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Abstract

Higher-order neurons with k£ monomials in n variables are shown
to have Vapnik-Chervonenkis (VC) dimension at least nk + 1. This
result supersedes the previously known lower bound obtained via
k-term monotone disjunctive normal form (DNF) formulas. More-
over, it implies that the VC dimension of higher-order neurons with
k monomials is strictly larger than the VC dimension of k-term mono-
tone DNF. The result is achieved by introducing an exponential ap-
proach that employs Gaussian radial basis function (RBF) neural
networks for obtaining classifications of points in terms of higher-
order neurons.

1 Introduction

Higher-order neurons are simple but powerful extensions of linear neuron models.
They introduce the concept of nonlinearity by incorporating monomials, that
is, products of input variables, as an intermediate step—effectively a hidden
layer—of computation. A common way of specifying a higher-order neuron is
to determine the number of input variables and the number of monomials, but
leaving the order of the monomials open. Thus, one obtains a powerful neuron
model that is capable of computing with unlimited degrees of nonlinearity.

The computational capabilities that arise from this model, however, are far
from being completely understood. One of the well-studied theoretical notions
that are used to characterize the computational richness of neural networks is
the Vapnik-Chervonenkis (VC) dimension. More generally, the VC dimension
of a function class quantifies its classification capabilities (Vapnik and Chervo-
nenkis, 1971): It indicates the cardinality of the largest set for which all possible
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binary-valued classifications can be obtained using functions from the class. The
VC dimension is also well founded as a measure for the sample complexity of
learning (see, e.g., Anthony and Bartlett, 1999): It yields estimates for the num-
ber of examples needed by a learning algorithm to output functions that have
low generalization errors.

We establish here a new lower bound on the VC dimension of higher-order
neurons: We show that the higher-order neuron with £ monomials in n variables
has VC dimension at least nk + 1. The largest lower bound that has been
known previously is derived from the lower bound for Boolean formulas in k-
term monotone disjunctive normal form (DNF), that is, disjunctions of at most
k monomials without negations. This bound has been obtained by Littlestone
(1988). In particular, Littlestone has shown that the class of k-term monotone
[-DNF formulas (i.e., with monomials containing at most ! variables) has VC
dimension at least lk|log(n/m)], where I < m <n, and k < (7). Using | =n/4
and m = n/2, for instance, this yields the lower bound nk/4 for the VC dimension
of k-term monotone DNF and, hence, of higher-order neurons with £ monomials,
where k£ has to satisfy the given constraints.

The new bound that we provide here for higher-order neurons supersedes this
previous bound in a threefold way: First, it improves the bound from k-term
monotone DNF formulas in value. Second, it releases k from the constraints
through n in that the new bound holds for every n and k—in particular, for
values of £ that are larger than the number of monotone monomials. Finally,
nk + 1 is even larger than the VC dimension of the class of k-term monotone
DNF formulas itself: We show that the difference between both dimensions is
larger than klog(k/e) + 1.

So far, a considerable number of results and techniques for VC dimension
bounds have been provided in the context of real valued function classes (see, e.g.,
Bartlett and Maass, 2003, and the references there). For specific subclasses that
can be computed by higher-order neurons, tight bounds have been calculated:
Karpinski and Werther (1993) have shown that univariate polynomials with at
most k terms have a VC dimension! proportional to k. Further, the VC dimension
of the class of monomials over the reals is equal to n (see Ehrenfeucht et al., 1989;
Schmitt, 2002c, for lower and upper bound, respectively). There is also a VC
dimension result known for n-variate d-degree polynomials (see, e.g., Ben-David
and Lindenbaum, 1998): This class has VC dimension equal to (":d). However,
as the class contains polynomials consisting of (":;d) terms and the bound £ on
the number of monomials restricts the number of variables in terms of &, this
result entails for higher-order neurons (without a constraint on the degree) a

1Strictly speaking, Karpinski and Werther (1993) studied a related notion, the
so-called pseudo-dimension. Following their methods, it is not hard to obtain this
result for the VC dimension (see also Schmitt, 2002a).



lower bound not better than the bound due to Littlestone (1988).

There has been previous work that established techniques for deriving lower
bounds on the VC dimension for quite general types of real-valued function
classes. Building on results by Lee et al. (1995), Erlich et al. (1997) provide
powerful means for obtaining lower bounds for parameterized function classes?.
An essential requirement for using these techniques, however, is that the function
class is “smoothly” parameterized, a fact that does not apply to the exponents of
polynomials. The lower bound method of Koiran and Sontag (1997) for various
types of neural networks, generalized by Bartlett et al. (1998) to neural networks
with a given number of layers, cannot be employed for higher-order neurons ei-
ther. This technique is constrained to networks where each neuron computes a
function with finite limits at infinity, a property monomials do not have. Fur-
ther, Koiran and Sontag (1997) designed a lower bound method for networks
consisting of linear and multiplication gates. However, the way these networks
are constructed—with layers consisting of products of linear terms3—does not
give rise to higher-order neurons, even when the number of layers is restricted.

We provide a completely new approach to the derivation of lower bounds on
the VC dimension of higher-order neurons. First, we establish the lower bound
nk + 1 on the VC dimension of a specific type of radial basis function (RBF)
neural network (see, e.g., Haykin, 1999). The networks considered here have k
Gaussian® units as computational elements and satisfy certain assumptions with
respect to the input domain and the values taken by the parameters. The bound
for these networks improves a result of Erlich et al. (1997) in combination with
Lee et al. (1995) who established the lower bound n(k—1) for RBF networks® with
restrictions neither on inputs nor on parameters. Then we use our result for RBF
networks to obtain the lower bound on the VC dimension of higher-order neurons.

2A parameterized function class is given in terms of a function having two
types of variables: input variables and parameter variables. The function class is
obtained by instantiating the parameter variables with, in general, real numbers.
Neural networks are prominent examples for parameterized function classes.

3Precisely, such a layer uses products of the form Hﬁzl (x — a;) where it is
crucial that there is no bound on /.

‘named after the German mathematician Carl Friedrich Gauss (1777-1855)

5These results and the one presented here concern RBF networks with uniform
width, that is, where all units have equal width. This constraint is not a funda-
mental restriction since, as shown by Park and Sandberg (1991), these networks
still have universal approximation capabilities. As far as the VC dimension is
concerned, however, better lower bounds are known for more general types of
RBF networks (Schmitt, 2002b).



Thus, RBF networks open a new way to assess the classification capabilities of
higher-order neurons. This Gaussian RBF approach has also proven to be helpful
in a different context dealing with the roots of univariate polynomials (Schmitt,
2004).

Higher-order neurons are a special case of a particular type of neural networks,
the so-called product unit neural networks (Durbin and Rumelhart, 1989). It
immediately follows from the bound for higher-order neurons established here
that the VC dimension of product unit neural networks with n input nodes and
one layer of k hidden nodes (that is, nodes that are neither input nor output
nodes) is at least nk + 1.

Concerning upper bounds for the VC dimension of higher-order neurons there
are two relevant results: The bound O(n%k*) due to Karpinski and Macintyre
(1997) is the smallest bound known for higher-order neurons with unlimited
degree (see also Schmitt, 2002c). The higher-order neuron with n variables,
k monomials, and degree no larger than d has VC dimension no more than
2nk log(9d) (Schmitt, 2002c). The derivation of the new lower bound not only
narrows the gap between upper and lower bounds, but gives also rise to subclasses
of degree-restricted higher-order neurons for which the bound is optimal up to
the factor 2log(9d).

We introduce definitions and notation in Section 2. Section 3 provides ge-
ometric constructions that are required for the derivations of the main results
presented in Section 4. Finally, in Section 5, we compare the new bound with the
upper bound for k-term monotone DNF formulas and show that the new bound
exceeds the VC dimension of this class.

2 Definitions

A higher-order neuron (or sigma-pi unit) with k monomials in n variables com-
putes the functions

b1,1 b br,1 b,
a0+a1$1 ...xnlan_i_..._i_akxl ...:Cn"‘ (1)

with real coefficients ay, . . -, ax (the output weights of the neuron with bias ag) and
nonnegative integer exponents by 1,...,b; . The coeflicients and the exponents
are the adjustable parameters of the neuron. For given n and k, the function
class constituted by all functions in (1) is also known as the class of k-sparse
n-variate polynomials. If the exponents by 1,...,bs, are allowed to be arbitrary
real numbers, each monomial becomes a product unit and we obtain a product
unit neural network with one hidden layer of k£ product units.

We use bold symbols to indicate vectors, such as  and ¢;; non-bold symbols
are reserved for scalar variables. Let || - || denote the Euclidean norm. A ra-
dial basis function neural network (RBF network, for short) with n input nodes



computes functions that map from R™ to R and can be written as

|z — ai” & — cxl)”
Wo + Wi €xp 2 + - 4w exp s )

where k is the number of RBF units. This particular type of network is also
known as a Gaussian RBF network. Each exponential term corresponds to the
function computed by a Gaussian RBF unit with center ¢; € R*, where n is the
number of variables, and width o € R\ {0}. The width is a network parameter
that we assume here to be equal for all units, that is, we consider RBF networks
with uniform width. Further, wy,...,w; are the output weights and wy is also
referred to as the bias of the network.

The Vapnik-Chervonenkis (VC) dimension of a class F of real-valued func-
tions is defined via the notion of shattering: A set S C R” is said to be shattered
by F if every dichotomy of S is induced by F, that is, if for every pair (S—,S™),
where ST NSt =0 and S~ UST = S, there is some function f € F such that

sgno f(S7) C {0} and sgno f(ST)C {1}.

Here sgn : R — {0, 1} denotes the sign function, satisfying sgn(z) = 1 if z > 0,
and sgn(z) = 0 otherwise. The VC dimension of F is then defined as the
cardinality of the largest set shattered by F. (It is said to be infinite if there
is no such set.) The VC dimension of a neuron or a neural network is equated
with the VC dimension of the class of functions computed by the neuron or the
neural network, respectively.

Finally, we make use of the geometric notions of a ball and a hypersphere. A
ball in R™ is given in terms of a center ¢ € R™ and a radius p € R as the set

B(c,p) = {zeR": o —c|| <p}
A hypersphere is the set of points on the surface of a ball, that is,
S(e,p) = {zeR": |z —c|=p}

3 Ancillary Constructions

In the following we provide the geometric constructions that are the basis for the
main result in Section 4. The idea pursued here is to represent classifications of
sets using unions of balls, where a point is classified as positive if and only if it
is contained in some ball. In order for being shattered, the sets are chosen to
satisfy a certain condition of independence with respect to the positions of their
elements: The points are required to lie on hyperspheres such that each hyper-
sphere is maximally determined by the set of points. In other words, removing
any point increases the set of possible hyperspheres that contain the reduced set.
The following definition makes this notion of independence precise.
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Definition. A set Q@ C R" of at most n + 1 points is in general position for
hyperspheres if the system of equalities

lp—cll = n  foraipeQ, (2)

in the variables ¢ = (c1,-..,¢,) and n has a solution and, for every q € Q, the
solution set is a proper subset of the solution set of the system

lp—cll = n  foralpe@\{q}. (3)

Given a set of points that satisfies this definition and lies on a hypersphere,
we next want to find a ball such that one of the points lies outside of the ball
while the other points are on its surface. We show that this can be done, provided
that the set is in general position for hyperspheres. Moreover, the ball can be
chosen with the center and the radius as close as possible to the center and the
radius of the hypersphere that contains all points.

Lemma 1. Suppose that Q C R"* is a set of at most n + 1 points in general
position for hyperspheres and let q € Q). Further, let ¢ € R*,n € R be a solution
of the system

lp—cll = n  foradipeQ. (4)

Then, for every € > 0, there exists a solution c(¢) € R*,n(e) € R of the system

lp—clell = nle),  forallpecQ\{g},
lg = el > nle)

satisfying
lc—ce)||<e and |n—mne)| <e.

Proof. Without loss of generality, we may assume that n > 0. (If » = 0 then we
have |@Q| = 1, and the statement is trivial.) Since ¢ and 7 solve the system (4),
c and ¥ = n? — ||c||? are a solution of the system

IplI* —2pc = 9, for all p € Q. (5)

Because @ is in general position for hyperspheres, the solution set of the system
(5) is a proper subset of the solution set of the system

Ip|? - 2pc = 9, forallpeQ\{q}. (6)

According to facts from linear algebra, there exist @ € R* and a € R such that
for every A # 0, we have with ¢ + Aa and ¥ + Aa a solution of the system (6)



that does not solve the system (5). For a given € > 0, choose A(¢) € R\ {0} such
that |A(e)] is sufficiently small to satisfy

IA(e)al| <e and |/I+ |c]|?> — \/19 + AEe)a+|le+ Ae)al?| <e. (T)

It is obvious that the second inequality can be met due to the fact that the
equation /9 + ||c||? = n holds, which we get from the definition of ¢}, and the
assumption 7 > 0. Since ¢+ A(e)a and 9+ A(e)a solve (6) but not (5), it follows
that

lgl* — 2q(c + Ale)a) # 9+ Ae)e,
which, using ||q||> — 2qc = 9 from (5), is equivalent to
—2\(e)ga # MAe)a.

Due to this inequality, we can choose the (not yet specified) sign of A(e) such
that

—2X(e)ga > A(e)a.
Again with ||g||* — 2gc = 9, it follows that
lall” - 2g(c + A(e)a) > 0+ A(e)e,
and, therefore,
lg— (c+Ae)a)||?> > 9+ Ae)a+|c+ Ae)al*

Hence, defining

cle) =c+Ae)a and n(e) = /I +Ae)a+|c+ Ae)al?,

we obtain ||g — c(¢)|| > n(e). Furthermore, the inequalities (7) imply that ||c —
c(e)|| < e and |n —n(e)| < € hold as claimed. O

We now apply the previous result to show that any dichotomy of a given set
of points can be obtained using balls. As the set may generally be a subset of
some larger set, we also ensure that the balls do not enclose any additional point.
Further, we guarantee that this can be done with all centers remaining positive,
a condition that will turn out to be useful in the following section. We say here
that a vector is positive, if all its components are larger than zero.

Lemma 2. Let Q C R"” be a set of n points in general position for hyperspheres
and let P C R™ be a finite set with Q C P. Assume further that there exists a
positive center ¢ € R* and a radius n € R such that

Q@ <€ S(en),
PNB(en) = Q.



Then for every R C @ there exists a positive center d € R® and a radius ( € R
such that

R C S(d,Q),
PNB(d,() = R

Proof. Clearly, it is sufficient to consider sets R that are proper subsets of Q).
Without loss of generality, we may assume that |R| = || — 1. The general case
then follows inductively. Suppose that ¢ € @ and let R = @ \ {g}. According
to Lemma 1, for every ¢ > 0 there exist ¢(¢), n(e) satisfying

[p—c(E)ll = nle), forallpe\{q}, (8)
lg —cle)ll > nle), (9)
le—ele)ll < e, (10)
m=n(e)| < e (11)

Obviously, property (8) implies that R C S(c(e), n(e)). Property (9) states that
q ¢ B(c(e),n(e)). Since the assumption P N B(e,n) = @ implies that for every
p’ € P\ @ the constraint

"=l > 7

holds, properties (10) and (11) entail the condition

1P’ = @)l > nle)

for all sufficiently small €. Thus, for any such ¢ we get the assertion P N
B(e(e),n(e)) = R. Further, as ¢ is positive, property (10) ensures that ()
is positive for some sufficiently small £. Hence, the claim follows for d = ¢(e),

¢ =nle). O

4 VC Dimension Bound for Higher-Order Neu-
rons

Before getting to the main result, we derive the lower bound nk + 1 for the VC
dimension of a restricted type of RBF network. For more general RBF networks,
results of Erlich et al. (1997) and Lee et al. (1995) yield the lower bound n(k—1).
The following theorem is stronger not only in the value of the bound, but also
in the assumptions that hold: The points of the shattered set all have the same
distance from the origin, the centers of the RBF units are rational numbers, and
the width can be chosen arbitrarily small.



B(Clﬂh)

B(C3,773)

Figure 1: The points of the shattered set are chosen from the intersections of
the hypersphere S(0, p) with the surfaces of pairwise disjoint balls B(¢;, 7;). All
balls have their centers in the positive orthant. There is one additional point s
not contained in any of the balls.

Theorem 3. Letn > 2, k > 1, and p > 0 be given. There exists a set P C
S(0,p) CR™ of nk+ 1 points and a real number oq > 0 so that P is shattered by
the RBF network with k hidden units, positive rational centers, and any width
0 <o < oy.

Proof. Suppose that B(e1,m), - .., B(ck, nx) are pairwise disjoint balls with posi-
tive centers ¢y, . .., ¢, € R" such that, fori = 1,..., k, the intersection S(e;, ;)N
S(0, p) is non-empty and not a single point. (An example for n = 2 and k = 3
is shown in Fig. 1.) For ¢ = 1,...,k, let P; C S(e¢;,m:) N S(0,p) be a set of n
points in general position for hyperspheres. (Note that P; is constrained to lie
on two different hyperspheres. This still allows to choose P; in general position
since P; contains n (and not n + 1) points, so that the set of possible centers for
P; yields a line.) Further, let s € S(0, p) be some point such that s & B(c;, n;),
fori=1,...,k. We claim that the set P = {s} UP; U---U P, which has nk+1
points, is shattered by the RBF network with the postulated restrictions on the
parameters.



Assume that (P—, P") is some arbitrary dichotomy of P where s € P~. (We
will argue at the end of the proof that the complementary case can be treated
by reversing signs.) Let (P, ,P;") denote the dichotomy induced on P;. By
construction, every P; satisfies

P; C S(ci,m;) and PN B(c;,m) = P

Hence by Lemma 2, instantiating the set @ with P; and the set R with P;', it
follows that there exist positive centers d; and radii (; such that

P’ C S(di,¢;) and PN B(d;, ()= P,

for i = 1,..., k. Moreover, the centers d; can be replaced by rational centers d;
that are sufficiently close to d;, such that every point of P lying outside the ball
B(d;, ¢;) is outside the ball B(d;, Ez) for some (; € R close to ¢;, and every point
of P lying on the hypersphere S(d;, (;) is contained in the ball B(d;, (;). Thus,
every p € P satisfies

p e B(d;,{;) ifandonlyif pe P, (12)

for i =1,...,k. Clearly, since the centers d; are positive, the rational centers ci,
can be chosen to be positive as well.

The parameters of the RBF network are specified as follows: The i-th unit
is associated with the ball B(d;, 51) Assigned to it is d; as the center and as

22
output weight the value exp((; /o?) (where o will determined below) so that the
unit contributes the term

oo (2 o [N = il
p e eXp P

to the computation of the network. From assertion (12) we obtain that every
p € P\ P satisfies the constraint

lp—dill > G

Thus, for every sufficiently small ¢ > 0 and every p € P\ P;, we achieve that

—dj|? - 1
exp(_np [ c,) <! 13)

o2

is valid for ¢ = 1,...,k. On the other hand, for every p € P;" condition (12)
implies

||P—Jz'|| < &,
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which entails

—J.12 _ /2
exp(_np ci,|2| cz) - (14)

for every o > 0. Finally, we set the bias term equal to —1. It is now easy to see
that the dichotomy (P~, P*) is induced by the parameter settings: If p € P~
then, according to inequality (13), the weighted output values of the units and
the bias sum up to a negative value. In the case p € P* we have p € P;" for
some i and, by inequality (14), the weighted unit ¢ outputs value of at least 1,
while the other units output positive values, so that the total network output is
positive.

The construction for the case that classifies s as positive works similarly.
We invoke Lemma 2 substituting P, for R and derive the analogous version of
assertion (12) with P;" replaced by P;”. Then it is obvious that, if the weights
defined above are equipped with negative signs and 1 is used as the bias, the
network induces the dichotomy as claimed.

We observe that ¢ may have been chosen such that it depends on the partic-
ular dichotomy. To complete the proof, we require oy to be small enough so that
inequality (13) holds for o < ¢ on all points and dichotomies of P. O

We remark that one assumption of the theorem can be slightly weakened: It
is not necessary to require that s € S(0, p). Instead, every point not contained
in any of the balls B(c;,n;) can be selected for s. However, the restriction is
required for the application of the theorem in the following result, which is the
main contribution of this article. For its proof we recall the definition of a product
unit neural network in Section 2.

Theorem 4. For every n,k > 1, the higher-order neuron with k monomials in
n variables has VC dimension at least nk + 1.

Proof. We first consider the case n > 2. By Theorem 3, for p > 0 let P C R”,
P C 5(0, p), be the set of cardinality nk+1 that is shattered by the RBF network
with £ hidden units and the stated parameter settings. We show that P can be
transformed into a set P’ that is shattered by the higher-order neuron with &
monomials. The weighted output computed by unit ¢ in the RBF network on
input p € P can be written as

Ww; « €Xp (—M> = w; - exp (—HPH PC; + ||Cz|| )

o2 o2

_ ( ||P||2+||Cz||2> (21901-)
= w;- exp —a
g
_ ( P +||c,||2> <2p10i,1> <2pncz',n>
= Wi eXp\— 5 ) expl— 5 )
g g
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where we have used the assumption P C S(0, p) for the last equation and p;, ¢; ;
to denote the j-th components of the vectors p, c;, respectively. Consider a
product unit network with one hidden layer, where unit ¢ has output weight

2 2
+ ||¢;
= v (£
o
and exponents 2¢; j/o? for j =1,...,n. On inputs from the set

P = {(e”,...,e’") : (p1,--.,pn) € P}

this product unit network computes the same values as the RBF network on P.
Moreover, the exponents of the product units are positive rationals. According
to Theorem 3, for some 0y, any width 0 < ¢ < 0y can be used. Therefore, we
may choose o2 = 1/ for some natural number [ that is sufficiently large and a
common multiple of all denominators occurring in any c; j, so that the exponents
become integers. With these parameter settings, we have a higher-order neuron
with & monomials that computes on P’ the same output values as the RBF
network on P. As this can be done for every dichotomy of P, it follows that P’
is shattered by the higher-order neuron with £ monomials.

For the case n = 1, we again use the RBF technique and ideas from Schmitt
(2002a, 2004). Clearly, the set M = {0,...,k} can be shattered by an RBF
network with k£ + 1 hidden units and zero bias: For each i € M we employ an
RBF unit with center ¢; given a dichotomy (M, M), we let the output weight
for unit i be —1ifi € M~, and 1if i € M*. If the width o is small enough, the
output value of the network has the requested sign on every input ¢ € M. Now,
let o be the smallest width sufficient for all dichotomies of M. Then

z? (z —1)?
Wo €XP T2 + wy exp T2 +---

— k)2
...+wkexp (_Q> 2 0
o
is, by multiplication with exp(z?/0?), equivalent to
2¢ — 1 2kx — k2
Wy + wy exp 3 +ortwgexp | ——5— > 0.
o o
The latter can be written as
1 2x
Wot+wiexp | —— |exp| — | +---
o o
k2 2kz
<.+ Wi exp —Q | XP | —= > 0
o o
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Substituting y = exp(2z/0?), this holds if and only if

1 k2
Wo + w1 €Xp (—P) Y+ -+ wyexp <_§> vt > 0.

Thus, for every dichotomy of M we obtain a dichotomy of the set
M = {7 :i=0,...,k}

induced by a higher-order neuron with k& monomials. In other words, M’ is
shattered by this neuron. O

5 Comparison with k-Term Monotone DNF

A Boolean formula that is a disjunction of up to £ monomials without negations
can be considered as a polynomial restricted to Boolean inputs. The previously
best known lower bound for the VC dimension of higher-order neurons with &
monomials was the bound for k-term monotone DNF due to Littlestone (1988).
By deriving an upper bound for the latter class and applying Theorem 4, we show
that the VC dimension for higher-order neurons with & monomials is strictly
larger than for k-term monotone DNF. We use “log” to denote the logarithm of
base 2.

Corollary 5. Letn > 1 and 3 < k < 2". The VC dimension of the higher-order
neuron with k monomials in n variables exceeds the VC dimension of the class
of k-term monotone DNF in n variables by more than klog(k/e) + 1.

Proof. A k-term monotone DNF formula corresponds to a collection of up to k
subsets of the set of variables. For n variables, there are no more than "~ (%)
such collections. The known inequality X7 (™) < (em/d)?, where 1 < d < m,
(see, e.g., Anthony and Bartlett, 1999, Theorem 3.7) yields

bfom ek ok
; ( i ) < (3) 2%
By definition, the VC dimension of a finite function class F cannot be larger than
log |F|. Hence, the VC dimension for k-term monotone DNF is less than nk —
klog(k/e). Theorem 4 implies that this bound falls short of the VC dimension
for higher-order neurons with k£ monomials in n variables by at least klog(k/e) +
1. U

It is easy to see that in the cases k = 1, 2, which are not covered by Corollary 5,
the VC dimension of higher-order neurons is larger as well. First, as there are
no more than 2" Boolean monotone monomials, the VC dimension of monotone
monomials is at most n. Second, the number of monotone DNF formulas with
at most two terms is not larger than 2** 4+ 1, and log(2*" + 1) is less than 2n + 1.
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6 Conclusion

A new lower bound for the VC dimension of higher-order neurons with a given
number of monomials has been derived. The bound is stronger and more general
than the previous bound established via Boolean formulas in monotone DNF.
Moreover, the new bound implies that the VC dimension of higher-order neurons
with £ monomials exceeds the VC dimension of the class of k-term monotone
DNF formulas. Therefore, the techniques that use DNF formulas for deriving
lower bounds on the VC dimension of higher-order neurons seem to have reached
their limits.

We have introduced a method that via Gaussian RBF networks accomplishes
to shatter sets by higher-order neurons. This seems to be paradoxical as, with
regard to the domain of the parameters, the Gaussian RBF network appears to
be more powerful than the higher-order neuron: Each parameter of a Gaussian
RBF network may assume any real number, whereas the higher-order neuron
must have exponents that are nonnegative and integers. Nevertheless, we have
shown here that RBF networks can be used to establish lower bounds on the
computational capabilities of higher-order neurons. While the previous lower
bound via monotone DNF formulas gives rise to monomials with exponents not
larger than 1, the approach that uses RBF networks shows that and how large
exponents can be employed to shatter sets of a cardinality that is larger than
known before. Moreover, the constructions give reason to a completely new
interpretation of the exponent vectors of the monomials when higher-order neu-
rons are used for classification tasks: They have been chosen as centers of balls.
This perspective might open new ways to the design of learning algorithms for
higher-order neurons.

With the result presented in this article we have narrowed the gap between
lower and upper bound for the VC dimension of higher-order neurons. As the
bounds are not yet tight it is to be hoped that the method introduced here may
lead to further insights that eventually yield additional improvements.
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