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E-mail:kimki;mof;bs@tuebingen.mpg.de

1



Iterati veKernel Principal ComponentAnalysis for ImageModeling

Abstract - In recentyears,KernelPrincipal ComponentAnalysis(KPCA) hasbeensuggestedfor variousimageprocessing

tasksrequiringanimagemodelsuchas,e.g.,denoisingor compression.Theoriginal form of KPCA, however, canbeonly

appliedto stronglyrestrictedimageclassesdueto thelimitednumberof trainingexamplesthatcanbeprocessed.Wetherefore

proposea new iterative methodfor performingKPCA, the Kernel HebbianAlgorithm. By kernelizing the Generalized

HebbianAlgorithm, onecaniteratively estimatetheKernelPrincipalComponentswith only linearordermemorycomplexity.

In ourexperiments,wecomputemodelsfor complex imageclassessuchasfacesandnaturalimageswhichrequirealarge

numberof trainingexamples.Theresultingimagemodelsaretestedin single-framesuper-resolutionanddenoisingapplica-

tions.AlthoughtheKPCA modelis not speci�cally tailoredto thesetasks,bothsuper-resolutionanddenoisingperformance

arecomparableto existing methods.Thesamemodelcanbeusedin taskswith variableinputs,for instancesuper-resolution

with variableinput resolution,or denoisingwith unknown noisecharacteristics.

Index terms–Principalcomponentanalysis,Kernelmethods,Imagemodels,Imageenhancement.

1 Intr oduction

Priorknowledgeaboutthestatisticsof speci�c imageclassesaffordsnumerousapplicationsin imageprocessing

suchassuper-resolution[14, 24], denoising[52, 46, 33], segmentation[31], or compression[5]. Theprior can

becodedeitherimplicitly by directly learningthemappingbetweeninput anddesiredoutput(asin [14, 24]), or

explicitly by �nding asuitableimagemodel.In imagemodeling,wecanroughlydistinguishbetweenapproaches

that try to estimateaspectsof the underlyingprobability distribution usinga �x ed setof basiselementssuch

aswavelets[5, 46], projectedpro�les of objects[18] or geometricalprimitives[42, 30], andapproachesthat

try to �nd basissetswith certainoptimality propertiesrangingfrom PrincipalComponentAnalysis(PCA) [43],

IndependentComponentAnalysis(ICA) [4, 25] to sparsecoding[38].

Interestingly, all of the latterapproachesmodelimagesaslinear combinationsof transparentbasisimages.

Many researchershave pointedout, however, that this doesnot re�ect thegenerationprocessof naturalimages

(e.g.,[42]). Here,oneof themaincontributing factorsis occlusionwhich is highly nonlinear. This suggeststhe

useof techniquesthatcancopewith nonlinearcombinationsof basisimages.Oneof thesetechniquesis Kernel

Principal ComponentAnalysis(KPCA) [45]. In contrastto linearPCA,KPCA is capableof capturingpartof the

higher-orderstatisticswhichareparticularlyimportantfor encodingimagestructure[11].

Capturingthesehigher-orderstatisticscanrequirealargenumberof trainingexamples,particularlyfor larger
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imagesizesandcomplex imageclassessuchaspatchestaken from naturalimages.This causesproblemsfor

KPCA, sinceKPCA requiresto storeandmanipulatethe kernel matrix the sizeof which is the squareof the

numberof examples. To overcomethis problem,a new iterative algorithm for KPCA, the Kernel Hebbian

Algorithm(KHA) is introduced.It is basedon thegeneralizedHebbianalgorithm(GHA) whichwasintroduced

asanonlinealgorithmfor linearPCA[36, 43]. Theresultingalgorithmestimatesthekernelprincipalcomponents

with linearordermemorycomplexity, makingit applicableto largeproblems.

In apreviousapplication,KPCA wasusedfor thedenoisingof handwrittendigits [33], a relatively restricted

classof imagesrequiringa smallernumberof training examples.With the KHA, the applicationdomaincan

be extendedto morecomplex imageclassessuchasfacesor naturalimages.SinceKPCA is an unsupervised

learningtechnique,theobtainedimagemodelcanbeusedfor othertasksaswell. In ourcase,weapplythesame

imagemodel in a single-framesuper-resolutiontaskwherethe detailsof a high-resolutionimagearerestored

from a single low-resolutionimage. This problemcould previously be solved only in a supervisedsettingby

encodinga �x edrelationshipbetweenpairsof high- andlow-resolutionimages[14, 24]. Theresultspresented

hereindicatethat a genericKPCA model can achieve a comparableperformanceto other, more specialized

computervisionalgorithms.

The remainderof this paperis organizedasfollows: Section2 brie�y introducesPCA, GHA, andKPCA.

Section3 formulatesthe KHA. Experimentalresultsarepresentedin Section4 andconclusionsaredrawn in

Section5.

2 Principal componentmodels

2.1 Linear principal componentanalysisand GeneralizedHebbian Algorithm

Given a set of
�

centeredobservations �������	� , 
��
�����������

�

, and ���

�����

������� , PCA diagonalizesthe

covariancematrix1

�

�

�

���

�

�

���

�

�

�

�! 

� (1)

For lower-dimensionaldata,this is readilyperformedby solvingtheeigenvalueequation

"$#

�

�
#

(2)

for eigenvalues
"&%

� andeigenvectors
#�')(

�
��*,+

�.- (cf., e.g. [21]). Theresultingsetof mutuallyorthogonal

eigenvectorsde�nesanew basisalongthedirectionsof maximumvariancein thedata.Thepairwisedecorrelated
1Moreprecisely, thecovariancematrix is de�ned astheexpectation/10 232$465 ; 7 is anestimatebasedona �nite setof examples.
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expansioncoef�cients in thisnew basisarecalledtheprincipal components(PCs)of thedataset.Fromthepoint

of view of imagemodeling, the PCA basishasthe interestingproperty that, amongall basisexpansions,it

minimizesthereconstructionerrorwhentheexpansionis truncatedto a smallernumberof basisvectors.Thus,

a classof high-dimensionalimagescanbedescribedby a low-dimensionalmodelcontainingonly a few PCs.

Computationally, it canbeadvantageousto solve theeigenvalueproblemby iterative methodswhich do not

needto computeandstore
�

directly. This is particularyusefulwhenthesizeof
�

is largesuchthatthememory

complexity becomesprohibitive. Onewidely usediterative PCA methodis theso-calledGeneralizedHebbian

Algorithm(GHA) by Sanger[43]. TheGHA is a trainingalgorithmfor a linear, single-layerfeedforwardneural

network of the form 89�;:�� actingon the trainingexamples� � . After training,eachoutputof the network

representstheprojectionon oneeigenvector
#�'

of
�

, orderedby decreasingeigenvalue. If we areinterestedin

theeigenvectorscorrespondingto the < largesteigenvaluesthen : is an <>=@? weightmatrixwhich is modi�ed

accordingto theupdaterule

:�ACBED9�GFH��:�AIBJF�DLKMAIBJF�AI8NACBJFO�)ACBJF

 QP LT R 8NAIBJFS8NAIBJF

 )T

:�AIBJFJFU� (3)

Here,theargumentB denotesa discretemomentin time whenan example �)AIBJF is selectedrandomlyfrom the

��� (with uniform probabilityover all ��� ) andpresentedto thenetwork. KVACBJF is a learningrateparameter, and

LT RXW

T setsall elementsabovethediagonalof its matrixargumentto zero,therebymakingit lower triangular. In a

local stability analysis,Oja [36] (for <Y�Z� ) andSanger[43] (for <

%

� ) showedthattherowsof : tendto the

eigenvectors
#�'

of
�

as B\[^] for properlychoseninitialization andlearningrate(seeSect.3.1). Intuitively,

this canbeseenby lookingat (3): the�rst, Hebbianterm 8NACBJFO�)ACBJF

 in thebracketstriesto maximizetheoutput

varianceandthuswill orient eachrow of : towardsthe largesteigenvector, whereasthe diagonalelements

in the secondterm LT R 8NAIBJFS8NAIBJF

 

T prevent : from growing in�nitely . The off-diagonalelementsremove the

contributionof therespectiveeigenvectorswith largereigenvaluesin eachrow of (3).

The GHA hasbeenappliedin several studiesto computethe PCsof natural images[43, 20, 38]. PCA

imagemodelshave beenused,for instance,for imagecodingandtexturesegmentation[43], andfor explaining

psychophysicallyderivedorientationtuningcurves[2].

2.2 Kernel principal componentanalysis

LinearPCA is anappropriatemodelfor datathataregeneratedby a Gaussiandistribution, or datathatarebest

describedby second-ordercorrelations.In fact,PCA is basedonly onsecond-ordercorrelations(cf. Eq.1) such

thatno higher-orderstatisticscanin�uence its result. It is well known, however, that thedistribution of natural

4



imagesis highly non-gaussian,andthatall the”interesting”structuresin imagessuchasedgesor cornerscannot

bedescribedby second-ordercorrelations[11]. Thismotivatestheuseof anonlinearanalysistechniquethatcan

capturehigher-orderdependenciesin thedata.

In KPCA, this nonlinearityis introducedby �rst mappingthedatainto anotherspace_ usinga nonlinear

map `baE�	�c[d_ , beforea standardlinear PCA is carriedout in _ usingthe mappedexamples̀eAI�	��F [45].

Themap ` andthespace_ aredeterminedimplicitly by thechoiceof a kernel function 
 which computesthe

dotproductbetweentwo input examples� and 8 mappedinto _ via


VAC�H�f8�FN�g`eAC��F	W!`eAC8�F�� (4)

Onecanshow thatif 
 is aso-calledpositivede�nite kernel, thenthereexistsamap ` into adotproductspace_

suchthat(4) holds.Thespace_ thenhasthestructureof aso-calledReproducingKernelHilbert Space(RKHS)

[44].

Theidentity (4) is importantfor KPCA sincePCAin _ canbeformulatedentirelyin termsof innerproducts

of themappedexamples2. Thus,wecanreplaceall innerproductsby evaluationsof thekernelfunction.Thishas

two importantconsequences:�rst, innerproductsin _ canbeevaluatedwithoutcomputing̀eAC��F explicitly. This

allows us to work with a very high-dimensional,possiblyin�nite-dimensionalRKHS _ . Second,if a positive

de�nite kernel function is speci�ed we needto know neither ` nor _ explicitly to performKPCA sinceonly

innerproductsareusedin thecomputations.

Commonlyusedexamplesof suchpositive de�nite kernel functionsare the polynomialkernel of degree
hi(kj

, 
VAC�H�f8�Fl�mAI�nWo8�Ffp or the Gaussiankernel of width qsr�� , 
VAI�H�J8�Ft�vu�w.x�A

Pzy

�

P

8

y�{!|~}

q

{

F , each

of them implying a differentmapandRKHS. The correspondingRKHSsare •

��€�p�•

�J‚„ƒ

p

ƒ

•

�\•

�J‚„ƒ

-dimensionalfor the

polynomial kernel [44], and in�nite-dimensional for the Gaussiankernel. For more examplesof classesof

kernelsanddetaileddescriptionof thepropertiesof eachkernelclass,readersarereferredto [44, 23].

Comingbackto computingPCAin _ , wecanrewrite thecovariancematrixof themappedexamples(Eq.2)

by stackingtheminto thedesignmatrix …Z�‡†S`eAC����F

 

���������ˆ`eAI�

�

F

 )‰

 as

�

�

�

�

…

 

…t� (5)

assumingthatthedataarecenteredin _ (i.e.,
�

�

�U���

`eAC����F��Š� ).3 We now have to �nd theeigenvalues
"n%

�

andeigenvectors
#n(

_
*,+

�.- satisfying
"$#

�

�
#

� (6)
2Thiscanbeveri�ed by replacing2 in Eq.1 with ‹•ŒŽ2.• andsubstitutingtheright sideof Eq.1 for 7 in Eq.2. Then,all solutions• with

‘Y’

“•” mustlie in thespanof –ˆ‹•Œ—2™˜f•›šfœOœJœJš•‹•ŒŽ2ŸžC•„  in ¡ ; hence,Eq.2 is equivalentto
‘

Œ¢‹	ŒŽ2¤£¥•�¦—•¤•

“

‹	ŒŽ2.£�•�¦C7•• for all §

“&¨

šJœOœfœOš•© .
3Thecenteringissuewill bedealtwith later.
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Sinceall solutions
#

with
"«ª

�9� lie within thespanof + `eAC� � F����������U`eAC�

�

FU- (cf. footnote2), wemayconsiderthe

following equivalentproblem
"

…

#

�9…

� #

� (7)

andrepresent
#

in termsof an
�

-dimensionalvector ¬ as
#

�9…

 

¬ . Combiningthiswith (5) and(7) andde�ning

an
�

=

�

kernelmatrix ­ by ­
�‡…®…

 leadsto
�„"

­¯¬°�±­

{

¬	� The solutioncanbe obtainedby solving the

kerneleigenvalueproblem[45]
�„"

¬²�9­¯¬	� (8)

As we saidbefore,theresultingkernelPCs(KPCs)arelinearcombinationsof innerproductsof thedatapoints,

i.e., thereis no needto computè explicitly sinceeverythingcanbeexpressedin termsof kernelfunctions.In

contrastto PCA,ICA or sparsecoding,KPCsconsistof nonlinearinteractionsbetweenthedatapoints.In terms

of imagemodeling,this meansthatimagesaremodeledasnonlinearcombinationsof theinput imagesby using

thekernelfunction.As a consequence,KPCA becomesalsosensitive to higher-orderstatisticalpropertiesof the

input, i.e., theobtainedKPCsdependalsoon interactionsbetweenmorethantwo pixels.Theexactnatureof the

interactionsthatcanbemodelleddependsto a largedegreeon thechosenkernelandis unknown in mostcases.

Certainpolynomial kernelsof degree
h

, for instance,are capableof modelingall multiplicative interactions

betweenup to
h

pixels [12]. Note that the modelingcapabilityof PCA is retainedby KPCA: It allows for a

truncatedexpansionin only a few KPCs. However, thetruncatedexpansionminimizesthereconstructionerror

in the RKHS, not in the input spaceasin linear PCA. This seemslike an odd optimizationprinciple,but it is

not clearfrom theoutsetwhethertheEuclidianerrornormis a bettererrormeasurefor suchcomplex objectsas

images.In fact,severalapplicationshaveshown thatKPCA canleadto bettermodelsthanPCA [34, 44, 28].

Thelargevarietyof usedkernelfunctions[44, 23] indicatesthatthereis nosinglebestkernelfor all possible

applications.Accordingly, the choiceof a goodkerneldependson the problemof interest. While thereexist

severalmethodsfor choosingoptimal kernelsfor a givensupervisedlearningproblem[49, 7, 10, 50], thebest

choiceof thekernelin unsupervisedlearningremainselusive becauseof the lack of properevaluationcriteria.

In our experiments,we usedtheGaussiankernel.Sincethereexistsno principledmethodfor �nding thekernel

width q in unsupervisedlearning,we chosethe default value q9�³� which leadto visually satisfyingresults.

For a numberof reasons,the Gaussianis considereda default ”generalpurposekernel” in the kernelmethods

community. Among theseare its universalapproximationcapabilities(the associatedRKHS is densein the

spaceof continuousfunctions,cf. [47]), its translationinvariance,and its desirableregularizationproperties:

it canbe shown to correspondto a smoothnessregularizerwhich penalizesderivativesof all orders(seee.g.,

[16, 44]). To seethis, �rst notethatKPCA canberewritten asanoptimizationproblem.For centereddata,the
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�rst principalcomponentis theminimal normvector
#

subjectto theconstraintthat thevarianceof
#

 

`eAC�

'

F is

1 on the trainingset. Second,notethat theminimal norm canbe interpretedasa smoothnessregularizer. We

have y

#

y�{

� † …

 

¬

‰

 

…

 

¬²�

�

'I´

��µ

'

µ

�


VAI�

'

�f�

�

FU� For theGaussiankernel,we canrewrite this as

�

'C´

�

µ

'

µ

�


VAI�

'

�f�

�

F)�

y�¶¸·Hy

{

� (9)

where ·

AI��F¯���

'

µ

'


VAI�

'

�f��F is the projectiononto
#

in _ , i.e., the featureextraction function, and ¶ is a

derivativeoperatorof all orders[40] — therefore,KPCA with theGaussiankernelmaximizesthesmoothnessof

thefeatureextractor · , subjectto a varianceconstraint.

3 Iterati veKPCA

3.1 Kernel Hebbian Algorithm

Thesizeof thekernelmatrixscaleswith thesquareof thenumberof examples.Thus,it becomescomputationally

infeasibleto directly solve thekerneleigenvalueproblemfor a largenumberof examples.As notedin theintro-

duction,a similar problemoccurswith linearPCA whenthecovariancematrix becomeslarge. This motivated

theintroductionof theGHA whichdoesnot requirethestorageandinversionof thecovariancematrix. Here,we

proposeasimilarapproachby reformulatingtheGHA in aRKHSto obtainamemory-ef�cient approximationof

KPCA.

TheGHA updateruleof Eq.(3) is representedin theRKHS _ as

:�AIBED¹�GF)�¹:�ACBJF�DnKVACBJF�AC8NAIBJFf`eAI�)ACBJFJF

 
P LT R 8ºACBJFS8ºACBJF

 

T

:�ACBJFfFU� (10)

wheretherowsof :�AIBJF arenow vectorsin _ and 8ºACBJF��»:�ACBJFf`eAI�)ACBJFfF . `eAI�)ACBJFJF is a patternpresentedat time

B which is randomlyselectedfrom themappeddatapoints +
`eAC�

�
FU���������ˆ`eAC�

�

Fˆ- . For notationalconveniencewe

assumethat thereis a function ¼)ACBJF which mapsB to ½

(

+
�o���������

�

- ensuring̀eAC�)AO¼)ACBJFJFfF¸�;`eAC�

'

F anddenote

`eAC�)AO¼)ACBJFJFfF simply by `eAC�)AIBJFJF

4. FromthedirectKPCA solution,it is known that ¾¿ACBJF canbeexpandedin the

mappeddatapoints `eAC�

'

F . This restrictsthesearchspaceto linearcombinationsof the `eAI�

'

F suchthat :�ACBJF

canbeexpressedas

:�ACBJF)�9À&AIBJFf… (11)
4The original developmentof the GHA relieson in�nitely many examplesto achieve convergence. Sincewe aredealingwith �nite

samplesizeswe constructthesequence–f2™ŒŽÁI••  by usinga Â$ŒŽÁI• thatconcatenatesrandompermutationsof –f2™Ã•  until a suf�cient degreeof

convergenceis reached.Typically, this will requirerepeatedsweepsthroughtheentiredataset.
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with an <Ä=

�

matrix À&AIBJF)�ŠA„Å � AIBJF

 

���������fÅ¤Æ�ACBJF

 

F

 of expansioncoef�cients. The ½ th row Å

'

��A„Ç

'

� ���������ÈÇ

'

�

F of

À&AIBJF correspondsto theexpansioncoef�cients of the ½ th eigenvectorof ­ in the `eAC�

'

F , i.e., ¾

'

AIBJFº��…

 

Å

'

ACBJF .

Usingthis representation,theupdaterulebecomes

À&AIB�D��¥Ff…s�9À&AIBJFf…gDnKVAIBJFH†I8ºACBJFf`eAI�)ACBJFfF

 P LT R 8ºACBJFS8ºACBJF

 T

À&AIBJFf…

‰

� (12)

Themappeddatapoints `eAI�)ACBJFfF canberepresentedas `eAC�)ACBJFfFÉ��…

 	Ê

ACBJF with a canonicalunit vector Ê

ACBJF��

AI�$�����������o���������È��F

 in �•� (only the ¼)ACBJF -th elementis 1). Usingthisnotation,theupdaterulecanbewrittensolely

in termsof theexpansioncoef�cients as

À&AIBVD9�¥F	�9À&AIBJF�DLKMAIBJFH†•8NACBJF

Ê

AIBJF

 P LT R 8ºACBJFS8ºACBJF

 T

À&AIBJF

‰

� (13)

Representing(13) in component-wiseform gives

Ç

'

�

AIBED¹�GF)�

Ë

Ì Í

Ç

'

�

AIBJF�DLK3Î

'

ACBJF

P

KŸÎ

'

ACBJF

�

'

�U���

Ç
�

�

ACBJFOÎ
�

ACBJF if ¼)AIBJF)�QÏ

Ç

'

�

AIBJF

P

K3Î

'

ACBJF
�

'

�U�•�

Ç
�

�

AIBJFSÎ
�

AIBJF otherwise,
(14)

where

Î

'

ACBJFN�

�

�

�U���

Ç

'

�
AIBJFf`eAC�

�
F	WG`eAI�)ACBJFJFÄ�

�

�

�U�•�

Ç

'

�
ACBJFf
VAC�

�
�J�)ACBJFfFU� (15)

This doesnot require `eAI��F in explicit form, thusproviding a practicalimplementationof the GHA in _ . For

stationaryinputdistributions,thelearningrateis typically chosenas KMAIBJFN�

� Ð sincein thiscaselocalconvergence

canbe guaranteed(seeparagraphon convergencebelow). In many practicalapplications[22], especiallyfor

nonstationaryinput in anonlinesetting,K canbesetto a smallconstantvalueto keepthesolutionadaptive. À

shouldberandomlyinitialized to avoid possibleconvergenceproblems(seebelow).

During the derivation of (13), it wasassumedthat the dataarecenteredin _ which is not true in general

unlessexplicit centeringis performed. Centeringcanbe doneby subtractingthe meanof the datafrom each

pattern.TheneachpatterǹeAC�)AIBJFJF is replacedby Ñ`eAI�)ACBJFJF1�Š`eAI�)ACBJFfF

P

`eAC��F , where `eAI��F is thesamplemean

`eAC��F•�

�

�

�

�

�U�•�

`eAC���oF . The centeredalgorithmremainsthe sameas in (14) except that Eq. (15) hasto be

replacedby themorecomplicatedexpression

Î

'

ACBJFN�

�

�

�U���

Ç

'

�
AIBJF�A•
VAC�)AIBJFU�J�

�
F

PiÒ


VAC�
�

FJF

P

Ç

'

AIBJF

�

�

�U���

A„
EAC�)ACBJF��J�
�

F

PiÒ


EAC�
�

FfFU� (16)

with Ò


VAI���oFÉ�

�

�

�

� Ó

���


VAI�

Ó

�f���oF and Ç

'

AIBJF,�

�

�

�

� Ó

���

Ç

'

Ó

ACBJF .5 Ò


VAI���~F for each
M�f½��Ô�o���������

�

canbecalcu-

latedonceat thebeginningof thewholeprocedure.This is directlyapplicablein abatchsetting(i.e., thepatterns
5A Matlabexampleimplementationcanbedownloadedat

http://www.kyb.tuebingen.mpg.de/prjs/comp vision robotics/natimage/kha/kha.htm.
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Figure 1: Two dimensionaltoy example,with datageneratedin the following way: Õ -valueshave uniform

distribution in R

P

�����

T , Î -valuesare generatedfrom Î

'

�

P

Õ

{

'

D�Ö , where Ö is normal noisewith standard

deviation0.2.Fromleft to right, contourlinesof constantvalueof the�rst threePCsfor 150datapointsobtained

from KPCA andKHA with degree-2polynomialkernel.TheKHA resultswereobtainedafter150,000updates.

Thelearningratewasconstantandsetto 0.05.

are�x edandknown in advance);in anonlinesetting,oneshouldinsteadusea sliding mean,in orderto beable

to adaptto changesin the distribution. For the detailsof the online algorithm,readersarereferredto [27]. It

shouldbe notedthatnot only in trainingbut alsoin testing,eachpatternshouldbe centeredusingthe training

mean.

Complexity. At eachupdateof Eq.(13),weneedto storethe <�=

�

coef�cient matrix À ( < is thenumberof PCs

to becomputed,
�

thenumberof examples)andthetrainingsetrequiring ×¯A

�

=e?&F where? is thedimensionality

of theinputspace.Theentirememorycomplexity of theKHA is then ×¿AC<>=

�

D

�

=l?&F which, for largesample

sizes,comparesfavorablywith the ×¿A

�

{

F complexity of standardKPCA. However, this comesat theprice that

now time complexity dependson thedimensionalityof theinput: if we assumethattheevaluationof thekernel

functiontypically is of timecomplexity ×¯AI?ØF (this is thecasefor theGaussianandthepolynomialKernel),then

thetimecomplexity of theKHA for eachpresentationof apatternis ×¯AC<Ä=

�

=e?9Dl<

{

=

�

F . For high-dimensional

input,timecomplexity canbeloweredby precomputingandstoringpartof thekernelmatrix. If westorea
�JÙ

=

�IÙ

-

9



0   150000 300000 450000 600000 750000
0

0.5

1

1.5

2

2.5

3

3.5

4

# updates

A
ve

ra
ge

 e
rr

or

Figure2: Theaverage
�

{ distancein theRKHSof the�rst threeeigenvectorsandtheir estimatesobtainedby the

KHA. Thesignof eachPChasbeencorrectedfor thecomputation.

sizeportionof thekernelmatrix,thetimeandthememorycomplexity become×¯AC<>=¯A

�

P

�SÙ

F)=Ú?sD&<

{

=

�

F and

×¯AI<Ú=

�

D

�

=²?±D

�IÙ

=

�„Ù

F , respectively. Thetime complexity reducesto ×¯AC<Ú=

�

DQ<

{

=

�

F whenwe storethe

entirekernelmatrix,asKPCA does,but this, of course,would make theprimarymotivationfor usingtheKHA

obsolete.Clearly, theentiretime complexity of theKHA stronglydependson thenumberof updates.This, in

turn,will dependto a largedegreeon theproblemat handandtherequiredaccuracy of theKPCs.Complicated

problemswith only asmallnumberof examplesmayrequirea largenumberof repeatedsweepsthroughall data

pointsbeforesuf�cient accuracy is achieved. In our experiments,we hadto sweepbetween40 to 800 times

throughtheentiredatasetto obtainvisually satisfyingresults.

Convergence. Unfortunately, thereareno resultsin theliteratureabouttheconvergencespeedof theGHA or

its globalconvergencepropertiesfor generalinitial conditions.Thereis, however, a theoremby Oja (for <Y�Z� )

andSanger(for <

%

� ) on the local convergenceof the GHA [36, 43]6 that directly carriesover to the KHA.

Their resultsarebasedon thestability analysisof anassociatedordinarydifferentialequation.They couldshow

thatundercertainconditionstheasymptoticallystablelimits of this differentialequationarepossiblelimits of

theGHA. Sincethen,extensive simulationscon�rmed thatthe limits of theGHA andits associateddifferential

equationare“usually” thesame,i.e., theconditionsof Oja'sandSanger'stheoremsusuallyhold in practice[37].

Theconvergencepropertiesof theGHA areequallyvalid for theKHA. This canbestatedformally as
6In [43], Sangeractuallyclaimedto have foundaproof for globalconvergence.Laterauthors[37, 51] noticedthathisconvergenceproof

is only valid locally aroundtheequilibriumpoints.Thereare,however, globalconvergenceproofsfor closelyrelatedlearningrules[8, 51].
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Theorem1 For a �nite setof centered data, À initially in general position,and learning rate KVACBJFÚ�

� Ð , the

rowsof : in (10) (andequivalentlytherowsof À in (13)) will approach the�r st r normalizedeigenvectorsof

thecorrelationmatrix
�

in theRKHS,orderedbydecreasingeigenvalue.

Proof: Requiringthe dataand À to be initially in generalposition excludespathologicalcon�gurations in

which the KHA cannotconverge. If À wereinitialized suchthat its rows arethezerovectoror orthogonalto

the eigenvectors,then it would never changeirrespective of the data. Similarly, if the input datawasalways

orthogonalto the initialization of À , we would run into problems.For theproof,we notethat for a �nite setof

data + ���!���������f�

�

- , wecaninducefrom a givenkernel 
 a kernelPCAmapinto � � [44]

`

�

a��¯[Û­

•ÉÜ

Ý

A•
VAC�H�f� � F����������ˆ
VAC�H�f�

�

FJF��

satisfying

`

�

AC�

'

F

 

`

�

AC�

�

FN�9
VAC�

'

�J�

�

F��

By applyingtheGHA in thespacespannedby thekernelPCAmap,(i.e.,replacingeachoccurrenceof `eAC��F with

`

�

AC��F in Eq.10,andnotingthatthis time, : lies in �H� ratherthanin _ ), we obtainanalgorithmin �H� which is

exactlyequivalentto theKHA in _ . Thelocalconvergenceof theKHA thenfollowsfrom thelocal convergence

of theGHA for KVAIBJFN�

� Ð in �•� asstatedin Theorem1 in [43]. Þ

It shouldbenotedthat,in practice,this approachcannotbetakento constructaniterative algorithmsinceit

involvesthecomputationof ­n•1Ü

Ý . Fig. 1 shows the �rst threePCsof a toy dataset,extractedby both KPCA

andKHA with a polynomialkernelof degree2. Thevisualsimilarity of thePCs(ignoringthesigndifference)

obtainedfrom theKPCA andKHA illustratesthecapabilityof KHA to approximatethefull KPCA solution.The

convergencebehavior of theKHA in this exampleis shown in Fig. 2.

3.2 Applications

TheKHA extendstherangeof possibleKPCA applicationsconsiderablysincenow largerdatasetscanbepro-

cessed.We will demonstratethe potentialof the KHA in two imagereconstructiontasks,single-framesuper-

resolutionanddenoising.

Single-frame super-resolution refersto the taskof constructinga high-resolutionenlargementof a single7

low-resolution,pixel-basedimage. In contrastto theusualinterpolationandsharpening(e.g.[26]), new high-
7This shouldnot beconfusedwith aggregation frommultiple frameswherea singlehigh-resolutionframeis extractedfrom a sequence

of low resolutionimages(cf., e.g.[3]).
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resolutiondetailsareaddedto thereconstruction.Thiscanonly bedoneby relyingonprior knowledgeaboutthe

imageclassto beprocessed.

In previouswork, single-framesuper-resolutionwasmainly donein a supervisedlearningsetting[24, 13]:

Duringthetrainingphase,pairsof low-resolutionpatchesandthecorrespondinghigh-resolutionpatchesarecol-

lected.In thesuper-resolutionphase,eachlow-resolutionpatchof theinput imageis comparedto thestoredlow-

resolutionpatchesandthe high-resolutionpatchcorrespondingto the nearestlow-resolutionpatchis selected.

Here,weproposeanalternativeapproachto super-resolutionbasedonKPCA which is anunsupervisedlearning

method.Insteadof encodinga �x edrelationshipbetweenpairsof high- andlow-resolutionimagepatches,we

rely on thegenericmodelof thehigh-resolutionimagesobtainedfrom KPCA. To reconstructa super-resolution

imagefrom a low-resolutionimagewhich wasnot containedin thetrainingset,we �rst scaleup theimage � to

thesamesizeasthehigh-resolutiontraining images,mapthescaledimage ß	� into theRKHS _ using ` , then

performcentering,andprojectit into theKPCA subspacecorrespondingto a limited number< of KPCsto get

¶

`eA„ßH��F :

¶

`eA„ß	��F)�

Æ

�

'

���

†
¾

'

WoA›`eA„ß	��F

P

`eAI��FJF

‰

¾

'

(17)

where¾

'

is theKHA estimateof the ½ -th eigenvectorof
�

¾

'

�

�

�

Ç

'

�o`eAI���~F

and `eAC��FN�

�

�

�

�

�U���

`eAI���oF is thesampleaverage.In termsof thekernelfunction,thisexpressioncanbewritten

as

¶

`eA•ß	��F)�

Æ

�

'

�•�

à

�

�

Ó

���

µ

'

Ó


VAC�

Ó

�Èß	��F

P

�

�

�

�

Ó

´ á

���

µ

'

Ó


VAC�

Ó

�J�

á

FOân¾

'

� (18)

Via theprojection ¶ , thescaledimageis mappedto animagewhich is consistentwith thestatisticsof thehigh-

resolutiontraining images.However, at that point the projectionis still centeredandlivesin _ which canbe

in�nite-dimensional.To obtainthereconstructionin the input space,theprojection ¶

`eA„ßH��F is �rst decentered

by addingthesampleaveragèeAI��F

¶

`eA„ßH��F�D `eAI��Fã�

�

�

�����Ÿä

�~`eAI���oF�D

�

�

�

�

�U���

`eAC����F

�

�

�

�����

A

ä

�
D

�

�
Ff`eAI�

�
F (19)
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where

ä

�å�

Æ

�

'

�•�

†„¾

'

WoA›`eA„ß	��F

P

`\AC��FfF

‰

Ç

'

�

�

Æ

�

'

�•�

à

�

�

Ó

���

Ç

'

Ó


VAI�

Ó

�ˆß	��F

P

�

�

�

�

Ó

´ á

���

Ç

'

Ó


VAI�

Ó

�J�

á

F â Ç

'

� � (20)

In the next step,we needto �nd a correspondingpoint in �N� — this is a preimageproblem. To solve it,

we minimize y�¶

`eA„ßH��F�D `eAC��F

P

`eAIæ�F

y�{ over æ

(

�	� .8 Notethatthis objective functioncanbecomputedin

termsof innerproductsandthusin termsof the kernel(4). For theminimization,we usegradientdescent[6]

with startingpointsobtainedfrom themethodof [29].

Image denoising refersto thetaskof constructinga noise-freeimagefrom a noisy input image.Sinceimage

denoisingis a standardproblemin the imageprocessingcommunity, the readersarereferredto [17] for a brief

survey. From the point of view of a KPCA model, imagedenoisingcanbe regardedasthe sameproblemas

imagesuper-resolution:theprojectionmethodfrom thesuper-resolutiontaskcanbeappliedto imagedenoising

aswell. Theonly differenceis thatthescalingof input imageis omittedwhich is notnecessaryfor denoising.

We considertwo scenariosin our experiments. In the �rst scenario,the KPCA model is trainedon clean

imagepatternswhicharedistinctfrom thetestimages,asit wasdonebeforein thesuper-resolutiontask.KPCA

hasalreadybeenappliedin this scenarioto digit imagedenoisinganddemonstratedpromisingresults[33]. This

waspossiblebecausetheclassof digit imagesis small enoughfor thedirectcomputationof KPCA. Presently,

we focuson morecomplex imageclassessuchasfacesthat requirea larger numberof training examples. In

thesecases,thedirectcomputationof KPCA is nomorefeasiblebut requirestheuseof theKHA.

In the secondscenario,no cleantraining imagesarerequired. Instead,it is assumedthat the noisemainly

contaminatesKPCscorrespondingto small eigenvalues.Thus,a truncatedKPC expansionof thenoisy image

asobtainedfrom the KHA leadsautomaticallyto a denoisingeffect. In this scenario,the KHA is trainedand

testedon the samedataset.This approachis similar to wavelet-basedmethods[46, 39] andlinear PCA-based

methods[1] for imagedenoisingin thesensethattheobjective is to �nd a goodfeaturespacein which thenoise

showslow poweror is concentratedonasmallsubspace.Themaindifference,however, is thattheKPCA model

�nds featuresthataredata-dependent(in contrastto wavelet-basedmethods)andnonlinear(in contrastto linear

PCA-basedmethods).
8Notethatexactpreimageswill usuallynotexist [44].
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4 Experiments

Froma machinelearningpoint of view, an imageis simply a point in an imagespacewhosedimensionalityis

equalto thenumberof pixelsin theimage.If theclassof imagesis moderatelyconstrained(e.g.faceimages)or

if theimagesizeis smallenough,thelearningof aKPCA modelposesnoseriousproblemssincetheimagespace

canbesampleddenselyenough.However, for ratherlargeimageswith arbitrarilyhigh complexity (e.g.,natural

images)the necessarilylimited amountof training dataleadsto over�tting, whereoneobtainsa modelwhich

explainsthe training dataperfectlybut fails to generalizeto unknown data. In thesecases,we adopta patch-

basedapproachwherea large imageis regardedasa compositionof patches(smallsub-images).Accordingly,

this sectiondescribestwo distinctsetsof experimentsaccordingto theclassesof imagesconsidered:thesingle-

patch caseregardsa small imageasa singlepatternandthemulti-patch caseregardsa large imageasa setof

smallpatches.

The bestchoiceof the learningparameterK andthe numberof updatesfor the convergenceof the KHA

dependson thedataset.In our case,theupdates�nished whenthesquareddistancebetweentwo solutionsfrom

consecutive updateswassmallerthana giventhreshold.We useda �x edlearningrate K of 0.05throughoutthe

experiments.

Single-patchcase: Super-resolution and de-noisingof face images. Herewe considera databaseof face

images. The Yale FaceDatabaseB contains5,760imagesof 10 persons[15]. 5,000 imageswere usedfor

trainingwhile 10randomlyselectedimageswhicharedisjoint from thetrainingsetwereusedto testthemethod

(note,however, as thereareonly 10 personsin the database,the sameperson,in differentviews, is likely to

occurin trainingandtestset).Sincethedirectcomputationof KPCA for this datasetis notpracticalonstandard

hardware,theKHA wasutilized. In training,( ç��)=Éç�� )-sizedfaceimageswerefedinto theKHA usingaGaussian

kernelwith q²�Š� .

For the super-resolutionexperiments, thetestimageswereblurredandsubsampledto a }

�@=

}

� grid and

scaledup to the original scale( ço�•=nço� ) by turning eachpixel into a è²=éè squareof identicalpixels, before

doingthereconstruction.To avoid over�ow duringthecomputationof exponentialtermin thekernel,eachpixel

valueis normalizedinto theinterval aroundzero( R

P

�$� �3ê.�È�¤� ��ê

T ). Fig. 3 showsreconstructionexamplesobtained

usingdifferentnumbersof PCs. For comparison,reconstructionsobtainedby linear PCA arealsodisplayed.

While the imagesobtainedfrom linear PCA look like somewhat uncontrolledsuperpositionsof different face

images,theimagesobtainedfrom its nonlinearcounterpart(KHA) aremoreface-like. In spiteof its lessrealistic

results,linearPCA wasslightly betterthantheKHA in termsof themeansquarederror(average9.20and8.48
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Figure3: FacereconstructionbasedonPCAandKHA for varyingnumber< of PCs.Below, enlargedreconstruc-

tion examplesareshown for thesecondface(left) andthird face(right) in theorder1. original image,2. reduced

resolutionimage,3. PCA reconstructionwith 1024components,4. KHA reconstructionwith 1024components.

Notethat,in contrastto theKHA, PCAtriesto approximatethereducedresolutionimagewhereastheKHA tries

to comeupwith a high-resolutionimagethatis consistentwith thestatisticsof theoriginal image.
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Figure4: Facereconstructionexamplesobtainedfrom KPCA andKHA trainedon 1,000and5,000examples,

respectively. Occasionalerroneousreconstructionof imagesindicatesthatKPCA requiresa largeamountof data

to properlysampletheunderlyingstructure.

for KHA andPCA, respectively for 100PCs).This stemsfrom thecharacteristicsof PCA which is constructed

to minimize theMSE while KHA is not concernedwith theMSE in the input space.Instead,it seemsto force

the imagesto be containedin the manifold of faceimages. Similar observationshave beenreportedin [32].

Interestingly, a smallnumberof examplesandasparsesamplingof this manifoldcanhave theconsequencethat

theKHA reconstructionlookslike thefaceof persondifferentfrom theoneusedto generatethetestimage.In a

sense,thismeansthattheerrorsperformedby KPCA areerrorsalongthemanifoldof faces.Fig. 4 demonstrates

this effect by comparingresultsfrom KPCA on 1,000exampleimages(correspondingto a sparsesamplingof

the facemanifold)andKHA on 5,000training images(densersampling).As theexamplesshow, someof the

misreconstructionsthat aremadeby KPCA dueto the lack of training exampleswerecorrectedby the KHA

usinga largertrainingset.

To seetheeffect of varying input imageresolutionon the reconstructionresult,anothersetof experiments

hasbeenperformedwith differentresolutionsof �G�@=é��� , }

�@=

}

� , and ë��@=²ë3� asshown in Fig. 5. A graceful

degradationof reconstructionperformancewasobservedfrom bothPCA andKPCA modelsasthe input image

resolutiondecreases.However, theKHA resultslook uniformly betterthanthoseof PCA, especiallywhenthe

input imageis verysmall( �G�Y=«��� ).
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Figure5: FacereconstructionbasedonPCAandKPCA/KHA with differentinput imageresolutions.

For denoisingof faceimages,the �rst scenariois considered(c.f. 3.2). Gaussiannoisewasaddedto the

testimagesof Fig. 3 with anaverageSNRof 3.12dB.We appliedtheKPCA modelusedfor faceimagesuper-

resolutionwith no additionaltrainingandno modi�cation of theexperimentalsetting,exceptfor theomission

of thesmoothingandresizingsteps.For comparison,linearPCA,Wiener�lters, 9 andwavelet-basedmethods10

were also applied. The results(Fig. 6) indicatethat the proposedmodel is generalenoughto be appliedto

morethanonespeci�c application,while still having an acceptableperformancein eachof them. Compared

to othermethods,theSNRof theKHA reconstructionwasnot thebest.However, visual inspectionshows that

theKHA solutionsaremorerealistic. For example,theKHA reconstructionof the �rst faceimagein Fig. 6 is

muchbrighterthantheoriginal which resultsin a deterioratedSNRmainly becauseof thedifferencein average

brightness.However, it is visuallymoreface-like thantheotherreconstructions.

By movingalongthedirectionsof theeigenvectorsin theRKHSandcomputingthecorrespondingpreimages

onecandirectly visualizewhattheKPCA modelhaslearned.As anexample,Fig. 7 shows thepreimagesalong

the principal axescorrespondingto the threelargesteigenvalues. In contrastto linear eigenfaces(i.e., eigen-

vectorsof faceimages)[48], thenonlineareigenfacesobtainedfrom theKHA aremoreface-like. This canbe

explainedif we assumethat thedatahave a clusterstructureandthat theGaussiankernelparameterq is small

comparedto the distancesbetweenthe clusters,but large comparedto the distanceswithin the clusters.Then

KPCA becomessimilar to linear PCA performedon eachclusterof similar (closein termsof the distancein
9WeappliedMatlab's spatiallyadaptive Wiener�lter with window size( ìÄíîì ), ( ï�íîï ), and( ðºí>ð ). Thebestresult(in termsof SNR)

wasobtainedfor window size( ïÄíeï ).
10Matlab's wavelet toolbox wasutilized. Denoisingwasdoneby thresholdingin eachwavelet basis. The wavelet basesinvestigated

includeHaarandSymmlets4,6, and8. The thresholdvaluevariedfrom 20 to 80 with an interval of 5. Thebestresultwasobtainedwith

Symmlet4andthreshold45.
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Figure6: FaceimagedenoisingbasedonPCA andKHA with 256PCs,Wiener�lter , andwaveletfrom Matlab.

TheSNRvaluewas7.58dB,8.29dB,8.45dB,and8.31dB,respectively.

input space)images:in this case,thekernelmatrix is almostblock diagonal,andaccordingly, theeigenvectors

of thekernelmatrix becomesimilar to theeigenvectorsof eachcluster. As a result,theeigenvectorsaresuper-

positionsof similar images(cf. Eq. (7)) suchthattheirpreimagesdonotshow thesuperpositionartifactsusually

encounteredin lineareigenfaces.On theotherhand,thedistancestructurewithin a block (asetof patternsclose

to eachother)is similar to theEuclideandistancein theinput spaceif theblocksizeis smallenough.11

In addition,within the projectioninterval de�ned by the standarddeviation of samplingpointsalong the

eigenvector(Fig. 7), theeigenfacesshow a morphingbehavior from onefaceclassto anotheraswe movealong

theprincipalaxis.Thecorrespondingtrajectoryis notentirelycontainedin thetrainingset,but is actuallylearned

from thetrainingsamples.12 Outsidethis regionthesamplingof patternsbecomesverysparseasindicatedby the

increasingdistanceto thenearesttrainingpatternin Fig. 8. Here,weobservearatheruncontrolledsuperposition

of faceimagessimilar to linearPCA.Thissupportsthepreviouslymentionedmanifoldinterpretation:assuming

thatthedataaresampleddenselyenough,theKPCA imagemodelreconstructsthemanifoldde�nedby theimage

class. Note that it hasrecentlybeenpointedout that for certainkernels,KPCA correspondsto several known
11This becomesevident when the function ñ3Œ—ò�•

“Šóˆô is expandedin the Taylor seriesaboutzero. When the absolutevaluesof ò

approachesto zero,thehigh-ordertermsin theseriestendto vanishsuchthat ñ becomeslinear. Thusthekernelisapproximately¨Uõ)ö

2

õE÷MöUø ,

aconditionallypositive de�nite kernelwhich for KPCA is equalto 2\¦

÷ [44].
12Similarobservationshave beenreportedin [41] whereKPCA wasusedto model3D objectsfrom 2D views.
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Figure7: Preimagesof the�rst threeeigenvectorswith RKHS projectionsvaryingfrom P,}

q to }

q (where q is

thestandarddeviation alongeachprincipal axis). Note thatmoving from P

q to q generatesa morphbetween

two faces.
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Figure8: RKHSdistanceto thenearesttrainingpatternwhenmoving alongthethird principalaxis.

manifolddimensionalityreductionalgorithms[19].

Multi-patch super-resolutionof natural images. For a realisticnaturalimagesuper-resolution,weadoptthe

methodof [13], wherethe large imageis decomposedinto its low-frequency componentsanda setof small

patchescontainingthe local high-frequency information. WhereasFreemanet. al. [13] usea nearestneighbor

classi�er to selectappropriatehigh-frequency patchesin thesuper-resolutionphase,wereplacethis classi�er by

theprojectionstepdescribedabove. During the trainingstage,imagesarehigh-pass�ltered anda setof image

patchesarecollectedfrom the resultinghigh-frequency images.Theseimagepatchesarecontrast-normalized

[13] andthenfedinto theKHA. In thesuper-resolutionphase,theinputimageis rescaledto theoriginalresolution

usingbicubicinterpolationandband-pass�ltered to removethelow-frequency components.Then,theresulting

high-frequency componentimageis dividedinto a setof small imagepatcheseachof which is reconstructedin
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Figure9: Training imagesof size è�ùoç•=éê

}~ú . The training patternsareobtainedby sampling2,500pointsat

randomfrom eachimage.
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a b

c d

Figure 10: Exampleof natural imagesuper-resolution: a. original imageof resolution èoù�ç¿=°ê

}~ú , b. low

resolutionimage A

}

çoë@=Ø�Gù

ú

F stretchedto theoriginal scale,c. reconstructionof thehigh-frequency component

(absolutevaluesonly; contrastenhancedfor bettervisibility), andd. �nal KHA reconstruction.

thesamewayasin singlepatchsuper-resolution.Theresultingimagecontainsonly high-frequency components

whicharethensuperimposedon thebicubicinterpolationto give the�nal reconstruction.

TheKHA wastrainedon a setof 10,000 AO�

}

=é�

}

F -sizedimagepatchesobtainedfrom theimagesin Fig. 9.

As above, the q parameterwassetto a rathersmall value(1) to capturethenonlinearstructureof the images.

Thereconstructionof thehigh-frequency imageis thenobtainedbasedon the�rst 200KPCs.Whenappliedto

non-overlappingpatches,theresultingimageasawholeshowsablockstructuresinceeachpatchis reconstructed

independentlyof its neighborhood.To reducethis effect, thepatchesarechosento overlapinto their neighbors

suchthattheoverlappingregionscanbeaveraged.
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a. original imageof resolutionìUûUüÄíîïUýUþ b. low resolutionimage Œ¢ýUüˆÿVí

¨

ûUþ�• stretchedto theorig-
inal scale

c. bicubicinterpolation d. supervisedexample-basedlearningbasedon nearest
neighborclassi�er

e. unsupervisedKHA reconstructionof high-frequency
component(absolutevaluesonly; contrastenhancedfor
bettervisibility)

f. unsupervisedKHA reconstruction

g. enlargedportionsof a-d,andf (from left to right)

Figure11: Comparisonbetweendifferentsuper-resolutionmethods.
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A ( è�ùoç²=Qê

}~ú )-size imagenot containedin the training setwasusedfor testing. The AJ��ù

ú

=

}

ç~ëŸF -sized

low-resolutionimagewasobtainedby blurring andsubsampling.Fig. 10 shows thesuper-resolutionresult.The

�nal reconstructionwaspost-processedusinghigh-boost�ltering [17] to enhancetheedgesthatbecomeslightly

blurredsinceonly the �rst 200KPCsareusedin the reconstruction.It shouldbenotedthat theoriginal KHA

reconstructionof thehigh-frequency componentsstill containsblockingartifactsevenwith theuseof overlapping

patches. This, however, doesnot severely degradethe �nal result sincethe overall structureis containedin

the low frequency input imageandtheKHA reconstructiononly addsthemissinghigh-frequency information.

Regardingmoreadvancedtechniquesfor theremoval of blockingartifacts,readersarereferredto [13] wherethe

spatialrelationshipbetweenpatchesis modeledbasedonMarkov random�elds (MRFs).

Fig. 11 shows more super-resolutionresults. The low resolutionimageis obtainedin the sameway as

in Fig. 10. For comparison,bicubic interpolationandthe nearestneighbortechniquealsohave beenapplied.

Again, for all the methodsthe �nal reconstructionsarehigh-boost�ltered. In comparisonto imagestretching

(Fig. 11.b), bicubic interpolation(Fig. 11.c) producesfar betterresults. However simple edgeenhancement

without any prior knowledgefailed to completelyremove theblurring effect. The two learning-basedmethods

show a bettercapabilityin recoveringthecomplex local structure.This,however, comesat thepriceof a certain

specializationto theencodedimageclass:whereasinterpolationcanbeappliedto any image,we found in our

experimentsthataKPCA modelof facesperformedpoorly in reconstructingnaturalimagesandviceversa.

As shown in Fig. 11 the KHA andthe nearestneighbor-basedmethodshowed a comparableperformance.

Someinsightinto thedifferencesin themodelingcapabilitiesof thetwo methodscanbegainedby enlarging the

sizeof reconstructionpatchandperformingsuper-resolutiondirectly on theraw images.For this, a new KHA

imagemodelwastrainedon raw imagepatcheswithout high-pass�ltering. Then,during the super-resolution

phase,theinput imagewasdecomposedinto AO��çt=n��ç3F patcheswhich werereconstructedindependentlyof the

neighbouringpatches.For comparison,thenearestneighbor-basedmodelwastrainedin thesameway. As can

be seenin Fig. 12.e,the two learning-basedapproachesagainshow betterreconstructionresultsthanbicubic

interpolation. Although the KHA reconstructionin Fig. 12.eis morenoisy, it betterpreservesthe overall tree

structurewhencomparedto the nearestneighborreconstruction(Fig. 11.c). This differencecanbe attributed

to thebettergeneralizationcapabilityof KPCA which canbeseenby applyingthenearestneighbormethodto

thefaceimagesuper-resolutionproblem(i.e.,singlepatchapplication)(Fig. 13). In thesimplenearestneighbor

reconstructionwhich replacesthe input with the neareststoredpatternbasedon the Euclideandistancein the

input imagespace,threefaceswereerroneouslyreconstructedwhile theotherreconstructionsarefar betterthan

thoseof theKHA asthey happento benearto oneof thestoredpatterns.Thehigh-frequency restorationapproach
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a. original imageof resolutionï

”U”

íeì

”U” b. bicubic interpolationobtainedfrom low resolution
image Œ

¨

ï

”

íeû

”

•

c. nearestneighborreconstruction d. KHA reconstruction

e. enlargedportionsof a, low resolutionimage,b, c, andd (from left to right)

Figure12: Imagesuper-resolutionwithouthigh-frequency decomposition.
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Figure13: Faceimagesuper-resolutionbasedonnearestneighbormethods.First andsecondrows: originaland

low-resolutioninput images( }

�î=

}

� ), respectively. Third row: reconstructionsobtainedby replacingtheKPCA

with a nearestneighborclassi�er in the singlepatchreconstructionexperiments.Fourth row: reconstructions

obtainedby the multi-patchreconstructionmethodappliedto the input imageas a single patch. Fifth row:

reconstructionsobtainedby theKPCA.

usedfor thenaturalimagesfailedto captureany details.This mainly stemsfrom thehigh dimensionalityof the

input images( ço�@=¿ç�� ), sincein this casethetrainingpatternsdo not form a suf�ciently densesamplingof the

input space.As a result,high- andlow-frequency componentsfrom differentimagesaremixedtogetherin the

reconstruction.Overall, the resultsindicatea bettergeneralizationcapabilityof KPCA ascomparedto nearest

neighbormethods.

Multi-patch imagedenoising. Here,we adoptthesecondscenarioof Sec.3.2 wherethenoisewasassumed

to mainly contaminatetheKPC subspacecorrespondingto smallereigenvalues.As a consequence,trainingand

testsetarethesame.

In the experiment, two different noisy imageswere constructedby adding white Gaussiannoise (SNR

7.72dB)and salt and peppernoise(SNR 4.94dB) to the }

ê~ç¿=

}

ê~ç -sizedLena image[35]. From eachim-

age, �

}

=é�

} overlappingimagepatchesweresampledat a regularinterval of 2 pixels.TheKPCA imagemodel

for theGaussiankernel( q&�Š� ) wasobtainedby trainingtheKHA on eachtrainingsetwith a learningrate K of

�¤� ��ê for around800sweepsthroughthedataset.Thedenoisedimageswerethenobtainedby reconstructingthe

input imageusingthe �rst < PCsfrom eachKPCA model. For comparison,themedian�lter , Matlab's Wiener

�lter , andwavelet-basedmethodswereapplied.Theparametersfor theWiener�lter andwavelet-basedmethods
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Table1: Performanceof differentdenoisingmethods

Denoisingmethod* Noisetype Gaussiannoise Saltandpeppernoise

Median�lter 11.74dB 15.65dB

Matlab'swavelet-basedmethods 12.13dB 10.54dB

Matlab'sWiener�lter 14.06dB 11.48dB

ChoiandBaraniuk's

method[9]

h

�

}

� � 14.14dB 11.91dB
h

�

}

� ê 13.84dB 11.48dB
h

��è¤� � 13.20dB 10.94dB

PiẑuricaandPhilips's

method[39]

Symmlets2 15.54dB 7.85dB

Symmlets4 15.42dB 7.93dB

Symmlets8 15.19dB 7.96dB

Daubechieswavelet2 15.54dB 7.85dB

Daubechieswavelet4 15.11dB 8.00dB

Daubechieswavelet8 14.84dB 8.00dB

PCA
�

KHA

<î�Š��� 12.13dB
�

12.42dB 11.44dB
�

11.89dB

<î�

}

� 13.22dB
�

14.09dB 11.76dB
�

12.71dB

<î�9èo� 13.05dB
�

14.25dB 11.05dB
�

12.67dB

<î�¹ë�� 12.46dB
�

14.27dB 10.15dB
�

12.44dB

<î�»ê~� 12.29dB
�

14.11dB 9.31dB
�

12.12dB

<î�9ço� 11.32dB
�

13.88dB 8.97dB
�

11.45dB
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a b c

d e f

g h i

Figure14: DenoisingGaussiannoise: a. original image,b. input noisy image,c. median�lter , d. Matlab's

wavelet denoising,e. Matlab's Wiener �lter , f. Choi and Baraniuk's method[9], g. Piẑurica and Philips's

method[39], h. PCA,andi. KHA.
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Figure15: Denoisingsalt andpeppertype noise: a. original image,b. input noisy image,c. median�lter ,

d. Matlab's wavelet denoising,e. Matlab's Wiener�lter , f. Choi andBaraniuk's method[9], g. Piẑuricaand

Philips'smethod[39], h. PCA,andi. KHA.
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werechosenin thesameway asin thesingle-patchdenoisingexperiments.Two state-of-the-artmethods[9, 39]

werealsoapplied: AssumingGaussiannoise,PiẑuricaandPhilips [39] estimatedthe probability that a given

coef�cient in thewaveletsubspacecontainsa noise-freecomponent.For our simulation,differentwaveletbases

wereutilizedwith Symmlets2,4, and8 andDaubechieswavelet2,4, and8. In [9], ChoiandBaraniukestimated

theoriginal signalby projectingthenoisysignalinto Besov spacesin thewaveletdomain. For this, the factor
h

for estimatingtheBesov normvariedfrom 2.0 to 3.0 (asrecommendedin theMatlabcodeobtainedfrom the

author's website:http://www.dsp.rice.edu/� choi/)with an interval of 0.5. Table1 summarizestheresults.The

superiorperformanceof PiẑuricaandPhilips's methodandthe median�lter for eachtype of noisearebased

on prior knowledgeof thenoisesource.On theotherhand,their reducedperformanceon theothernoisetype

demonstratestherisk of relyingonsuchanassumption.In contrast,theKHA performswell for bothnoisetypes

indicatingthat,if nothingis known aboutthenoisecharacteristics,theKHA canbeconsideredasanacceptable

alternative to existing methods.Figs.14 and15 show denoisedimagesfor all methodswith thebestparameter

setting,respectively.

5 Conclusion

In this article,we proposeda generative imagemodelbasedon a new methodfor iterative KPCA. In contrast

to otherpatch-basedmodelingapproaches,KPCA allows for nonlinearinteractionsbetweenits basisimages.

Moreover, KPCA is capableof capturingpartof thehigher-orderstatisticswhich areparticularlyimportantfor

encodingimagestructure.To overcomethememorycomplexity of KPCA, theKHA wasproposedasa method

for theef�cient estimationof kernelPCs.As akernelizationof theGHA, theKHA allows for computingKPCA

withoutstoringthekernelmatrix,suchthatlargedatasetsof highdimensionalitycanbeprocessed.Thepresented

super-resolutionanddenoisingexperimentsshow thatthegenericimagemodelsobtainedfrom theKHA leadto

a comparableperformanceto existing computervision and imageprocessingapproachesthat arespeci�cally

tailoredto thesetasks.

Comparedto existing super-resolutionanddenoisingmethods,the experimentalresultsobtainedusingthe

KHA arepromising.In termsof reconstructionquality, however, it is dif�cult to compareour approachwith the

previousonesin [24] and[13] sincethis largely dependson subjective assessment,not on objective quantities

suchasthe MSE (which is - as the resultson PCA indicate- a poor quality measurefor images). The main

differencelies in the appliedlearningmethod: the methodsproposedby Hertzmannet al. [24] andFreeman

et al. [13] arebasedon supervisedlearning. In machinelearning,it is generallybelievedthatwhenfeasible,a

supervisedlearningapproachoften leadsto thebestresults.However, at thesametime, supervisedalgorithms
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canhaveshortcomingsin thatthedatamaybemoreexpensive to obtain(sincethey requireinputsandoutputs),

andthesolutioncanbeless�e xible in that it is only usefulfor theexact taskconsidered.This meansthatonce

trainedon a trainingsetcontaininglabeleddata,theabove methodscanonly beusedfor theoneimagesuper-

resolutiontaskit wastrainedfor. In contrast,our imagemodel,which is only trainedonhigh-resolutionimages,

canbe directly appliedto a varietyof imagerestorationtasks,includingdenoisingandimagesuper-resolution

usinginputsof variousresolutions,without retraining.

Therearevariousdirectionsfor furtherwork. TheKHA, asageneraliterativealgorithmof KPCA applicable

to largedatasets,cansigni�cantly enlarge theapplicationareaof KPCA, which asa genericmachinelearning

techniquealsoenjoys somepopularityin other�elds. With respectto imagemodeling,the bestchoiceof the

kernelremainselusive. We still do not know which higher-orderstatisticsareimportantfor codingimagecon-

tent. It is alsounclearto whatextent thedifferentavailablekernelsarecapableof modelingtheocclusionand

superpositionphenomenathatcontributeto thegenerationof animage.A furtherinvestigationof thesequestions

couldleadto thedesignof new kernelsthatspeci�cally incorporatethegenerationprinciplesof naturalimages.
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2003.

[28] J.T. Kwok, B. Mak, andS.Ho. Eigenvoicespeaker adaptationvia compositekernelprincipalcomponent
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