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Abstract

The computational complexity of learning from binary examples is in-
vestigated for linear threshold neurons. We introduce combinatorial mea-
sures that create classes of infinitely many learning problems with sample
restrictions. We analyze how the complexity of these problems depends
on the values for the measures. The results are established as dichotomy
theorems showing that each problem is either NP-complete or solvable
in polynomial time. In particular, we consider consistency and maxi-
mum consistency problems for neurons with binary weights, and maximum
consistency problems for neurons with arbitrary weights. We determine
for each problem class the dividing line between the NP-complete and
polynomial-time solvable problems. Moreover, all efficiently solvable prob-
lems are shown to have constructive algorithms that require no more than
linear time on a random access machine model. Similar dichotomies are
exhibited for neurons with bounded threshold. The results demonstrate
on the one hand that the consideration of sample constraints can lead to
the discovery of new efficient algorithms for non-trivial learning problems.
On the other hand, hard learning problems may remain intractable even
for severely restricted samples.

Keywords: linear threshold neuron, consistency problem, computational com-
plexity, NP-completeness, linear-time algorithm

1 Introduction

The ability to learn is certainly one of the most challenging qualities that people
have ever demanded from computers. There is no doubt that a major advance-
ment in the development of learning algorithms has been made due to the use



of neural networks. Today, they provide the basis for some of the most suc-
cessful learning techniques. This achievement, however, is compromised by the
fact that the running times required by neural learning algorithms are often im-
mense. On the theoretical side, investigations of the computational complexity of
learning problems have supported the conjecture that neural learning is generally
hard: Theory considers an algorithm as efficient if its running time is bounded
by a polynomial in the input length. Based on the theory of NP-completeness
(see, e.g., Garey and Johnson, 1979) researchers have established numerous in-
tractability results for neural learning problems. Consequently, no efficient, that
is, polynomial-time, algorithm for solving these problems can exist if the com-
plexity classes P and NP are different. (See, e.g., Sima, 2002, for a comprehensive
list of hardness results concerning single neurons and neural networks.)

A useful approach for studying the complexity of learning is to consider the
consistency problem. Associated with a class of functions, the so-called hypoth-
esis class, the consistency problem is a decision problem. It poses the question
whether for a given set of labeled examples, the training sample, there is some
hypothesis in the class that is consistent with all examples, that is, assigns the
correct output values. The consistency problem is also known as loading problem
(Judd, 1990), fitting problem (Natarajan, 1991), or training problem (Blum and
Rivest, 1992). A variant of the consistency problem is the maximum consistency
problem, also known as minimizing disagreement problem. Its instances consist
of a training sample and a natural number k. The question is to decide whether
there is a hypothesis consistent with some subset of at least & examples. The
maximum consistency problem is a generalization of the consistency problem in
that the latter is a subproblem of the former: The consistency problem can be
obtained from the maximum consistency problem by setting k£ equal to the num-
ber of examples. Consequently, if for a given hypothesis class the consistency
problem is NP-hard then the maximum consistency problem is NP-hard, too.
Consistency and maximum consistency problems are studied as key problems in
the computational models of learning known as probably approximately correct
(PAC) learning and agnostic PAC learning. A fundamental result states that,
under the assumption that the complexity classes RP and NP are different, PAC
learning cannot be efficient for a hypothesis class if the consistency problem for
this class is NP-hard (Pitt and Valiant, 1988; Blumer et al., 1989). An analogous
result links the model of agnostic PAC learning with the maximum consistency
problem (Kearns et al., 1994; Anthony and Bartlett, 1999).

There has been perseverating interest in theoretical issues of learning using
single neurons as hypothesis class (see, e.g., Servedio, 2002, and the references
there). One of the extensively studied models is the linear threshold neuron,
also known as McCulloch-Pitts neuron (McCulloch and Pitts, 1943). It serves
as elementary building block for many neural network types (see, e.g., Haykin,
1999). While the linear threshold neuron has arbitrary real-valued weights, a
variant that has gained particular attention is obtained by restricting the weights
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to binary values (see, e.g., Golea and Marchand, 1993; Fang and Venkatesh, 1996;
Kim and Roche, 1998; Sommer and Palm, 1999). With binary weights a linear
threshold neuron is still able to compute fundamental Boolean functions such
as conjunction, disjunction, and r-of-k threshold functions' that have been of
specific interest in questions of learning (Hampson and Volper, 1986; Littlestone,
1988; Pitt and Valiant, 1988).

In this article, we investigate the complexity of consistency and maximum
consistency problems for linear threshold neurons with binary and with arbi-
trary weights. We do this under the assumption that the training examples are
binary, that is, have entries from {0, 1}. While the consistency problem for linear
threshold neurons with arbitrary weights is known to be solvable in polynomial
time using methods of linear programming (see, e.g., Maass and Turdn, 1994;
Anthony and Bartlett, 1999) we focus on those problems that are NP-complete:
The consistency problem for linear threshold neurons with binary weights has
been proved to be NP-complete by Pitt and Valiant (1988). Hence, also the
maximum consistency problem for these neurons is NP-complete. The maxi-
mum consistency problem for linear threshold neurons with arbitrary weights is
known to be NP-complete from the work of Hoffgen et al. (1995) improving an
earlier result by Amaldi (1991).

We take a closer look at these problems by introducing and analyzing sub-
problems. In other words, we raise the question whether these problems become
easier when the training samples are restricted. To this end we define two com-
binatorial measures for characterizing the complexity of a sample. The first
quantity, called coincidence, indicates the maximum number of components in
which any two examples are both non-zero. The second measure, called sparse-
ness, represents the maximum number of non-zero components, or the Hamming-
weight, of any example. The choice of these measures is guided by the insight
that learning for single neurons is easy when the coincidence or the sparseness
of the samples is severely limited. So, it is not hard to see that the consistency
problem is trivial when the examples are pairwise orthogonal, that is, when the
sample has coincidence zero. The same observation can be made for the case
when the examples are required to be extremely sparse. A further motivation for
introducing sparseness arises from investigations of neural associative memories.
In these, sparseness has been shown to be relevant for their storage capacities
using specific learning rules (Palm, 1980).

By introducing coincidence and sparseness as sample restrictions we obtain
infinite classes of consistency and maximum consistency problems: For each
pair ¢, d of natural numbers there is the (maximum) consistency problem with
coincidence ¢ and sparseness d. The question arises how the complexity of the
consistency and the maximum consistency problems depends on the values for

1A Boolean r-of-k threshold function outputs 1 if and only if at least r in a specified subset
of k variables have the value 1.



coincidence and sparseness. As one of the main results it emerges that these
problems are already NP-complete when coincidence and sparseness are bounded,
a fact that does not follow from previous work. Moreover, we give a complete
categorization of these consistency and maximum consistency problems into NP-
complete and polynomial-time solvable. In other words, we establish so-called
dichotomy theorems for these problems. Given an infinite class of problems, a
dichotomy theorem states that each problem is either NP-complete or contained
in the complexity class P. Thus, if P # NP, the dichotomy theorem separates the
efficiently solvable problems from the intractable ones. A dichotomy theorem
is an important finding since it is known that if P and NP are different then
there are infinitely many problems in NP that are neither in P nor NP-complete
(see, e.g., Garey and Johnson, 1979). It is therefore significant that none of these
problems of intermediate complexity is found among the (maximum) consistency
problems considered here. In computational complexity there are only a few
dichotomy theorems known. The most popular one is that for k-SAT which
states that the satisfiability problem for conjunctions of Boolean clauses, where
each clause has size at most k, is NP-complete when k is at least 3 and solvable
in polynomial time for k£ at most 2. The dichotomy of k-SAT emerges as a special
case of the renowned result of Schaefer (1978) who established a more general
dichotomy theorem for satisfiability problems. Concerning more recent results
we refer to Kirousis and Kolaitis (2003) where also a brief survey on dichotomy
theorems in computational complexity is given. The first dichotomy theorem
in conjunction with learning problems has been provided by Dalmau (1999) for
learning quantified Boolean formulas (see also Dalmau and Jeavons, 2003).

In detail, we prove the following dichotomy theorems: The consistency prob-
lem for the linear threshold neuron with binary weights is NP-complete if the
samples have coincidence at least 1 and sparseness at least 4. On the other hand,
if the samples have coincidence 0 or sparseness at most 3, the problem becomes
solvable in polynomial time. Further, the maximum consistency problem for the
linear threshold neuron with binary weights is NP-complete for coincidence at
least 1 and sparseness at least 2, whereas for coincidence 0 or sparseness 1 it
is in P. This last dichotomy theorem holds also for the maximum consistency
problem with respect to the linear threshold neuron with arbitrary weights. All
polynomial-time results are established by showing that the problems can be
solved in linear time on a random access machine (RAM) model. Moreover, the
algorithms we present for these problems are constructive, that is, they calculate
a solution if one exists. We further obtain dichotomies for linear threshold neu-
rons with binary weights and a bounded threshold. In particular, the dichotomy
of the consistency problems that holds for these neurons with arbitrary threshold
is also existent when the threshold is bounded by some value larger than or equal
to 2. On the other hand, if the bound on the threshold is at most 1, the consis-
tency problem is solvable in linear time on a RAM. For the maximum consistency
problem and linear threshold neurons with binary weights NP-completeness is
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found at a value for the threshold of 1 or greater, whereas linear-time solvability
holds when the threshold is equal to 0.

The dichotomy theorems presented here extend the NP-completeness results
for learning with single neurons to an infinite class of subproblems. Therefore,
they confirm that neural learning belongs to the hardest computational problems
that one needs to solve in practice. On the other hand, those problems that we
find to be solvable in polynomial time can be solved even in linear time on a
RAM. The algorithms designed for these problems give interesting new insights.
Moreover, efficiently solvable subproblems have been successfully used for the
design of improved heuristics for NP-complete problems (Zheng and Stuckey,
2002). Therefore, it is reasonable to expect that the new linear-time algorithms
presented here may lead to new and faster heuristics for learning in single neurons
and neural networks.

In Section 2 we introduce the definitions of the basic concepts. The dichotomy
theorems are stated in Section 3. The proofs are given in the following two sec-
tions: Section 4 is concerned with the NP-completeness results while the linear-
time algorithms are presented in Section 5. Section 6 is devoted to some conclu-
sions and open questions. In the appendix we establish the NP-completeness of
a new variant of the satisfiability problem that is used in Section 4. We assume
that the reader is familiar with the theory of NP-completeness as covered, for
instance, by Garey and Johnson (1979).

Bibliographic Note. Some of the results in this article have been previously
described in a technical report (Schmitt, 1994a) and presented at the Interna-
tional Conference on Artificial Neural Networks, ICANN ’95, in Paris (Schmitt,
1995). This article is a thoroughly revised and extended version of these papers.

2 Neurons, Samples, Problems, and Algorithms

We begin by defining the neuron model and the function classes associated with
it. Then we introduce the notion of a sample and specify the computational
problems involved with neurons and samples. Finally, with regard to the linear-
time algorithms presented in Section 5, we describe the computer model of the
random access machine (RAM) on which the time bounds rely.

2.1 Neurons

A linear threshold neuron has parameters wy,...,w,,t € R, where wy, ..., w,
are the weights and t is the threshold. The class of linearly separable Boolean
functions in n variables, denoted Ly, is the class of functions f : {0,1}" — {0,1}
that can be computed by a linear threshold neuron. Specifically, for every f € L,



there are weights wy, ..., w, and a threshold ¢ such that for all z € {0,1}",

_ 1 if waxy + -+ wpx, > t,
flz) = { 0 otherwise.

We use B,, to denote the subclass of linearly separable Boolean functions in
n variables that can be computed by a linear threshold neuron using only binary
weights, that is, wy, ..., w, € {0,1}. Further, BY is the subclass of functions in
B, that can be computed with threshold ¢t < £. Clearly, a value of £ € {0,...,n}
is sufficient and we have B} = B,.

By omitting the subscript n we refer to the union of the respective classes
such as, for instance, £ = J,,»; Ln-

2.2 Samples

A sample S is a finite set S C {0,1}" x {0,1}. The elements of S are called
examples. Given a sample S, the set of positive examples Pos(S) and the set of
negative examples Neg(S) of S are defined by

Pos(S) = {z|(z,1) € S},
Neg(S) = {z|(z,0) € S}.

A sample may contain examples that are both positive and negative. Otherwise,
that is, if Pos(S)NNeg(S) = ), the sample is said to be consistent?. The domain
of a sample S, denoted Dom(S), is the set

Dom(S) = Pos(S) U Neg(S).

We introduce two combinatorial measures that assign natural numbers to
samples: coincidence and sparseness. The coincidence of a sample S, denoted

Coin(S), is

Coin(S) = { max{z -y | z,y € Dom(S), = # y} if |S|> 2,

0 otherwise,
where z - y denotes the inner product. The sparseness of S, Sparse(.S), is

. max{z -z | z € Dom(S)} if S # 0,
Sparse(S) = { 0 otherwise.

Thus, Coin(S) is the maximum number of components in which two different
elements in the domain of S have a 1 in common, and Sparse(.S) is the maximum
number of 1s, or the Hamming weight, of an element. Note that Coin(S) <
Sparse(S). Thus, bounding the sparseness of samples by some constant also
bounds their coincidence by the same constant.

2The term “consistent sample” uses the word “consistent” in a somewhat different sense
than the rest of the article.



2.3 Consistency Problems

Given a sample S, a function f is said to be consistent with S if f satisfies
f(z) = a for all (z,a) € S. The consistency problem for a class F of Boolean
functions is the problem to decide whether for an input sample S there exists
some function f € F that is consistent with S. Loading problem, fitting problem,
and training problem are synonyms for the consistency problem.

Let F be a class of Boolean functions and let ¢, d € N. We define the following
consistency problems for F with sample restrictions:

F-CONSISTENCY WITH COINCIDENCE ¢
Instance: A sample S with Coin(S) < c.
Question: Is there a function f € F that is consistent with S?

F-CONSISTENCY WITH SPARSENESS d
Instance: A sample S with Sparse(S) < d.
Question: Is there a function f € F that is consistent with S?

The definition of the problem F-CONSISTENCY WITH COINCIDENCE ¢ AND
SPARSENESS d is similar.

The instances of the maximum consistency problem for a class F of functions
consist of a sample S and a number £ € N. The question is whether there exists
a subset of S with at least k elements and a function f € F consistent with that
subset. Given numbers c,d € N, we define maximum consistency problems for
F with sample restrictions as follows:

MAX-F-CONSISTENCY WITH COINCIDENCE ¢

Instance: A sample S with Coin(S) < ¢ and a natural number k.

Question: Is there a subsample S’ C S with |S’| > k and a function
f € F that is consistent with S’?

MAX-F-CONSISTENCY WITH SPARSENESS d

Instance: A sample S with Sparse(S) < d and a natural number k.

Question: Is there a subsample S’ C S with |S’| > k and a function
f € F that is consistent with S'?

Further, we consider the problem called MAX-F-CONSISTENCY WITH COINCI-
DENCE ¢ AND SPARSENESS d, which is the problem where the instances satisfy
both constraints.

There are some natural relationships among the complexities of these prob-
lems. Clearly, an algorithm that solves the consistency problem with sparseness
d solves also every consistency problem with sparseness less than d for the same
function class. Furthermore, if the consistency problem is shown to be NP-hard
for some sparseness d then it follows that all consistency problems with sparseness
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larger than d for the same function class are NP-hard as well, since the reduction
established for sparseness d is also valid for larger bounds on the sparseness.
Similar considerations can be made with regard to coincidence. Moreover,
complexity results for consistency problems with bounded coincidence have con-
sequences for the complexity of consistency problems with bounded sparseness,
and vice versa. In particular, an algorithm that solves the consistency problem
for coincidence c¢ solves also the consistency problem for sparseness ¢ + 1 since
every sample with sparseness at most ¢+ 1 has coincidence no more than c¢. (Note
that coincidence is measured using non-identical pairs only.) Correspondingly,
NP-hardness for sparseness d implies NP-hardness for coincidence d — 1.
Analogous interdependences hold among the maximum consistency problems
with sample restrictions. Additionally, maximum consistency problems are re-
lated to consistency problems in that the consistency problem is a subproblem of
the corresponding maximum consistency problem. The former is obtained from
the latter by letting the number k be equal to the cardinality of the sample.

2.4 Linear-Time Algorithms

We give linear-time algorithms for all problems not shown to be NP-complete.
While the complexity class P is known to be widely machine independent, this
is not the case for the class of problems solved in linear time on some machine.
In fact, a detailed account of the computer model must be given. We adopt
the model of a random access machine (RAM) as it is the most realistic formal
computer model and frequently used when analyzing the running time of algo-
rithms (see, e.g., van Emde Boas, 1990). The instruction set of the RAM model
comprises the standard load and store operations including the use of indirect
addresses. Its arithmetic operations are addition and subtraction, whereas mul-
tiplication and division are not available. We give time bounds for RAMs in the
uniform measure, that is, the execution of an instruction counts as one unit of
time. It is known that every RAM that requires time ¢(n) in the uniform measure
can be simulated on a multi-tape Turing machine in time O(t*(n)) (Cook and
Reckhow, 1973). In particular, a linear-time algorithm on a RAM ensures that
the problem it solves belongs to P.

3 Dichotomy Theorems

We present five dichotomy theorems about the complexity of consistency prob-
lems with sample restrictions. They deal with the function classes B, B¢, and £
introduced in Section 2.1 and the consistency problems and maximum consis-
tency problems with sample restrictions defined in Section 2.3. The dichotomy
theorems establish that, with one exception, each of these problems is either
NP-complete or solvable in polynomial time. The latter is shown by exhibiting



linear-time algorithms in all cases. The exception is the problem class arising
from L£-CONSISTENCY. All subproblems of £-CONSISTENCY can be solved in
polynomial time as £-CONSISTENCY itself is solvable in polynomial time using
linear programming (see, e.g., Anthony and Bartlett, 1999; Maass and Turén,
1994). Therefore, if P # NP, none of the subproblems of £-CONSISTENCY is
NP-complete.

The proofs for the statements that claim NP-completeness are presented in
Section 4. The linear time bounds are established in Section 5 by giving algo-
rithms that solve the problems constructively, that is, provide a solution if there
exists one.

The first dichotomy theorem is concerned with the consistency problem for
neurons with binary weights and arbitrary threshold.

Theorem 1. B-CONSISTENCY WITH COINCIDENCE ¢ AND SPARSENESS d 18
NP-complete whenever ¢ > 1 and d > 4. On the other hand, B-CONSISTENCY
WITH COINCIDENCE 0 and B-CONSISTENCY WITH SPARSENESS d for d < 3 is
solvable in linear time.

An analogous result holds for neurons where the threshold is bounded by a
constant of value at least 2. Moreover, if the threshold is required to be at most
1, we obtain solvability in linear time for all values of coincidence and sparseness.

Theorem 2. For every £ > 2, Theorem 1 holds with B¢ in place of B. On
the other hand, B'-CONSISTENCY WITH COINCIDENCE ¢ and B'-CONSISTENCY
WITH SPARSENESS d is solvable in linear time for all ¢ and d.

These statements are complemented by the following two theorems that con-
sider the corresponding maximum consistency problems.

Theorem 3. MAX-B-CONSISTENCY WITH COINCIDENCE ¢ AND SPARSENESS
d is NP-complete whenever ¢ > 1 and d > 2. On the other hand, MAX-B-
CONSISTENCY WITH COINCIDENCE 0 and MAX-B-CONSISTENCY WITH SPAR-
SENESS d for d <1 s solvable in linear time.

A corresponding result for neurons with bounded threshold is the following
one.

Theorem 4. For every £ > 1, Theorem 3 holds with B¢ in place of B. On
the other hand, MAX-B’-CoONSISTENCY WITH COINCIDENCE ¢ and MAX-B’-
CONSISTENCY WITH SPARSENESS d is solvable in linear time for all ¢ and d.

Finally, we present a dichotomy theorem for maximum consistency problems
regarding neurons with arbitrary weights.

Theorem 5. MAX-L-CONSISTENCY WITH COINCIDENCE ¢ AND SPARSENESS
d is NP-complete whenever ¢ > 1 and d > 2. On the other hand, MAX-L-
CONSISTENCY WITH COINCIDENCE 0 and MAX-L-CONSISTENCY WITH SPAR-
SENESS d for d < 1 s solvable in linear time.
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Figure 1: The dichotomies of the consistency and maximum consistency problems
with coincidence ¢ and sparseness d: (a) Consistency problems for the classes B
and B¢, where £ > 2 (see Theorems 1 and 2); (b) maximum consistency problems
for B, B¢, where £ > 1, and L (see Theorems 3, 4, and 5). Linear time refers
to the computing time required on a RAM model with uniform measure (see
Section 2.4).

The dichotomy theorems are illustrated in Figure 1. The dot with coordinates
(¢, d) represents the consistency problem or the maximum consistency problem,
respectively, with coincidence ¢ and sparseness d. Note that for ¢ > d the
problem at coordinate (¢, d) can be identified with the problem at (d — 1,d) (see
the discussion at the end of Section 2.3). Problems with sparseness 0 are omitted
as they are trivial.

4 NP-Complete Problems

We establish the NP-completeness for the consistency problems of Theorems 1
and 2 in Section 4.1. Section 4.2 deals with the maximum consistency problems
of Theorems 3, 4, and 5. In all cases it is sufficient to prove NP-hardness since
membership in NP is easy to derive: Guessing the weights and the threshold and
checking consistency or maximum consistency for the given function classes can
be done in polynomial time3.

3For the function class £ one makes use of the fact that on binary inputs a linear threshold
neuron with arbitrary weights needs no more than polynomially in n many bits to represent
weights and threshold (see, e.g., Schmitt, 1994b).
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4.1 Consistency

The problem B-CONSISTENCY without sample restrictions was shown to be NP-
complete by Pitt and Valiant (1988). They have defined a reduction from the
problem ZERO-ONE INTEGER PROGRAMMING that uses samples of unbounded
coincidence and, hence, unbounded sparseness. To prove the stronger result,
we make a new approach and establish a reduction from a problem that is a
variant of the satisfiability problem which we call ALMOST DiSJOINT POSITIVE
1-IN-3SAT.

ALMOST DISJOINT POSITIVE 1-IN-3SAT

Instance: A set U of variables, a collection C of subsets of U such that
each subset C' € C has exactly three elements and each pair
of subsets C, D € C,C # D, satisfies |C N D| < 1.

Question: Is there a truth assignment o : U — {0, 1} such that each
subset in C has exactly one true variable?

The attribute “positive” refers to the fact that the variables are not negated;
“almost disjoint” means that two subsets have at most one variable in common.
The problem POSITIVE 1-IN-3SAT is known to be NP-complete (Garey and
Johnson, 1979, p. 259). That the subproblem is NP-complete as well is claimed
by the following statement. Its proof is given in the appendix.

Lemma 6. ALMOST DISJOINT POSITIVE 1-IN-3SAT is NP-complete.

This fact is employed in the following result. It covers the NP-completeness
part of in Theorem 1. (Note that, as was argued in Section 2.3, NP-hardness of
the consistency problem with coincidence ¢ and sparseness d implies NP-hardness
for any coincidence ¢’ > ¢ and sparseness d' > d.)

Theorem 7. B-CONSISTENCY WITH COINCIDENCE 1 AND SPARSENESS 4 is
NP-complete.

Proof. The proof is by reduction from the problem ALmMOST DisjoINT PoOs-
ITIVE 1-IN-3SAT defined above. Assume that an instance of this problem is
given by the set of variables U = {u1, ..., u,} and the collection of subsets C =

{ci,--.,cm}- The reduction maps this instance to a sample S C {0, 1}#+m+2 x
{0,1}. We introduce the following notation: Given a set {7y,...,%;} C {1,...,k},
let [¢1, ..., i;]x denote that element of {0, 1}* which has a 1 in positions iy, ..., ;,

and 0 elsewhere. Then S is constructed as follows: For each variable u; € U, we
define four examples

[i,n + dJantms2 € Neg(S), (1)

[2n + 4,31 + i|antmi2 € Neg(5), (2)

[i,3n + 4,40 + m + 2|spimi2 € Pos(S), (3)
[n+14,2n+i,4n+m + 2)4nimi2 € Pos(S) (4)

11



Each subset ¢, = {u;, uj, ux} € C gives rise to three examples

[ia j7 ka 4n + e]4n+m+2 € POS(S)a (
[n+i,n+j,n+ klanimi2 € Pos(S), (
[An + £, 4n +m + 2)animr2 € Pos(S).

—~
N O Ot
~— — ~—

Finally, we add the three examples

[4n + m + 1animi2 € Neg(S), (8)
[4n + m + 2]snimi2 € Neg(S), (9)
[An+m+1,4n+m+ 2]gpimi2 € Pos(S). (10)

Obviously, S can be computed from U and C in polynomial time. Further, as
can easily be checked, we have Coin(S) < 1 and Sparse(S) < 4. (Note that
every pair of different subsets in C has at most one common variable. Hence,
the examples in (5) and (6) that arise from different subsets have coincidence at
most 1.)

It remains to show that the reduction is correct, that is, that C has a truth
assignment with exactly one true variable in each subset if and only if there
exists a function in By, mio that is consistent with S. In order to prove the
“only if” part, assume that a : U — {0,1} is a truth assignment that satisfies

the assumption. Define the weights wy, ..., ws, as follows: For ¢ =1,...,n, let
W; = Wonyi = a(ui),
Wnyi = Wipgi = 1—ofuy).

The remaining weights and the threshold are determined by
Whn+1 = * = Wap+m+2 = 1 and t=2.

The representation of the truth assignment by the weights is shown in Table 1.
Using the fact that o assigns exactly one 1 to each subset in C, it is easy to verify
that the function represented by these parameter values is consistent with S.

For establishing the “if” part, let the weights wy,..., Wanimie € {0,1} and
the threshold ¢ represent a function that is consistent with S. The examples
in (8), (9), and (10) imply that

Wap+m+1 <
Wantmi2 < 1,
>

Wan+m+1 + Wan+m+2

from which it follows that ws,ymy1 = 1 and wyymio = 1. Hence, the threshold
satisfies 1 < ¢t < 2, and we may assume without loss of generality that ¢t = 2.
Then the examples in (7) entail that ws, 1 = -++ = Wanym = 1. From the
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| Position i | Value of w; |

1,...,n a(u;)
n+1,...,2n 1 — a(u)
2n+1,...,3n a(u;)
3n+1,...,4n 1 — a(u)

dn+1,...,4dn+m 1
dn+m+1 1
dn +m + 2 1

Table 1: Definition of the weights for a given truth assignment a.

examples in (1) to (4) and the facts that wapimi2 = 1 and ¢ = 2, we derive the
inequalities

Wy + Wnyg

Wop i + Winti
Wi + Wanti

G

IV IV IA A

Wn+i + Wanti

for i = 1,...,n. These imply the equalities
Wi+ Wpyi = 1, (11)
fori=1,...,n. We define the truth assignment o : U — {0,1} by
a(u;)) = wy,

for i = 1,...,n. The examples in (5), (6) and the fact that ¢ = 2 yield the
inequalities
2,
2

w; + W; + Wi + Wanye =
>

Wpti + Wptj + Whtk )

for each subset ¢; = {u;, uj, ur} € C. From these, the fact that wapqg = -+ =
Wan+m = 1, and the equations (11) we get that ¢, satisfies

O{(u,) + Ol(Uj) -+ a(uk) = 1.

Thus, each subset in C has exactly one 1 assigned by a. This completes the
correctness proof for the reduction. O

The foregoing proof shows that the same reduction can be used whenever the
threshold is allowed to take on the value 2. Thus, it follows that the problems in
Theorem 7 are NP-complete also for neurons with threshold at most ¢, where ¢ >
2. This observation establishes the NP-completeness statement of Theorem 2.

Corollary 8. For every £ > 2, B:~CONSISTENCY WITH COINCIDENCE 1 AND
SPARSENESS 4 is NP-complete.
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4.2 Maximum Consistency

Now, we address the NP-completeness of the maximum consistency problems.
The following result covers the intractability part of Theorem 3.

Theorem 9. MAX-B-CONSISTENCY WITH COINCIDENCE 1 AND SPARSENESS
2 1s NP-complete.

Proof. Hoffgen et al. (1995) have shown that the maximum consistency problem
for the class £ and for samples without restrictions is NP-complete. They con-
structed a reduction from VERTEX COVER (Garey and Johnson, 1979, p. 190).
This is the problem to decide, given a graph G = (V, F) and a number k, whether
there exists a set V' C V with |[V'| < k such that for each edge {u,v} € E at
least one of u and v belongs to V'. We use this problem for the reduction, too,
but we take account of the fact that the weights are from the set {0, 1}.

Let (V, E) and k be an instance of VERTEX COVER, where V = {v1,...,v,}.
We define the sample S C {0,1}?" x {0, 1} using the notation introduced in the
proof of Theorem 7. For each v; € V, there is a “vertex example”

[ia n+ Z:|2n € Neg(S)
Each e = {v;,v;} € E results in two “edge examples”

[i,7l2n € Pos(S),
[n+i,n+jlan € Pos(S).

The cardinality of the subsample in the instance of the maximum consistency
problem is set to the value |S|—k. It is obvious that Coin(S) < 1 and Sparse(S) <
2 holds, and that the reduction is computable in polynomial time.

We claim that (V, E') has a vertex cover of cardinality at most k if and only
if there exists a function in B, that is consistent with at least |S| — k examples.
Let V! C V be a vertex cover with at most k elements. Define the weights
Wi, ..., Wa, Dy

W = We. — 1 ify; € V',
¢ Tl 0 otherwise,

for « = 1,...,n, and let the threshold be ¢t = 1. Then, the vertex example
[t,n + i]a, is classified correctly if and only if v; € V' \ V'. Further, since V'
is a vertex cover, all edge examples are classified correctly. Thus, the function
computed by this neuron is consistent with at least |S| — k elements.

On the other hand, let the weights wy, ..., ws, and the threshold ¢ represent
a function that is consistent with a subsample of S of cardinality at least |S| — k.
Define a set V' of vertices as follows: For each vertex example that is classified
wrongly include the corresponding vertex in V’; for each edge example that is

14



classified wrongly arbitrarily choose one of the vertices the edge is incident with
and include it in V'. Consequently, V' contains at most k elements. In order
to show that V' is a vertex cover, assume that {v;,v;} € E is not covered, that
is, we have {v;,v;} NV’ = (. Then, by the construction of V’, the function
is consistent with the two vertex examples that arose from v; and v;, and it is
consistent with the two edge examples due to {v;, v;}. Thus, we get

Wi + Wngi + W5 + Wnyy < 28,
w; + wy + Wpyi + Wntj > 2t,

a contradiction. This implies that V' is a vertex cover. O

The reduction defined in the previous proof remains valid under the additional
requirement that the threshold satisfies t < 1. As a consequence, we obtain the
NP-completeness result claimed by Theorem 4.

Corollary 10. For every £ > 1, MAX-B‘-CONSISTENCY WITH COINCIDENCE
1 AND SPARSENESS 2 is NP-complete.

Furthermore, we observe that the proof of Theorem 9 does not make use of
the assumption that the weights must be from the set {0,1}. Consequently, the
reduction works also for unconstrained weights, that is, for the function class L.
This establishes the NP-completeness statement of Theorem 5.

Corollary 11. MAX-L-CONSISTENCY WITH COINCIDENCE 1 AND SPARSE-
NESS 2 is NP-complete.

5 Problems Solvable in Linear Time

In the following, we show that all consistency problems and maximum consistency
problems not yet considered in the foregoing section have algorithms that run in
linear time on a RAM as made precise in Section 2.4. Thus, if P # NP holds, the
values of coincidence and sparseness established in the NP-completeness results
are optimal. Moreover, as any algorithm that solves a consistency or maximum
consistency problem must pass through the entire sample, the linear-time bound
cannot be improved either. Thus, we not only obtain a complete characterization
of the complexity of consistency problems for the function classes B, B¢, and £
with sample restrictions, but also reveal the striking fact that, with respect to
the RAM computer model, these classes consist solely of problems of the lowest
and highest complexity in NP. All algorithms presented here are constructive,
that is, they solve the decision problem by computing a solution if one exists.
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5.1 Consistency

It is convenient to begin with the consistency problem for neurons with a bounded
threshold. The case that remains to be considered is the function class B'. The
result for this class implies the second part of Theorem 2. It is valid for samples
with arbitrary coincidence and sparseness.

Theorem 12. B-CONSISTENCY is solvable in linear time.

Proof. If there are weights wy, ..., w, € {0,1} and a threshold ¢ € {0,1} consis-
tent with a given sample S then we may set t = 0 if Neg(S) = (. On the other
hand, if S contains negative examples, we must have ¢ = 1. Then we ensure that
w-x = 0 for all z € Neg(S). These are the steps performed by Algorithm 1,
which is basically the standard consistency algorithm for disjunctions. The most
time consuming part is the for-loop in lines 8-12. It is obvious that this state-
ment can be implemented such that it requires no more than linear time on a

RAM. O

Algorithm 1 B'-CONSISTENCY
Input: sample S C {0,1}" x {0,1}
Output: w,...,w,,t

1: fori=1,...,ndo
2 W; ‘= 1

3: end for;

4: if Neg(S) = 0 then
5 t:=0;
6
7
8
9

: else
t:=1;
for all z € Neg(S) do
if there is some ¢ € {1,...,n} with z; = 1 then

10: w; =0
11: end if
12:  end for

13: end if.

It is easy to see that if some function in B is consistent with a sample S
that has coincidence 0, the threshold can be chosen to satisfy ¢ < 1. Therefore,
Algorithm 1 solves also the problem B-CONSISTENCY WITH COINCIDENCE 0.

Corollary 13. B-CONSISTENCY WITH COINCIDENCE 0 s solvable in linear
time.

Thus, the first of the two statements in Theorem 1 that claim a linear time
bound is covered. The second statement is established by the following result.
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Theorem 14. B-CONSISTENCY WITH SPARSENESS 3 s solvable in linear time.

Proof. We show that Algorithm 2 computes a solution for samples with sparse-
ness 3 provided that one exists. Without loss of generality we may assume that
the threshold satisfies t < 3. The algorithm has three parts that correspond to
the possible values for the threshold: ¢t < 1, ¢ = 3, and ¢t = 2. In lines 1-2 Al-
gorithm 1 is used to check whether there is a function in the class B! consistent
with S.

If this fails, the algorithm assumes in lines 3-12 that ¢ = 3. Here, the assign-
ment of values to the weights is based on the fact that every positive example
must reach the threshold. Hence, its non-zero components, of which there must
be exactly three, specify which weights receive the value 1.

In the last part, starting from line 13, we can only have that t = 2. We show
that this case of the consistency problem can be solved via a 2-SATISFIABILITY
problem. The algorithm maps the sample S to a set C of clauses over the variables
wy, . .., w,. Each clause has at most two literals of the form w; or —w;. For each
element z € Dom(S) the set C is augmented with clauses that depend on the
properties of . Lines 17-23 deal with the case that x has a 1 in exactly three
positions. If x is a positive example then no two weights at these positions
may both be equal to 0. This is expressed by the three clauses in line 20. If
x is a negative example then no two of these weights may both be equal to 1.
This is taken into account by adding the three clauses in line 22. Lines 24—
30 treat the examples with exactly two 1s. If z is positive then both weights
must be equal to 1 (line 27); if  is negative then at least one weight must be
0 (line 29). Finally, if  has at most one non-zero position and z is positive
then the consistency problem has no solution. This is taken care of in line 34 by
adding two contradictory clauses. On the other hand, if z is negative then it will
be classified as such and nothing needs to be done. In the last step an algorithm
for 2-SATISFIABILITY is called with the constructed set of clauses as input.

It remains to verify that the algorithm runs in linear time on a RAM. Using
Theorem 12 we infer that the part in lines 1-14 requires no more than linear time.
The construction of the set of clauses in lines 15-37 is performed in linear time.
(Note that each example gives rise to at most three clauses.) Algorithms that
compute satisfying assignments for 2-SATISFIABILITY problems in linear time
on a RAM with uniform measure have been designed by Even et al. (1976) and
Aspvall et al. (1979). It is obvious that the size of the constructed instance for
2-SATISFIABILITY is at most linear in the size of the sample. Thus, line 38 can
be executed in linear time. We conclude that the running time of Algorithm 2
on a random access machine is linear. O

With the previous result the proof of Theorem 1 is completed. Obviously,
Algorithm 2 solves also the consistency problems with sparseness 3 for the classes
B¢ where £ > 2. (If £ = 2, the middle part of the algorithm, which assumes t = 3,
is needless.) Furthermore, if some function in B¢ is consistent with a sample
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having coincidence 0 then there is also some function in B! consistent with that
sample. Consequently, Algorithm 1 solves also the problems Bf- CONSISTENCY
WITH COINCIDENCE 0 for every £ > 2. Hence, Theorems and 14 and 12 yield
the following statement. It finalizes the proof of Theorem 2.

Corollary 15. For every £ > 2, B--CONSISTENCY WITH COINCIDENCE 0 and
B{-CONSISTENCY WITH SPARSENESS 3 is solvable in linear time.

5.2 Maximum Consistency

At last, we give attention to the maximum consistency problems that are claimed
as linear-time solvable in Theorems 3, 4, and 5. The main issues that have to be
dealt with are contradictory pairs and examples that are 0 in all positions. With
the first result we finish the proof of Theorem 3.

Theorem 16. The problems M AX-B-CONSISTENCY WITH COINCIDENCE 0 and
MAX-B-CONSISTENCY WITH SPARSENESS 1 are solvable in linear time.

Proof. If Neg(S) = () then by letting w; = --- = w, = 0 and ¢ = 0 we obtain the
function that always outputs 1, which is consistent with all examples. Assume
now that Neg(S) # 0. Algorithm 3 generates a function that has the following
properties: For each example z € Dom(S) that is part of a contradictory pair,
that is, where (z,0) € S and (z,1) € S, the function is consistent with the
positive example. Further, it is consistent with all examples that are not part of
a contradictory pair, except possibly for the example (0,...,0) € Pos(S)\Neg(S),
which is classified as negative. It is obvious that this is the maximum number
of examples that can be classified correctly, unless (0,...,0) € Pos(S) \ Neg(S)
is the only example that is not part of a contradictory pair. In this case we can
increase the number of correctly classified examples by using the function that
constantly outputs 1, which is then consistent with the positive example in each
contradictory pair and with (0, ...,0) € Pos(95).

It is obvious that Algorithm 3 and the additional steps described above require
no more than linear time on a RAM. In particular, whether (0,...,0) is the only
example that is not part of a contradictory pair can be checked in linear time
using radix sort.

If Sparse(S) = 1 then we proceed in the same way. In order to see that this
is correct, observe that Coin(S) = 1 holds only if S contains examples (z,0) and
(z,1). Thus, a maximum subsample S’ that does not contain contradictory pairs
satisfies Coin(S’") = 0. O
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Algorithm 2 B-CONSISTENCY

Input: sample S C {0,1}" x {0,1}
Output: wy,...,w,,t

1: get wy,...,wy,t from B'-CONSISTENCY(S);
2: if (wq,...,wy,t) is consistent with S then stop end if;
3: t:=3;

4: fori=1,...,ndo

5 w; =0

6: end for;

7: for all z € Pos(S) do

8:  if there is some z € Pos(S) with z; = 1 then
9: w; =1

10: end if

11: end for;

12: if (wy, ..., wy,t) is consistent with S then stop end if;
13: t = 2;

14: C:= @;

15:

for all z € Dom(S) do {construct a set C of clauses over wy, ...

16: let I={i|x; =1}

17: if |I| = 3 then

18 let {4,k 0} = I,

19: if x € Pos(S) then

20: C :=CU {{wj, w}, {wj, we}, {wp, we}}

21: else {we have = € Neg(95)}

22: C := C U {{~wj, ~wi}, {~w;, ~we}, {~wi, ~we}}
23: end if

24:  else if |I| = 2 then

25: let {j,k} =1I,

26: if z € Pos(S) then

27: C:=CU {{wj}, {wk}}

28: else {we have z € Neg(9)}

29: C:=CU {{_"wj, _'U)k}}

30: end if

31:  else {we have |I| <1}

32: if |I| =1 then let {j} =1 else j := 1 end if;
33: if z € Pos(S) then

34: C:=CuU {{wj}, {_1’11)]'}}

35: end if

36: end if

37: end for;

38: get wy, ..., w, from 2-SATISFIABILITY ({wy, ..., w,},C).

,’U)n}
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Algorithm 3 MAX-B-CONSISTENCY
Input: sample S C {0,1}" x {0,1}
Output: wq,...,w,,t

t:=1;

for:=1,...,ndo
w; =0

end for;

for all z € Pos(S) do
if there is some ¢ € {1,...,n} with z; = 1 then
w; = 1
end if
end for.

The algorithm presented in the foregoing proof generates only solutions where
the threshold is at most 1. Thus, it solves also the corresponding problems
for neurons with a bounded threshold as was claimed in the first statement of
Theorem 4.

Corollary 17. For every £ > 1, MAX-B¢-CONSISTENCY WITH COINCIDENCE
0 and MAX-B’-CONSISTENCY WITH SPARSENESS 1 is solvable in linear time.

The following result completes the proof of Theorem 4.
Lemma 18. MAX-B°-CONSISTENCY s solvable in linear time.

Proof. If the threshold is equal to 0 then everything is classified as positive re-
gardless of which values the weights may have. Thus, outputting any weights and
t = 0 provides a solution if one exists. For solving the decision problem, observe
that consistency with at least k examples in S is equivalent to the condition
| Pos(S)| > k. This can clearly be checked in linear time on a RAM. O

Finally, we prove the remaining part of Theorem 5 that claims linear time
bounds.

Theorem 19. The problems M AX-L-CONSISTENCY WITH COINCIDENCE 0 and
MAX-L-CONSISTENCY WITH SPARSENESS 1 are solvable in linear time.

Proof. Consider Algorithm 4 for inputs satisfying Coin(S) = 0. If Neg(S) = 0
then the resulting function is consistent with all examples. In the case that
Neg(S) # 0 holds we argue as in the proof of Theorem 16: For every contradictory
pair, the function is consistent with the positive example. Further, it is consistent
with every example that is not part of a contradictory pair. (In contrast to the
proof of Theorem 16, this holds also in all cases where (0,...,0) € Dom(S) due
to the use of negative weights by Algorithm 4.) Clearly, this is the maximum
number of examples a function can be consistent with.
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Since any subsample S’ of S that contains no contradictory pairs must satisfy
Coin(S") = 0 if Sparse(S) = 1, Algorithm 4 solves also the maximum consistency
problem for samples with sparseness 1.

That the running time of Algorithm 4 is linear on a RAM is obvious. O

Algorithm 4 MAX-L-CONSISTENCY
Input: sample S C {0,1}" x {0,1}
Output: wy,...,w,,t
if (0,...,0) € Pos(S) then
t:=0
else
t:=1
end if;
fori=1,...,ndo
w; ‘= -1
end for;
for all z € Pos(S) do
if there is some ¢ € {1,...,n} with z; = 1 then
w; ‘= 1
end if
end for.

6 Conclusions

With this work we aimed at providing necessary and sufficient conditions for the
existence of efficient learning algorithms. The approach that we have taken is to
consider criteria for the complexity of samples and to use them for the definition
of subproblems. As results we obtained dichotomy theorems that completely
characterize the dividing lines between the polynomial-time solvable and the
NP-complete problems.

An NP-completeness assertion is a worst-case result stating that, if P #
NP then there is no algorithm that solves the problem in polynomial time for
all instances. One way to cope with intractability is therefore trying to avoid
instances that make the problem hard. This gives rise to subproblems that
may be more appropriate to practical situations where one often needs not deal
with all possible instances but only a subset thereof. The results here show
that such deliberations can indeed lead to the discovery of new efficient learning
algorithms. While it is not clear whether the restrictions they suppose are always
met in applications, these algorithms could be helpful in the development of
better heuristics for more general learning problems.
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A number of questions arises from this work that are worth further investi-
gation. We have considered only two types of neural “networks”: single neurons
with binary and with arbitrary weights. Whether dichotomy theorems can be
established for other neuron types and for neural networks is an interesting open
problem. Further, the problems we have studied can be generalized by allowing
examples with integer or even rational components. While the NP-completeness
results remain valid in these cases, it is not obvious how the algorithms can be
adapted to deal with non-binary inputs. Finally, we have introduced here two
specific criteria for sample restrictions. Motivated by theoretical or practical
considerations one can think of many other ways to select such conditions.
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Appendix: An NP-Complete Satisfiability Prob-
lem

Lemma 6 in Section 4.1 claims that the problem ALMOST DISJOINT POSITIVE
1-IN-3SAT introduced in that section is NP-complete. Here we give a proof of
this statement.

Lemma 6. ALMOST DiSJOINT POSITIVE 1-IN-3SAT is NP-complete.

Proof. 1t is clear that the problem is in NP. To prove its NP-hardness, we con-
struct a reduction from POSITIVE 1-IN-3SAT. In this variant of the problem the
requirement is missing that two subsets have at most one variable in common.
The idea of the reduction is to establish the property of almost disjointness by
introducing new variables as substitutes for old ones. The correctness of the
reduction is ensured by augmenting the collection with additional subsets.

Let C be the collection of subsets from the instance of POSITIVE 1-IN-3SAT.
Further, let C,D € C be two subsets with two common variables, say C =
{uy,us,u3} and D = {uy,us,us}. We introduce a set of new variables V =
{v1,...,vs}, replace in D the variable u; by v; and join C with the collection D
defined as

D = {{v17v27/v3}7 {'Ul,'U4,U5}, {u17U27U4}7 {U1,'U3,'U5}}.

Obviously, no pair of subsets in D has more than one common variable. Further,
no subset in D has more than one variable in common with any subset in C.
Hence, going from C to C U D, the number of pairs that violate the condition of
almost disjointness decreases by one.
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We say that a truth assignment is a 1-IN-3SAT assignment for a collection of
subsets if each subset has exactly one true variable. Let U be the set of variables
in C. We claim that the following two conditions hold:

(A.1) Every 1-IN-3SAT assignment o : U — {0, 1} for C can be ex-
tended to a 1-IN-3SAT assignment a : UUV — {0,1} for CUD
satisfying a(u;) = a(vy).

(A.2) Every 1-IN-3SAT assignment o : U UV — {0,1} for C U D
satisfies a(u1) = a(vy).

That condition (A.1) is valid can be seen as follows: Given « defined on U, we
let a(v1) = a(u;) and extend it to the remaining variables of V' in the following
way: In the case a(u;) = 0 we define a(vs) = a(vs) = 0 and a(v3) = a(vs) = 1;
in the case a(u;) = 1 we let a(vs) = a(vs) = a(vs) = a(vs) = 0. For the proof
of condition (A.2) we observe that if a(v;) = 1, we must have a(vs) = a(v;3) =
a(vs) = a(vs) = 0 due to the first two subsets in D, and hence, because of the
last two subsets, a(u;) = 1; on the other hand, if a(u;) = 1, analogous reasoning
yields that a(v;) = 1 must hold. Thus, u; and v; cannot have different truth
values assigned by a.

Conditions (A.1) and (A.2) imply that C has a 1-IN-3SAT assignment if and
only if C UD has a 1-IN-3SAT assignment. Repeating the above described pro-
cedure for every pair of subsets with two common variables we finally arrive at a
collection that is almost disjoint. The correctness of the reduction follows induc-
tively. It is obvious that the reduction is computable in polynomial time. Thus,
ALMOST DISJOINT POSITIVE 1-IN-3SAT is NP-hard. U
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