matrix of the varia-
tional posterior of the parameter Θ, we have that I(Θ∗)−1 ≥ Λ.

Proof. Since Λ is positive definite, it is sufficient to show that

Θ′I(Θ∗)Θ ≤ Θ′Λ−1Θ (16)



for any Θ = (θ1, . . . , θm−1)′.
In fact, along the same lines as the proof of inequality (9) one can obtain

Θ′IE(V V ′)Θ ≤
m∑
s=1

θ2
sθ
∗−1
s ,

where θm
4
= −

∑m−1
s=1 θs.

On the other hand, by (14) it can be easily checked that

Θ′Λ−1Θ =
m∑
s=1

θ2
sθ
∗−1
s .

The proof is complete. ut

By (10) equality in (16) holds if and only if the mixture model (1) has only
one component or the supports of the component densities are disjoint. If the
components are well separated or have little overlap, the mixture distribution
can be regarded approximately as multinomial. In this case, at a given observa-
tion yi, there exists one ps(yi) which is far larger than the others, and therefore
the inverse of Fisher information matrix is close to the covariance matrix of the
variational posterior distribution. Proposition 1 shows that in general the covari-
ance matrix from the variational Bayes approximation is ‘too small’ compared
with that for the MLE, so that resulting interval estimates for the parameters
will be too narrow.

7 Numerical experiments

We demonstrate our results with a simple mixture of two known normal densities.
First we fix the two normal densities to have means of 2 and 4 and unit

variance, and generate a total of 100 observations using θ = 0.65. For different
sample sizes up to n = 100 the MLE θ̄n and the variational Bayes estimate θ̂n

based on a Beta prior distribution for θ with a(0)
1 = a

(0)
2 = 1 are computed using

the first n observations, and are plotted in Figure 1. When the sample size is
small, there is a gap between the two estimates, but quickly they track each
other very closely as the sample size grows.

In Figure 2, we plot the corresponding variational posterior densities and the
normal density N (θ̄n, Λ/n) for the sample sizes n = 2, 10, 50, 100, where Λ is
defined in (14). It can be seen that the variational posterior density becomes
closer and closer to the limiting normal density.

Finally, to compare the variance Λ associated with the variational Bayes
approximation with the Fisher information, we fix one component to have mean
zero and unit variance and compute the inverse of the variance Λ and Fisher
information, allowing the other component to have varying mean µ. The results
are plotted in Figure 3 for various values of the mixing coefficient θ. Obviously, if
the components in the mixture model are widely separated, these two quantities
are very similar, whereas, if the components are nearly identical, they are very
different.
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sample sizes.



−10 −5 0 5 10
−20

0

20

40

60

80

100

120
Mixing coefficient theta=0.01

mu
−10 −5 0 5 10

−2

0

2

4

6

8

10

12
Mixing coefficient theta=0.1

mu

−10 −5 0 5 10
−1

0

1

2

3

4

5
Mixing coefficient theta=0.3

mu
−10 −5 0 5 10

−1

0

1

2

3

4

5
Mixing coefficient theta=0.5

mu

Fig. 3. The inverse of the variance associated with the variational Bayes approximation
and the Fisher information for different mixing coefficients. The solid lines denote the
Fisher information and the dashed horizontal lines indicate the inverse of the variance
for the variational Bayes approximation.

8 Conclusion

We have investigated some properties of variational Bayes approximations, namely
consistency and asymptotic normality, and compared the true covariance matrix
of the posterior distribution (the inverse of Fisher information) with the covari-
ance matrix associated with its variational Bayes approximation. The results
reveal that in mixture models the point estimate obtained by using a factorised
form q(S)(S)q(Θ)(Θ) for the posterior distributions of Θ and S does not lead to
bias for large samples, but the interval estimates for the parameters will be too
narrow in general.
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Appendix A

First the following conclusion holds. Suppose that pn(x) is the probability density
function of the random variable Xn, that IEXn = µn → µ, as n→∞, and that
Cov(Xn) = O(1/n). Then, for any function f(·) with continuous second-order
derivative near µ, we have

IEf(Xn) = f(µn) +O(
1
n

) .

This follows from the Taylor expansion

f(Xn) = f(µn) +∇f(µn) · (Xn − µn) +
1
2

(Xn − µn)′∇2f(µn)(Xn − µn)

+o(‖Xn − µn‖2) ,

because then

IEf(Xn) = f(µn) +∇f(µn) · (IEXn − µn)

+
1
2

IE
[
(Xn − µn)′∇2f(µn)(Xn − µn)

]
+ o(IE‖Xn − µn‖2)

= f(µn) +
1
2

IE
[
(Xn − µn)′∇2f(µn)(Xn − µn)

]
+ o(IE‖Xn − µn‖2)

= f(µn) +O(
1
n

) .

Applying this to the case of

f(x) = log x, and Xn : q(Θ)(α) ∼ D({a(0)
s + nθs}ms=1) ,

we easily obtain that

IEf(Xn) =
∫
q(Θ)(α) logαsdα = log(IEXn) +O(

1
n

) .

Hence, from Taylor expansion, we have

φs = exp{
∫
q(Θ)(α) logαsdα} = exp{log(IEXn) +O(

1
n

)}

= exp{log(IEXn)}+ exp{log(IEXn)} ·O(
1
n

) +O(
1
n2

)

= IEXn + IEXn ·O(
1
n

)

= θs +O(
1
n

)→ θs .

We have assumed that 0 < θ∗s < 1 and our conclusions are local in nature,
so there is no loss of generality in restricting the discussion to 0 < ε0 ≤ θ∗s ≤
1−ε0 < 1 for a small positive constant ε0. Thus the above convergences are also
uniform in θs. As a result we have

φjs →
{

1, if j = s ;
0, if j 6= s .



Appendix B

We show that, if Fn(·)→ F0(·) uniformly, then, with probability 1,

1
n

n∑
i=1

Fn(Xi)→ IEF0(Xi)

for any sequence {Xn} of independent and identically distributed random vari-
ables.

This is a direct corollary of the strong law of large numbers and the following
calculation:

| 1
n

n∑
i=1

Fn(Xi)− IEF0(Xi)|

≤ | 1
n

n∑
i=1

Fn(Xi)−
1
n

n∑
i=1

F0(Xi)|+ |
1
n

n∑
i=1

F0(Xi)− IEF0(Xi)|

≤ 1
n

n∑
i=1

|Fn(Xi)− F0(Xi)|+ |
1
n

n∑
i=1

F0(Xi)− IEF0(Xi)|

≤ sup
x
|Fn(x)− F0(x)|+ | 1

n

n∑
i=1

F0(Xi)− IEF0(Xi)| .
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