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Iterati ve Kernel Principal ComponentAnalysisfor Image Modeling

Abstract - In recentyears Kernel Principal Componenfnalysis(KPCA) hasbeensuggestedor variousimageprocessing
tasksrequiringanimagemodelsuchas,e.g.,denoisingor compressionThe original form of KPCA, however, canbe only
appliedto stronglyrestrictedmageclassesiueto thelimited numberof trainingexampleshatcanbeprocessedwetherefore
proposea new iterative methodfor performing KPCA, the Kernel Hebbian Algorithm By kernelizingthe Genearlized

HebbianAlgorithm onecaniteratively estimateheKernelPrincipalComponentsvith only linearordermemorycompleity.
In ourexperimentsyve computemodelsfor comple imageclassesuchasfacesandnaturalimageswvhichrequirealarge
numberof trainingexamples.The resultingimagemodelsaretestedn single-framesuperresolutionanddenoisingapplica-
tions. Althoughthe KPCA modelis not speci cally tailoredto thesetasks both supefresolutionanddenoisingperformance
arecomparabldo existing methods.The samemodelcanbe usedin taskswith variableinputs,for instancesupefresolution

with variableinput resolution,or denoisingwith unknavn noisecharacteristics.

Index terms-Principalcomponenganalysis Kernelmethods)magemodels,Imageenhancement.

1 Intr oduction

Prior knowledgeaboutthe statisticsof speci ¢c imageclasseaffordsnumerousapplicationsn imageprocessing
suchassuperresolution[14, 24], denoising[52, 46, 33], segmentatio{31], or compressionf5]. The prior can
be codedeitherimplicitly by directly learningthe mappingbetweerinput anddesiredoutput(asin [14, 24]), or
explicitly by nding asuitableimagemodel.ln imagemodeling,we canroughlydistinguishbetweerapproaches
thattry to estimateaspectsof the underlyingprobability distribution usinga x ed setof basiselementssuch
aswavelets[5, 46|, projectedpro les of objects[18] or geometricalprimitives[42, 30], and approacheshat
try to nd basissetswith certainoptimality propertiesangingfrom PrincipalComponen®nalysis(PCA) [43],
Independen€omponenAnalysis(ICA) [4, 25] to sparsecoding[38].

Interestingly all of the latter approachesnodelimagesaslinear combinationsof transparenbasisimages.
Many researcherbave pointedout, however, thatthis doesnot re ect the generatiorprocesf naturalimages
(e.g.,[42]). Here,oneof the main contrituting factorsis occlusionwhich is highly nonlinear This suggestshe
useof techniqueghatcancopewith nonlinearcombinationof basisimages.Oneof thesetechniquess Kernel
Principal Componenfnalysis(KPCA) [45]. In contrasto linearPCA,KPCA is capableof capturingpartof the
higherorderstatisticswhich areparticularlyimportantfor encodingmagestructure[11].

Capturingthesehigherorderstatisticscanrequirealargenumberof trainingexamples particularlyfor larger



imagesizesand complex imageclassesuchaspatchegaken from naturalimages. This causegproblemsfor
KPCA, sinceKPCA requiresto storeand manipulatethe kernel matrix the size of which is the squareof the
numberof examples. To overcomethis problem, a new iterative algorithm for KPCA, the Kernel Hebbian
Algorithm (KHA) is introduced.It is basedon the generalizedHebbianalgorithm(GHA) which wasintroduced
asanonlinealgorithmfor linearPCA[36, 43]. Theresultingalgorithmestimateshekernelprincipalcomponents
with linearordermemorycomplexity, makingit applicableto large problems.

In apreviousapplication KPCA wasusedfor thedenoisingof handwrittendigits [33], arelatively restricted
classof imagesrequiringa smallernumberof training examples. With the KHA, the applicationdomaincan
be extendedto more complex imageclassesuchasfacesor naturalimages. SinceKPCA is an unsupervised
learningtechniquethe obtainedmagemodelcanbeusedfor othertasksaswell. In our casewe applythesame
imagemodelin a single-framesuperfresolutiontask wherethe detailsof a high-resolutionimagearerestored
from a singlelow-resolutionimage. This problemcould previously be solved only in a supervisedsettingby
encodinga x edrelationshipbetweerpairsof high- andlow-resolutionimages[14, 24]. Theresultspresented
hereindicatethat a genericKPCA model can achieve a comparableperformanceto other more specialized
computevision algorithms.

The remainderof this paperis organizedasfollows: Section2 brie y introducesPCA, GHA, and KPCA.
Section3 formulatesthe KHA. Experimentalresultsare presentedn Section4 and conclusionsaredrawn in

Sectionb.

2 Principal componentmodels

2.1 Linear principal componentanalysisand GeneralizedHebbian Algorithm

Givena setof centeredobsenations , , and , PCA diagonalizegshe

covariancematrixt

- (1)
For lower-dimensionabata,thisis readily performedby solvingthe eigervalueequation

B (2)
for eigervalues andeigervectors (cf., e.g.[21]). Theresultingsetof mutually orthogonal

eigervectorsde nesanew basisalongthedirectionsof maximumvariancan thedata. Thepairwisedecorrelated

IMore precisely thecovariancematrix is de ned asthe expectation ; isanestimatebasecna nite setof examples.



expansioncoefcients in this new basisarecalledthe principal component$PCs)of the datasetFromthe point
of view of image modeling,the PCA basishasthe interestingproperty that, amongall basisexpansions,t
minimizesthe reconstructiorerrorwhenthe expansionis truncatedo a smallernumberof basisvectors.Thus,
a classof high-dimensionaimagescanbe describey alow-dimensionamodelcontainingonly afew PCs.
Computationallyit canbe advantageouso solve the eigervalueproblemby iterative methodswhich do not
needto computeandstore directly. Thisis particularyusefulwhenthesizeof  is largesuchthatthememory
compleity becomesgprohibitive. Onewidely usediteratve PCA methodis the so-calledGenealizedHebbian
Algorithm (GHA) by Sangef{43]. The GHA is atrainingalgorithmfor alinear, single-layerfeedfornwardneural
network of the form actingon thetrainingexamples . After training, eachoutputof the network
representshe projectionon oneeigervector of , orderedby decreasingigervalue. If we areinterestedn
theeigervectorscorrespondingo the largesteigervaluesthen isan weightmatrix whichis modi ed

accordingto theupdaterule

LT 3)
Here,theargument denotesa discretemomentin time whenan example is selectedandomlyfrom the
(with uniform probabilityoverall ) andpresentedo the network. is a learningrate parameterand

LT setsall elementsabove thediagonalof its matrix argumentto zero,therebymakingit lowertriangular In a

local stability analysisOja [36] (for ) andSangef43] (for ) shovedthattherowsof  tendtothe
eigervectors of as for properlychoseninitialization andlearningrate (seeSect.3.1). Intuitively,
this canbe seerby looking at (3): the rst, Hebbianterm in the bracletstriesto maximizethe output

varianceand thuswill orienteachrow of towardsthe largesteigervector, whereaghe diagonalelements
in the secondterm LT prevent  from growing in nitely . The off-diagonalelementsemove the
contrikution of therespectie eigervectorswith largereigervaluesin eachrow of (3).

The GHA hasbeenappliedin several studiesto computethe PCsof naturalimages[43, 20, 38]. PCA
imagemodelshave beenused for instancefor imagecodingandtexture sggmentatior(43], andfor explaining

psychophysicallylerivedorientationtuningcurves[2].

2.2 Kernel principal componentanalysis

LinearPCA is anappropriatanodelfor datathatare generatedby a Gaussiardistribution, or datathatarebest
describedby second-ordecorrelations.In fact,PCAis basedonly on second-ordecorrelationgcf. Eq. 1) such

thatno higherorderstatisticscanin uence its result. It is well known, however, thatthe distribution of natural



imagess highly non-gaussiarandthatall the"interesting” structuresn imagessuchasedgesor cornerscannot
be describedy second-ordecorrelationg11]. This motivatesthe useof anonlinearanalysisechniquehatcan
capturehigherorderdependenciein the data.

In KPCA, this nonlinearityis introducedby rst mappingthe datainto anotherspace usinga nonlinear
map , beforea standardinear PCA is carriedoutin  usingthe mappedexamples [45].
Themap andthespace aredeterminedmplicitly by the choiceof a kernelfunction which computeghe

dot productbetweerntwo inputexamples and mappednto via
4)

Onecanshaw thatif is aso-calledpositivede nite kernel thenthereexistsamap into adotproductspace
suchthat(4) holds. Thespace thenhasthestructureof aso-calledRepoducingKernelHilbert SpacRKHS)
[44].

Theidentity (4) is importantfor KPCA sincePCAin  canbeformulatedentirelyin termsof innerproducts
of themappedxampleg. Thus,we canreplaceall innerproductsby evaluationsof thekernelfunction. This has
two importantconsequencesst, innerproductsn  canbeevaluatedvithoutcomputing explicitly. This
allows usto work with a very high-dimensionalpossiblyin nite-dimensionalRKHS . Secondjf a positive
de nite kernelfunctionis speci ed we needto know neither nor explicitly to performKPCA sinceonly
innerproductsareusedin the computations.

Commonlyusedexamplesof suchpositive de nite kernelfunctionsare the polynomialkernel of degree
, or the Gaussiankernel of width , , each
of themimplying a differentmap and RKHS. The correspondinlRKHSs are ——— -dimensionalfor the
polynomial kernel [44], and in nite-dimensionalfor the Gaussiarkernel. For more examplesof classesof

kernelsanddetaileddescriptionof the propertief eachkernelclass readersarereferredto [44, 23].

Comingbackto computingPCAin , we canrewrite the covariancematrix of the mappedexamplesEq. 2)

by stackingtheminto the designmatrix as
- ®)
assuminghatthe dataarecenteredn (i.e., ).3 We now haveto nd theeigervalues
andeigervectors satisfying
(6)
2This canbeveri ed by replacing in Eq.1 with andsubstitutingtheright sideof Eq. 1 for — in Eq.2. Then,all solutions with
mustlie in thespanof in ;henceEq.2isequvalentto for all

3Thecenteringssuewill bedealtwith later



Sinceall solutions with lie within the spanof (cf. footnote2), we mayconsiderthe

following equivalentproblem

7
andrepresent in termsof an -dimensionalector as . Combiningthis with (5) and(7) andde ning
an kernelmatrix by leadsto The solutioncanbe obtainedby solving the
kerneleigenvalueproblem[45]

®

As we saidbefore theresultingkernelPCs(KPCs)arelinear combinationf inner productsof thedatapoints,
i.e., thereis no needto compute explicitly sinceeverythingcanbe expressedn termsof kernelfunctions.In
contrasto PCA, ICA or sparsecoding,KPCsconsistof nonlinearinteractiondbetweerthe datapoints. In terms
of imagemodeling,this meanghatimagesaremodeledasnonlinearcombinationsof theinputimagesby using
thekernelfunction. As a consequenc&PCA becomeslsosensitve to higherorderstatisticalpropertiesof the
input, i.e., the obtainedKPCsdependalsoon interactiondbetweermorethantwo pixels. The exactnatureof the
interactionghatcanbe modelleddependgo a large degreeon the choserkernelandis unknovn in mostcases.
Certainpolynomial kernelsof degree , for instance,are capableof modelingall multiplicative interactions
betweenupto pixels[12]. Note thatthe modelingcapability of PCA is retainedby KPCA: It allows for a
truncatedexpansionin only a few KPCs. However, the truncatedexpansionminimizesthe reconstructiorerror
in the RKHS, not in the input spaceasin linear PCA. This seemdike an odd optimizationprinciple, but it is
not clearfrom the outsetwhetherthe Euclidianerrornormis a bettererrormeasurdor suchcomplex objectsas
images.In fact,severalapplicationshave shovn thatKPCA canleadto bettermodelsthanPCA [34, 44, 28].
Thelargevarietyof usedkernelfunctions[44, 23] indicateshatthereis no singlebestkernelfor all possible
applications. Accordingly, the choiceof a goodkerneldependson the problemof interest. While thereexist
severalmethodsfor choosingoptimal kernelsfor a given supervisedearningproblem[49, 7, 10, 50], the best
choiceof the kernelin unsupervisedearningremainselusive becausef the lack of properevaluationcriteria.
In our experimentswe usedthe Gaussiarkernel. Sincethereexists no principledmethodfor nding thekernel
width  in unsupervisedearning,we chosethe default value which leadto visually satisfyingresults.
For a numberof reasonsthe Gaussiarnis consideredh default "generalpurposekernel” in the kernelmethods
community Among theseare its universalapproximationcapabilities(the associatedRKHS is densein the
spaceof continuousfunctions,cf. [47]), its translationinvariance,andits desirableregularizationproperties:
it canbe shawvn to correspondo a smoothnessegularizerwhich penalizederivativesof all orders(seee.g.,

[16, 44]). To seethis, rst notethatKPCA canbe rewritten asan optimizationproblem. For centereddata,the



rst principalcomponents the minimalnormvector subjectto the constrainthatthe varianceof is
1 onthetraining set. Second hotethatthe minimal norm canbe interpretedasa smoothnessegularizer We

have For the Gaussiarkernel,we canrewrite this as
)

where is the projectiononto in , i.e., the featureextractionfunction,and is a
derivative operatorof all orders[40] — therefore KPCA with the Gaussiarkernelmaximizeshe smoothnesef

thefeatureextractor , subjectto a varianceconstraint.

3 lterative KPCA

3.1 KernelHebbian Algorithm

Thesizeof thekernelmatrix scaleswith thesquareof thenumberof examples.Thus,it becomegomputationally
infeasibleto directly solve the kerneleigervalueproblemfor alarge numberof examples.As notedin theintro-
duction,a similar problemoccurswith linear PCA whenthe covariancematrix becomedarge. This motivated
theintroductionof the GHA which doesnotrequirethe storageandinversionof the covariancematrix. Here,we
proposeasimilarapproactby reformulatingthe GHA in aRKHS to obtainamemory-efcient approximatiorof
KPCA.

The GHA updaterule of Eq. (3) is representeth theRKHS  as

LT (10)
wheretherows of arenow vectorsin  and . is a patternpresentedttime
whichis randomlyselectedrom the mappeddatapoints . For notationalcorveniencewe

assumehatthereis a function which maps to ensuring anddenote

simply by 4. FromthedirectKPCA solution, it is known that canbe expandedn the
mappeddatapoints . This restrictsthe searchspaceto linear combinationsof the suchthat
canbeexpresse@s

(11)

4The original developmentof the GHA relieson in nitely mary examplesto achiee corvergence. Sincewe are dealingwith nite
samplesizeswe constructhe sequence by usinga thatconcatenatesandompermutation®f until asufcient degreeof

corvergenceis reachedTypically, thiswill requirerepeatedsweepghroughtheentiredataset.



with an matrix of expansiorcoefcients. The throw of
correspondso the expansioncoefcients of the th eigervectorof  in the ,l.e.,

Usingthis representatiorthe updaterule becomes
LT (12)

The mappeddatapoints canberepresenteds with a canonicalunit vector
in  (onlythe -th elemenis 1). Usingthis notation theupdaterule canbewritten solely

in termsof the expansioncoefcients as

LT (13)
Representingl3) in component-wiséorm gives
if
(14)
otherwise,
where
(15)
This doesnot require in explicit form, thusproviding a practicalimplementatiorof the GHA in . For
stationaryinputdistributions thelearningrateis typically choseras - sincein thiscasdocal corvergence

canbe guaranteedseeparagrapton corvergencebelow). In mary practicalapplications[22], especiallyfor
nonstationarynputin anonline setting, canbe setto a smallconstantvalueto keepthe solutionadaptve.
shouldberandomlyinitialized to avoid possiblecorvergenceproblems(seebelow).

During the derivation of (13), it wasassumedhatthe dataarecenteredn  which is not truein general
unlessexplicit centeringis performed. Centeringcanbe doneby subtractingthe meanof the datafrom each
pattern.Theneachpattern is replacedoy ~ ,where isthesamplemean

- . The centeredalgorithmremainsthe sameasin (14) exceptthat Eq. (15) hasto be

replacedoy the morecomplicatedexpression
- (16)

with - and— - S for each canbe calcu-

latedonceatthe beginningof thewholeprocedureThisis directly applicablein abatchsetting(i.e., thepatterns

5A Matlabexampleimplementatiorcanbe downloadedat

http:/iwwwkyb.tuebingen.mpg.de/jsfcomp.vision_robotics/natimage/kha/kha.htm.



Figure 1: Two dimensionaltoy example,with datageneratedn the following way: -valueshave uniform

distribution in , -valuesare generatedrom , where is normal noisewith standard
deviation0.2. Fromleft to right, contourlinesof constantalueof the rst threePCsfor 150datapointsobtained
from KPCA andKHA with degree-2polynomialkernel. The KHA resultswereobtainedafter 150,000updates.

Thelearningratewasconstanandsetto 0.05.

are x edandknown in advance);in anonline setting,oneshouldinsteadusea sliding mean,in orderto be able
to adaptto changesn the distribution. For the detailsof the online algorithm, readersarereferredto [27]. It
shouldbe notedthat not only in training but alsoin testing,eachpatternshouldbe centeredusingthe training

mean.

Complexity. At eachupdateof Eq.(13), we needto storethe coefcient matrix ( isthenumberof PCs

to becomputed, thenumberof examplesyandthetrainingsetrequiring where isthedimensionality
of theinputspace Theentirememorycompleity of the KHA is then which, for largesample
sizes,comparedavorablywith the compleity of standardKPCA. However, this comesat the price that

now time compleity depend®n the dimensionalityof theinput: if we assumehatthe evaluationof the kernel
functiontypically is of time compleity (thisis thecasdor the Gaussiarmndthe polynomialKernel),then
thetime complexity of theKHA for eachpresentatioof a patternis . For high-dimensional

input, time compleity canbeloweredby precomputingandstoringpartof thekernelmatrix. If we storea -
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Figure2: Theaverage distancdan theRKHS of the rst threeeigervectorsandtheir estimate®btainedoy the

KHA. Thesignof eachPChasbeencorrectedor the computation.

sizeportionof thekernelmatrix, thetime andthememorycompleity become and
, respectiely. Thetime compleity reducedo whenwe storethe
entirekernelmatrix, asKPCA does,but this, of course would make the primary motivationfor usingthe KHA
obsolete.Clearly, the entiretime compleity of the KHA stronglydependsn the numberof updates.This, in
turn, will dependo alarge degreeon the problemat handandtherequiredaccuray of the KPCs. Complicated
problemswith only asmallnumberof examplesmayrequirealargenumberof repeatedweepghroughall data
points beforesufcient accurag is achiesed. In our experimentswe hadto sweepbetweend0 to 800 times

throughthe entiredataseto obtainvisually satisfyingresults.

Convergence. Unfortunatelythereareno resultsin theliteratureaboutthe corvergencespeedof the GHA or
its global corvergencepropertiesfor generainitial conditions.Thereis, however, atheoremby Oja (for )
and Sangei(for ) on the local corvergenceof the GHA [36, 43]° that directly carriesover to the KHA.

Theirresultsarebasedon the stability analysisof anassociatedrdinarydifferentialequation.They could shov
thatundercertainconditionsthe asymptoticallystablelimits of this differentialequationare possiblelimits of
the GHA. Sincethen,extensive simulationscon rmed thatthe limits of the GHA andits associatediifferential
equatiorare“usually” thesamej.e.,theconditionsof Oja'sandSangerstheoremsisuallyholdin practice[37].

Thecorvergencepropertienf the GHA areequallyvalid for the KHA. This canbe statedformally as

6In [43], Sangemctuallyclaimedto have founda prooffor globalcorvergence Laterauthorg37, 51] noticedthathis corvergenceproof

is only valid locally aroundthe equilibriumpoints. Thereare,howvever, global corvergenceproofsfor closelyrelatedlearningrules[8, 51].
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Theorem1 For a nite setof centeeddata, initially in generl position,and learning rate -, the
rowsof  in (10) (andequivalentiitherowsof in (13)) will approach the r str normalizedeigervectos of

thecorrelationmatrix  in the RKHS orderedby decreasingeigervalue

Proof: Requiringthe dataand  to be initially in generalposition excludespathologicalcon gurationsin
which the KHA cannotcorverge. If  wereinitialized suchthatits rows arethe zerovectoror orthogonalto
the eigervectors,thenit would never changeirrespectve of the data. Similarly, if the input datawas always
orthogonato theinitialization of , we would run into problems.For the proof, we notethatfor a nite setof

data , we caninducefrom agivenkernel akernelPCAmapinto  [44]

satisfying

By applyingthe GHA in thespacespannedy thekernelPCA map,(i.e.,replacingeachoccurrencef with

in Eq.10,andnotingthatthistime, liesin  ratherthanin ), we obtainanalgorithmin  whichis
exactly equivalentto theKHA in . Thelocal corvergenceof theKHA thenfollows from thelocal corvergence
of the GHA for -in  asstatedn Theoremlin [43].

It shouldbe notedthat,in practice this approactcannotbetakento constructaniterative algorithmsinceit
involvesthe computationof ~. Fig. 1 showvs the rst threePCsof atoy dataset,extractedby both KPCA
andKHA with a polynomialkernelof degree2. Thevisual similarity of the PCs(ignoringthe signdifference)
obtainedrom theKPCA andKHA illustratesthe capabilityof KHA to approximatehefull KPCA solution.The

cornvergencebehaior of the KHA in this exampleis showvn in Fig. 2.

3.2 Applications

The KHA extendsthe rangeof possibleKPCA applicationsconsiderablysincenow larger datasetganbe pro-
cessed.We will demonstratéhe potentialof the KHA in two imagereconstructiortasks,single-framesuper

resolutionanddenoising.

Single-frame superresolution refersto the task of constructinga high-resolutionenlagementof a single/

low-resolution,pixel-basedmage. In contrastto the usualinterpolationand sharpeninde.g.[26]), new high-

"This shouldnot be confusedwith aggregation from multiple frameswherea singlehigh-resolutiorframeis extractedfrom a sequence

of low resolutionimages(cf., e.g.[3]).
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resolutiondetailsareaddedo thereconstructionThis canonly be doneby relying on prior knowledgeaboutthe
imageclassto beprocessed.

In previouswork, single-framesuperresolutionwasmainly donein a supervisedearningsetting[24, 13]:
Duringthetrainingphasepairsof low-resolutionpatchesndthe correspondindpigh-resolutiorpatchesrecol-
lected.In thesupetresolutionphasegachlow-resolutionpatchof theinputimageis comparedo the storediow-
resolutionpatchesandthe high-resolutionpatchcorrespondindo the nearestow-resolutionpatchis selected.
Here,we proposeanalternative approacho supesresolutionbasedn KPCA whichis anunsupervisedearning
method. Insteadof encodinga x edrelationshipbetweenpairsof high- andlow-resolutionimagepatcheswe
rely onthe genericmodelof the high-resolutiorimagesobtainedirom KPCA. To reconstruct supetresolution
imagefrom alow-resolutionimagewhich wasnot containedn thetrainingset,we rst scaleuptheimage to
the samesizeasthe high-resolutiortrainingimagesmapthescaledmage  intotheRKHS using , then

performcentering,andprojectit into the KPCA subspaceorrespondingo a limited number of KPCsto get

17)
where istheKHA estimateof the -th eigervectorof
and - is thesampleaverage In termsof thekernelfunction,this expressiorcanbewritten
as
- (18)

Via theprojection , thescaledmageis mappedo animagewhichis consistenwith the statisticsof the high-
resolutiontraining images. However, at that point the projectionis still centerecandlivesin ~ which canbe
in nite-dimensional. To obtainthe reconstructiorin the input spacethe projection is rst decentered

by addingthe sampleaverage

- (19)
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where

- (20)
In the next step,we needto nd a correspondingointin — this is a preimageproblem. To solve it,
we minimize - over .8 Notethatthis objective function canbe computedn

termsof inner productsandthusin termsof the kernel(4). For the minimization,we usegradientdescen{6]

with startingpointsobtainedrom the methodof [29].

Image denoising refersto thetaskof constructinga noise-freedmagefrom a noisyinputimage. Sinceimage
denoisingis a standardproblemin theimageprocessingcommunity the readersarereferredto [17] for a brief
suney. Fromthe point of view of a KPCA model,imagedenoisingcanbe regardedasthe sameproblemas
imagesupetresolution:the projectionmethodfrom the supetresolutiontaskcanbe appliedto imagedenoising
aswell. Theonly differences thatthe scalingof inputimageis omittedwhich is not necessarjor denoising.

We considertwo scenariosn our experiments. In the rst scenariothe KPCA modelis trainedon clean
imagepatternswhich aredistinctfrom thetestimagesasit wasdonebeforein the supefresolutiontask. KPCA
hasalreadybeenappliedin this scenarido digit imagedenoisinganddemonstrategromisingresults[33]. This
was possiblebecausehe classof digit imagesis small enoughfor the direct computationof KPCA. Presently
we focuson more complex imageclassesuchasfacesthat requirea larger numberof training examples. In
thesecasesthe directcomputatiorof KPCA is no morefeasiblebut requiresthe useof the KHA.

In the secondscenariono cleantraining imagesarerequired. Instead,it is assumedhat the noisemainly
contaminate&KPCscorrespondindgo small eigervalues. Thus,a truncatedKPC expansionof the noisy image
asobtainedfrom the KHA leadsautomaticallyto a denoisingeffect. In this scenariothe KHA is trainedand
testedon the samedataset.This approachs similar to wavelet-basednethodg/46, 39] andlinear PCA-based
methodq1] for imagedenoisingn thesensdhattheobjectiveis to nd agoodfeaturespacan whichthenoise
shawvslow poweror is concentratedn a smallsubspaceThe maindifference however, is thatthe KPCA model

nds featureghataredata-dependerfin contrasto wavelet-basednethodsyandnonlinear(in contrasto linear

PCA-basednethods).

8Notethatexactpreimagesill usuallynotexist [44].
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4 Experiments

From a machinelearningpoint of view, animageis simply a pointin animagespacewvhosedimensionalityis
equalto thenumberof pixelsin theimage.If theclassof imagess moderatelyconstrainede.g.faceimages)or
if theimagesizeis smallenoughthelearningof aKPCA modelposeso seriousproblemssincetheimagespace
canbesampleddenselyenough.However, for ratherlargeimageswith arbitrarily high compleity (e.g.,natural
images)the necessariljimited amountof training dataleadsto over tting, whereone obtainsa modelwhich
explainsthe training dataperfectly but fails to generalizeto unknavn data. In thesecaseswe adopta patd-
basedapproachwherea largeimageis regardedasa compositionof patchegsmall sub-images)Accordingly,
this sectiondescribegwo distinctsetsof experimentsaccordingo the classe®f imagesconsideredthe single-
patch caseregardsa smallimageasa single patternandthe multi-patd caseregardsa large imageasa setof
smallpatches.

The bestchoiceof the learningparameter andthe numberof updatesfor the corvergenceof the KHA
depend®nthedataset.In our casethe updatesnished whenthe squaredlistancebetweerntwo solutionsfrom
consecutie updatesvassmallerthana giventhreshold.We useda x edlearningrate of 0.05throughouthe

experiments.

Single-patch case: Superresolution and de-noising of face images. Herewe considera databasef face
images. The Yale Face DatabaseB contains5,760imagesof 10 persong15]. 5,000imageswere usedfor
trainingwhile 10 randomlyselectedmageswhich aredisjointfrom thetraining setwereusedto testthemethod
(note, however, asthereare only 10 persondn the databasethe sameperson,in differentviews, is likely to
occurin trainingandtestset). Sincethedirectcomputatiorof KPCA for this datasets not practicalon standard
hardware theKHA wasutilized. In training, ( )-sizedfaceimageswverefedinto theKHA usinga Gaussian
kernelwith

For the superresolutionexperiments thetestimageswereblurredandsubsampledo a grid and
scaledup to the original scale( ) by turning eachpixel into a squareof identical pixels, before
doingthereconstructionTo avoid over ow duringthe computatiorof exponentiatermin thekernel,eachpixel
valueis normalizednto theintenal aroundzero( ). Fig. 3 shavsreconstructiorexamplesobtained
using differentnumbersof PCs. For comparisonfeconstruction®btainedby linear PCA are alsodisplayed.
While the imagesobtainedfrom linear PCA look like somevhat uncontrolledsuperposition®f differentface
imagestheimagesobtainedrom its nonlinearcounterpar{KHA) aremoreface-like. In spiteof its lessrealistic

results linear PCA wasslightly betterthanthe KHA in termsof the meansquarecerror (averaged.20and8.48

14
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Figure3: Facereconstructioasecbn PCAandKHA for varyingnumber of PCs.Below, enlagedreconstruc-

tion examplesareshavn for the secondace(left) andthird face(right) in theorderl. originalimage,2. reduced
resolutionimage,3. PCA reconstructiowith 1024components4. KHA reconstructiorwith 1024components.
Notethat,in contrasto theKHA, PCAtriesto approximatahereducedesolutionmagewhereagheKHA tries

to comeup with a high-resolutiorimagethatis consistentvith the statisticsof the originalimage.
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Figure4: Facereconstructiorexamplesobtainedfrom KPCA andKHA trainedon 1,000and5,000examples,

Ornigmal Reduced PCA

respectiely. Occasionaérroneouseconstructiorof imagesndicateghatKPCA requiresalargeamountof data

to properlysamplethe underlyingstructure.

for KHA andPCA, respectiely for 100 PCs). This stemsfrom the characteristicef PCA whichis constructed
to minimize the MSE while KHA is not concernedvith the MSE in the input space.Instead,it seemdo force
the imagesto be containedin the manifold of faceimages. Similar obsenationshave beenreportedin [32].
Interestingly a smallnumberof examplesanda sparsesamplingof this manifold canhave the consequencthat
theKHA reconstructiotiookslik e thefaceof persondifferentfrom the oneusedto generatéhetestimage.ln a
sensethis meanghatthe errorsperformedoy KPCA areerrorsalongthe manifold of faces Fig. 4 demonstrates
this effect by comparingresultsfrom KPCA on 1,000exampleimages(correspondindo a sparsesamplingof
the facemanifold) and KHA on 5,000training images(densersampling). As the examplesshav, someof the
misreconstructionghat are madeby KPCA dueto the lack of training exampleswere correctedby the KHA
usingalargertrainingset.

To seethe effect of varyinginput imageresolutionon the reconstructiorresult,anothersetof experiments
hasbeenperformedwith differentresolutionsof , , and asshawvn in Fig. 5. A graceful
degradationof reconstructiomperformancevasobsenedfrom both PCA andKPCA modelsasthe inputimage
resolutiondecreasesHowever, the KHA resultslook uniformly betterthanthoseof PCA, especiallywhenthe

inputimageis very small( ).
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Figure5: Facereconstructiobasedbn PCA andKPCA/KHA with differentinputimageresolutions.

For denoisingof faceimages,the rst scenarias consideredc.f. 3.2). Gaussiamoisewasaddedto the
testimagesof Fig. 3 with anaverageSNR of 3.12dB.We appliedthe KPCA modelusedfor faceimagesuper
resolutionwith no additionaltrainingandno modi cation of the experimentalsetting,exceptfor the omission
of the smoothingandresizingsteps.For comparisonlinear PCA, Wiener lters, ® andwavelet-baseanethods®
were also applied. The results(Fig. 6) indicatethat the proposedmodelis generalenoughto be appliedto
more thanone speci ¢ application,while still having an acceptablgerformancen eachof them. Compared
to othermethodsthe SNR of the KHA reconstructiorwasnot the best. However, visualinspectionshows that
the KHA solutionsaremorerealistic. For example,the KHA reconstructiorof the rst faceimagein Fig. 6 is
muchbrighterthanthe original which resultsin a deterioratedSNR mainly becausef the differencein average
brightnessHowever, it is visually moreface-like thanthe otherreconstructions.

By moving alongthedirectionsof theeigervectorsn theRKHS andcomputingthecorrespondingreimages
onecandirectly visualizewhatthe KPCA modelhaslearned.As anexample,Fig. 7 shavs the preimageslong
the principal axes correspondingo the threelargesteigervalues. In contrastto linear eigenfices(i.e., eigen-
vectorsof faceimages)[48], the nonlineareigenficesobtainedfrom the KHA aremoreface-like. This canbe
explainedif we assumehatthe datahave a clusterstructureandthatthe Gaussiarkernelparameter is small
comparedo the distancedetweenthe clusters,but large comparedo the distanceswithin the clusters. Then

KPCA becomessimilar to linear PCA performedon eachclusterof similar (closein termsof the distancein

9We appliedMatlab's spatiallyadaptve Wiener Iter with window size( ) ( ), and( ). Thebestresult(in termsof SNR)

wasobtainedfor window size( ).
10Matlab's wavelet toolbox was utilized. Denoisingwas done by thresholdingin eachwavelet basis. The wavelet basesinvestigated

includeHaarand Symmlets4,6, and8. Thethresholdvaluevariedfrom 20 to 80 with anintenal of 5. The bestresultwasobtainedwith

Symmletdandthreshold45.
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Figure6: Faceimagedenoisingbasedon PCAandKHA with 256 PCs,Wiener Iter , andwaveletfrom Matlah

The SNRvaluewas7.58dB,8.29dB,8.45dB,and8.31dB,respectiely.

input spacejmages:in this case the kernelmatrix is almostblock diagonal,andaccordingly the eigervectors
of the kernelmatrix becomesimilar to the eigervectorsof eachcluster As aresult,the eigervectorsaresuper

positionsof similarimageqcf. Eq. (7)) suchthattheir preimageslo not shawv the superpositiorartifactsusually
encounteregh lineareigentices.On theotherhand,the distancestructurewithin a block (a setof patternslose
to eachother)is similar to the Euclideandistancen theinput spacef the block sizeis smallenought*

In addition, within the projectionintenval de ned by the standarddeviation of samplingpoints alongthe
eigervector(Fig. 7), the eigenficesshav a morphingbehavior from onefaceclassto anotheraswe move along
theprincipalaxis. Thecorrespondingrajectoryis notentirelycontainedn thetrainingset,butis actuallylearned
from thetrainingsamples-? Outsidethis regionthesamplingof patterndoecomesery sparsasindicatedby the
increasinglistanceo the nearestraining patternin Fig. 8. Here,we obsene aratheruncontrolledsuperposition
of faceimagessimilar to linear PCA. This supportghe previously mentionednanifoldinterpretationassuming
thatthedataaresampleddenselyenoughtheKPCA imagemodelreconstructshemanifoldde ned by theimage

class. Note thatit hasrecentlybeenpointedout thatfor certainkernels,KPCA correspondso several known

11This becomesevident when the function is expandedin the Taylor seriesaboutzero. When the absolutevaluesof
approache® zero,thehigh-ordertermsin theseriestendto vanishsuchthat becomesinear Thusthekernelis approximately

aconditionallypositive de nite kernelwhichfor KPCA is equalto [44].
12gimilar obserationshave beenreportedn [41] whereKPCA wasusedto model3D objectsfrom 2D views.
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Figure8: RKHS distanceto the nearestraining patternwhenmoving alongthethird principalaxis.

manifold dimensionalityreductionalgorithms[19].

Multi-patch superresolutionof natural images. For arealisticnaturalimagesupetresolutionwe adoptthe
methodof [13], wherethe large imageis decomposedhto its low-frequengy componentsand a setof small
patchescontainingthe local high-frequeng information. Whereas=reemaret. al. [13] usea nearesheighbor
classi erto selectappropriatéhigh-frequeng patchesn the supefresolutionphasewe replacethis classi er by
the projectionstepdescribedabore. During the training stage jmagesarehigh-passlitered anda setof image
patchesare collectedfrom the resultinghigh-frequeng images. Theseimagepatchesare contrast-normalized
[13] andthenfedinto theKHA. In thesupetresolutionphasetheinputimageis rescaledo theoriginalresolution
usingbicubicinterpolationandband-pasdtered to remove thelow-frequengy componentsThen,theresulting

high-frequeng componenimageis dividedinto a setof smallimagepatchesachof which is reconstructedn
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Figure9: Training imagesof size . Thetraining patternsare obtainedby sampling2,500pointsat

randomfrom eachimage.
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Figure 10: Exampleof naturalimage supefresolution: a. original image of resolution , b. low
resolutionimage stretchedo theoriginal scale c. reconstructiorof the high-frequeng component

(absolutevaluesonly; contrastenhancedor bettervisibility), andd. nal KHA reconstruction.

thesameway asin singlepatchsupetresolution.Theresultingimagecontainsonly high-frequeng components
which arethensuperimposedn the bicubicinterpolationto give the nal reconstruction.

TheKHA wastrainedon a setof 10,000 -sizedimagepatcheobtainedfrom theimagesin Fig. 9.
As abore,the parametemvassetto a rathersmallvalue (1) to capturethe nonlinearstructureof the images.
Thereconstructiorof the high-frequeng imageis thenobtainedbasedon the rst 200KPCs. Whenappliedto
non-overlappingpatchestheresultingimageasawholeshovsablock structuresinceeachpatchis reconstructed
independentlyof its neighborhoodTo reducethis effect, the patchesarechoserto overlapinto their neighbors

suchthatthe overlappingregionscanbe averaged.
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a. original imageof resolution b. low resolutionimage stretchedo theorig-
inal scale

c. bicubicinterpolation d. supervisedexample-basedearningbasedon nearest
neighborclassi er

e. unsupervisedKHA reconstructiorof high-frequeng  f. unsupervisedKHA reconstruction
componentabsolutevaluesonly; contrastenhancedor
bettervisibility)

g. enlagedportionsof a-d,andf (from left to right)

Figurell: Comparisorbetweerdifferentsupefresolutionmethods.
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A ( )-sizeimagenot containedin the training setwas usedfor testing. The -sized
low-resolutionimagewasobtainedby blurring andsubsamplingFig. 10 shavs the supefresolutionresult. The
nal reconstructiorwaspost-processedsinghigh-boostltering [17] to enhanceéheedgeghatbecomeslightly
blurredsinceonly the rst 200 KPCsareusedin the reconstruction.It shouldbe notedthatthe original KHA
reconstructiornf thehigh-frequeng componentstill containsblockingartifactsevenwith theuseof overlapping
patches. This, however, doesnot severely degradethe nal resultsincethe overall structureis containedin
the low frequeng inputimageandthe KHA reconstructioronly addsthe missinghigh-frequenyg information.
Regardingmoreadvancedechniquedor theremoval of blockingartifacts,readersarereferredto [13] wherethe
spatialrelationshipbetweerpatchess modeledbasedn Markov random elds (MRFs).

Fig. 11 shavs more supetresolutionresults. The low resolutionimageis obtainedin the sameway as
in Fig. 10. For comparisonpicubic interpolationandthe nearesheighbortechniquealso have beenapplied.
Again, for all the methodsthe nal reconstructionsre high-boostltered. In comparisorto imagestretching
(Fig. 11.b), bicubic interpolation(Fig. 11.c) producesfar betterresults. However simple edgeenhancement
without ary prior knowledgefailed to completelyremove the blurring effect. The two learning-basednethods
shaw a bettercapabilityin recoveringthe complex local structure.This, however, comesatthe price of acertain
specializatiorto the encodedmageclass:whereadnterpolationcanbe appliedto ary image,we foundin our
experimentghata KPCA modelof facesperformedpoorly in reconstructingiaturalimagesandvice versa.

As showvn in Fig. 11 the KHA andthe nearesneighborbasednethodshoved a comparableperformance.
Someinsightinto thedifferencesn the modelingcapabilitiesof thetwo methodscanbe gainedby enlaging the
sizeof reconstructiorpatchand performingsuperresolutiondirectly on the raw images.For this, a nev KHA
imagemodelwastrainedon raw imagepatcheswithout high-passltering. Then,during the supetresolution
phasetheinputimagewasdecomposethto patchesvhich werereconstructeéhdependenthyof the
neighbouringpatches.For comparisonthe nearesheighborbasednodelwastrainedin the sameway. As can
be seenin Fig. 12.e,the two learning-base@pproachesgainshav betterreconstructiorresultsthan bicubic
interpolation. Althoughthe KHA reconstructionin Fig. 12.eis morenoisy, it betterpreseresthe overall tree
structurewhen comparedo the nearesteighborreconstruction(Fig. 11.c). This differencecanbe attributed
to the bettergeneralizatiorcapabilityof KPCA which canbe seenby applyingthe nearesneighbormethodto
thefaceimagesuperresolutionproblem(i.e., singlepatchapplication)(Fig. 13). In the simplenearesheighbor
reconstructiorwhich replaceshe input with the nearesstoredpatternbasedon the Euclideandistancein the
inputimagespacethreefaceswereerroneouslyeconstructeavhile the otherreconstructionarefar betterthan

thoseof theKHA asthey happerto benearto oneof thestoredpatterns Thehigh-frequeng restoratiorapproach
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a. originalimageof resolution b. bicubicinterpolationobtainedfrom low resolution
image

c. nearesheighboreconstruction d. KHA reconstruction

e. enlagedportionsof a, low resolutionimage,b, ¢, andd (from left to right)

Figure12: Imagesuperfresolutionwithout high-frequeng decomposition.
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Figure13: Faceimagesuperresolutionbasedn nearesheighbormethods Firstandsecondows: originaland
low-resolutioninputimages ), respectrely. Third row: reconstructionsbtainedby replacingthe KPCA
with a nearesheighborclassi er in the single patchreconstructiorexperiments. Fourth row: reconstructions
obtainedby the multi-patchreconstructiormethodappliedto the input image as a single patch. Fifth row:

reconstructionsbtainedoy the KPCA.

usedfor the naturalimagesfailedto captureary details. This mainly stemsfrom the high dimensionalityof the
inputimages( ), sincein this casethe training patternsdo not form a sufciently densesamplingof the
input space.As aresult,high- andlow-frequeng componentfrom differentimagesare mixedtogetherin the
reconstruction.Overall, the resultsindicatea bettergeneralizatiorcapability of KPCA ascomparedo nearest

neighbormethods.

Multi-patch imagedenoising Here,we adoptthe secondscenarioof Sec.3.2 wherethe noisewasassumed
to mainly contaminatehe KPC subspaceorrespondingo smallereigervalues.As a consequencétainingand
testsetarethesame.

In the experiment, two different noisy imageswere constructecby adding white Gaussiannoise (SNR
7.72dB) and salt and peppernoise (SNR 4.94dB)to the -sizedLenaimage[35]. From eachim-
age, overlappingmagepatchesveresampledat aregularinterval of 2 pixels. The KPCA imagemodel
for the Gaussiarkernel( ) wasobtainedby trainingthe KHA on eachtraining setwith alearningrate of

for around800 sweepghroughthe dataset.The denoisedmageswerethenobtainedby reconstructinghe
inputimageusingthe rst PCsfrom eachKPCA model. For comparisonthe median lter , Matlab's Wiener

Iter , andwavelet-basednethodsvereapplied. The parameterfor the Wiener lter andwavelet-basedanethods
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Tablel: Performancef differentdenoisingmethods

Denoisingmethod Noisetype

Gaussiamoise

Saltandpeppemoise

Median Iter 11.74dB 15.65dB
Matlab's wavelet-basednethods 12.13dB 10.54dB
Matlab's Wiener lter 14.06dB 11.48dB
14.14dB 11.91dB
ChoiandBaraniuks
13.84dB 11.48dB
method[9]
13.20dB 10.94dB
Symmlets2 15.54dB 7.85dB
Symmlets4 15.42dB 7.93dB
PizuricaandPhilips's Symmlets8 15.19dB 7.96dB
method[39] Daubechiesvavelet2 15.54dB 7.85dB
Daubechiesvavelet4 15.11dB 8.00dB
Daubechiesvavelet8 14.84dB 8.00dB
12.13dB 12.42dB 11.44dB 11.89dB
13.22dB 14.09dB 11.76dB 12.71dB
13.05dB 14.25dB 11.05dB 12.67dB
PCA KHA

12.46dB 14.27dB

10.15dB 12.44dB

12.29dB 14.11dB

9.31dB 12.12dB

11.32dB 13.88dB

8.97dB 11.45dB
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Figure 14: DenoisingGaussiamoise: a. original image,b. input noisyimage,c. median lter, d. Matlab's
wavelet denoising,e. Matlab's Wiener Iter, f. Choi and Baraniuks method[9], g. Pizuricaand Philips's

method[39], h. PCA, andi. KHA.
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Figure 15: Denoisingsalt and peppertype noise: a. original image,b. input noisyimage,c. median lter,
d. Matlab's waveletdenoising,e. Matlab's Wiener lter, f. Choi andBaraniuks method[9], g. Pizuricaand

Philips's method[39], h. PCA, andi. KHA.
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werechoserin the sameway asin the single-patchldenoisingexperiments.Two state-of-the-annethodq9, 39]
werealsoapplied: AssumingGaussiamoise, Pizuricaand Philips [39] estimatedhe probability thata given
coefcient in the waveletsubspaceontainsa noise-freecomponentFor our simulation,differentwaveletbases
wereutilized with Symmlets24, and8 andDaubechiesvavelet2,4, and8. In [9], ChoiandBaraniukestimated
the original signal by projectingthe noisy signalinto Besos spacesn the waveletdomain. For this, the factor
for estimatingthe Besos normvariedfrom 2.0to 3.0 (asrecommendeth the Matlab codeobtainedfrom the
authors website: http://www.dsp.rice.edu/ choi/) with aninterval of 0.5. Table1l summarizesheresults. The
superiorperformanceof Pizuricaand Philips's methodandthe median Iter for eachtype of noiseare based
on prior knowledgeof the noisesource.On the otherhand,their reducedperformancenn the othernoisetype
demonstratetherisk of relying on suchanassumptionin contrastthe KHA performswell for bothnoisetypes
indicatingthat, if nothingis known aboutthe noisecharacteristicshe KHA canbe consideredaisanacceptable
alternatve to existing methods.Figs. 14 and 15 shov denoisedmagesfor all methodswith the bestparameter

setting,respectiely.

5 Conclusion

In this article, we proposeda generatie imagemodelbasedon a new methodfor iteratve KPCA. In contrast
to otherpatch-basedanodelingapproachesKPCA allows for nonlinearinteractionsbetweenits basisimages.
Moreover, KPCA is capableof capturingpartof the higherorderstatisticswhich areparticularlyimportantfor
encodingmagestructure.To overcomethe memorycomplexity of KPCA, the KHA wasproposedasa method
for theef cient estimationof kernelPCs.As akernelizationof the GHA, the KHA allows for computingk PCA
withoutstoringthekernelmatrix, suchthatlargedatasetsf highdimensionalitycanbe processedThepresented
supetresolutionanddenoisingexperimentsshow thatthe genericimagemodelsobtainedrom the KHA leadto
a comparableperformanceo existing computervision andimage processingapproacheshat are speci cally
tailoredto thesetasks.

Comparedo existing supefresolutionand denoisingmethods the experimentalresultsobtainedusingthe
KHA arepromising.In termsof reconstructiorguality, however, it is dif cult to compareour approactwith the
previous onesin [24] and[13] sincethis largely dependsn subjectie assessmenhot on objective quantities
suchasthe MSE (which is - asthe resultson PCA indicate- a poor quality measureor images). The main
differencelies in the appliedlearningmethod: the methodsproposedby Hertzmannet al. [24] and Freeman
etal. [13] arebasedon supervisedearning. In machinelearning,it is generallybelieved thatwhenfeasible,a

supervisedearningapproachoftenleadsto the bestresults. However, at the sametime, supervisedalgorithms
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canhave shortcomingsn thatthe datamay be moreexpensve to obtain(sincethey requireinputsand outputs),
andthe solutioncanbeless e xible in thatit is only usefulfor the exacttaskconsideredThis meanshatonce
trainedon a training setcontaininglabeleddata,the above methodscanonly be usedfor the oneimagesuper
resolutiontaskit wastrainedfor. In contrastpurimagemodel,whichis only trainedon high-resolutiorimages,
canbedirectly appliedto a variety of imagerestorationtasks,including denoisingandimagesupefresolution
usinginputsof variousresolutionswithout retraining.

Therearevariousdirectionsfor furtherwork. TheKHA, asageneralterative algorithmof KPCA applicable
to large datasetscansigni cantly enlage the applicationareaof KPCA, which asa genericmachinelearning
techniquealsoenjoys somepopularityin other elds. With respecto imagemodeling,the bestchoiceof the
kernelremainselusive. We still do not know which higherorderstatisticsareimportantfor codingimagecon-
tent. It is alsounclearto what extentthe differentavailablekernelsare capableof modelingthe occlusionand
superpositiophenomenthatcontributeto thegeneratiorof animage.A furtherinvestigatiorof thesequestions

couldleadto the designof new kernelsthatspeci cally incorporatethe generatiorprinciplesof naturalimages.
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