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Abstract

Consider the pattern recognition problem of learning multicategory classification from a labeled sample, for
instance, the problem of learning character recognition where a category corresponds to an alphanumeric letter.
The classical theory of pattern recognition assumes labeled examples appear according to the unknown underlying
pattern-class conditional probability distributions where the pattern classes are picked randomly according to their
a priori probabilities. In this paper we pose the following question: Can the learning accuracy be improved if
labeled examples are independently randomly drawn according to the underlying class conditional probability
distributions but the pattern classes are chasgmecessarily according to their a priori probabilities? We answer
this in the affirmative by showing that there exists a tuning of the sub-sample proportions which minimizes a loss
criterion. The tuning is relative to the intrinsic complexity of the Bayes-classifier. As this complexity depends on
the underlying probability distributions which are assumed to be unknown, we provide an algorithm which learns
the proportions in an on-line manner utilizing sample querying which asymptotically minimizes the criterion. In
practice, this algorithm may be used to boost the performance of existing learning classification algorithms by
apportioning better sub-sample proportions.
© 2003 Elsevier Science (USA). All rights reserved.
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1. Statement of the problem

The general problem of learning pattern classification has been studied extensively in the literature
of classical pattern recognition cf. [10,11,13,33], under statistical decision theory and more recently in
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machine learning theory under the Probably Approximately Correct (PAC) model of Valiant [32] and
Blumer et al. [5]. In the classical framework the problem is posed as follows: We are gfivdistinct
pattern classes each with a class conditional probability dengjties 1 < i < M, x € R?, and a priori
probabilitiesp;, 1 < i < M. The functionsf; (x), 1 < i < M, are assumed to be unknown while the

are assumed to be known or unknown depending on the particular setting. The learner observes randomly
drawn i.i.d. examples each consisting of a pair of a feature vectoR? and a labeb € {1, 2, ..., M},

which are obtained by first drawingfrom {1, ..., M} according to a discrete probability distribution
{p1, ..., pu} and then drawing according to the selected probability densftyx).

Denoting byc(x) a classifier which represents a mappingR? — {1, 2, ..., M} then themisclassifi-
cation errorof ¢ is defined as the probability of misclassification of a randomly drawuith respect to

the underlying mixture probability density functigfiix) = Zf‘il pi fi(x). This misclassification error

is commonly represented as the expectgbHdss, or simply as thkoss

L(c) = ELic(nyy )
of ¢ where expectation is taken with respectfitx) andy(x) denotes the true label (or class origin) of
the feature vectar. Note, in general (x) is a random variable depending srand only in the case of
fi(x) having non-overlapping probability 1 supports then) is a deterministic functiof.

The classical problem of pattern recognition is to learn, based on a finite randomly drawn labeled
sample, the optimal classifier known in the literature as the Bayes classifier, which by definition has
minimum loss.

The following notation will be used in the sequel: We writenstto denote absolute constants
or constants which do not depend on other variables in the mathematical expression. We denote by
{(x}, y{,-)};il ani.i.d. sample of labeled examples whardenotes the total sample sizg, 1 < j < m,
are drawn i.i.d. and taking the integer value ‘i’ with probability 1 < i < M, while the corresponding
x; are drawn according to the class conditional probability dengityx). Denote bym; the number
of examples having a-value of ‘i'. Denote bym = [m1, ..., my] the sample size vector and let
lm| = Zf‘ilmi = m. The notation argmin. ,g(k) for a setA means the subset (of possibly more
than one element) whose elements have the minimum valg@waér A. A slight abuse of notation will
be made by using it for countable sets where the notation means the subset of eleswatisthat

g(k) = infpg(k').

2. Learning classification from empirical data
It is convenient to express the loksc) in terms of the class-conditional losseg¢)
M
L(c) =) piLi(c),
i=1

whereL;(c) = Ei1i.x)+i), and E is the expectation with respect to the densfityr). We may define
the empirical counterparts of the loss and conditional loss as

1 According to the probabilistic data-generation model mentioned above, only regions in probability 1 support of the mixture
distribution f (x) have a well-defined class membership.

2|n that case, technically, if there does not existsim A such thag (k) = inf,, g(k’) then we can always find an arbitrarily
close approximating elemenkg, i.e.,Ye > 03N (¢) such that fon > N(e) we havelg(k,) — infy g(k')| < e.
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M
Ly(c) = Z piLi,m,' (0, (1)
i=1
where
1
Li,m,-(c) = m_z Z 1{C(xj)7&i}‘

Jiyj=i
A classifierc may be represented by different types of classifiers, for instance, a neural network, a
labeled nearest-neighbor partition, linear discriminants and others. Usually in practice one is restricted
to a single type of model, say nearest neighbor classifiers, in which case it is convenient (cf. [10,33]) to
consider the family of classifiers as a nested structure of subclasses each of a fixed cor@eXity
For instance, if we consider the spagef all nearest neighbor classifiers i&f’ thenk denotes the
number of prototypes used in the classifier. The complexit¢ @§ clearly infinite since it contains
also classifiers with infinite number of prototypes. We leave the notion of complexity of a class of
multicategory classifiers general and postpone its precise definition for later sections. Thé space
be defined as the union of classgf classifiers having a total numbkeiof prototypes.

Each finite complexity clas§; contains an optimal classifief which minimizes the losg.(c) and
is written ascjf = argmin..., L(c). The best performing classifier (hdenoted as* is defined ag™* =
argmin, ., L(cy). Denoting byk* the minimal complexity of a class which contairts then depend-
ing on the problem and on the type of classifiers ug&dnay even be infinite as in the case when the
Bayes classifier is not contained# We will refer tok™* also as the intrinsic complexity of the Bayes
classifier.

Similarly, denote by the empirically best classifier G, i.e.,¢x =argmin.., L (c). We are going
to assume thaf is sufficiently rich such that for large enoughwe can find a classifier which is
consistentvith the whole sample, i.e., has a zero empirical loss.

However the true los& (¢;) does not necessarily decrease Wittt his is a consequence of the well
known bias vs variance tradeoff in statistics (see e.g. [14,17,24]) which in our context implies a tradeoff
between learning accuracy (which is inversely proportional to the classifier class compalezityl
optimal lossL (cj), cf. [2,23,27].

2.1. Model selection criterion

The primary aim of learning should be to select a classéfiewhich does not necessarily achieve a
zero empirical loss but one which generalizes well from the finite training sample, i.e., has a minimal
true lossL(¢y). The latter depends on the unknown underlying pattern-class conditional probability
distributions hence it is necessary to base the selection on some type of estimate of the true loss.

The area in statistics known asodel selectionsee for instance [21], suggests numerous loss-es-
timates, also known asriteria for model selection, which include estimates based on leave-one-out
cross validation, jackknife and bootstrap estimates, asymptotic upper bounds on maximum likelihood
estimates (e.g., the Akaike Information Criterion) and others. Non-asymptotic upper bounds which hold
uniformly over classes of estimators have been introduced by [34], and have since been used as a criterion
for model selection known as Structural Risk Minimization (SRM), see [10,22,27,31,33].

For the purpose of reviewing other published results wenuse a scalar sample size variable just
for the remaining of this section. Many model selection criteria may be represented by a sum of the
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form L, (¢x) + €(m, k) wheree (m, k) is some increasing function éfand is sometimes referred to as
acomplexity penaltysee for instance [2,6,23]. The classifier chosen by the criterion is then defined by

& = argmin oo (L (&) + €(m, k). (2)

In SRM, the terme (m, k) is related to the worst case deviations between the true loss and the empirical
loss uniformly over all functions in some claggof a fixed complexityk which for the case of boolean
classifiers (i.e.M = 2) is defined as th¥apnik—Chervonenkidimensior cf. [10,33]. We will take the
penalty to be (cf. [10,33, Chapter 8])

kIn
€(m, k) = const m’ 3)
m

where agairconststands for an absolute constant. This bound is central to the computations of the
paper As will be later shown, a procedure of gradient descent will minimize a criterion (6) based
on e€(m, k) and theconst becomes unimportant as it appears symmetrically in all components of the
gradient.

We note that for the two pattern classification calle= 2, cf. [10, Section 18.1], the error rate of
the SRM-chosen classifier, henceforth denoted*bgwhich implicitly depends on the random sample
of sizem since it is obtained by minimizing the sum in (2)), satisfies

k*Inm

L(*) > L(c*) +cons 4)
infinitely often with probability O where* is the Bayes classifier which is assumed to be included in
andk* is its intrinsic complexity. The assumption that the Bayes classifier@asmot very severe a5
may have an infinite VC dimension. From (4) it is apparent that aside from being consistent, the SRM-
chosen classifier automatically locks onto the error rate &S i knownbeforehand. Due to this nice
property we choose SRM as the learning approach for the classification problem. We note in passing
that recently there has been interest in data-dependent penalty terms for structural risk minimization
which do not have an explicit complexity factbrbut are related to the clagg by being defined as a
supremum of some empirical quantity ov&, for instance the maximum discrepancy criterion [4] or
the Rademacher complexity [19].

The primary aim of this paper is to answer the following main question:

Question: Letm be the total number of examples available for training. Suppose that it is possible for
a learner to query for i.i.d. labeled examples randomly drawn fpanticular pattern classes which are
notnecessarily selected at random according to their a priori probabijlitigls< i < M. Can the error
rate of learning via SRM be improved by such sample-querying?

This question is not only interesting from a theoretical standpoint but is also motivated by real pattern
classification problems (cf. [28]). There, an application of the algorithm SQ (in Section 3.3) was realized
based ork-NN classifiers. It improved the error rate compared to the setting where equal sized sub-

3For a classH of functions from a setX to {0,1} and a setS = {xq, ..., x;} of [ points in X, denote byH|s =
{[h(x1), ..., h(xp]: h € H}. Then the Vapnik—Chervonenkis dimensionffdenoted byV C(H) is the largest such that
the cardinality| 5| = 2'.
4There is actually an improved bound due to Talagrand, cf. [3, Section 4.6], but when adapted for almost sure statements it

yields O (T’") which is insignificantly better than (3) at least for our work.
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samples are obtaineal priori from every pattern class, this being the standard approach to on-line
learning when tha priori class probabilities are unknown.
This non-classical scheme of randomly drawing examples is relatectitee learningin which the

learner actively engages in the process of sample selection. Some of the works in this area include
[1,7,8,18,25,26,30]. The common denominator here is the fact that some form of interaction between the

learner and teacher which enables the learner to obtain labeled exaraptedy in a passive manner,

as has been considered classically in the field of pattern recognition, leads to an improvement in the
learning accuracy. Sample querying is also related to boosting [12] since both seek a better weighting
for the different parts of the sample except boosting is stuck with a given sample while here we allow

the learner to acquire the sample as learning proceeds. Also related to that is stratified sampling which
aims at getting a lower sampling error by oversampling smaller groups and then re-weighting, see also

[16].

In this paper we answer the above posed question in the affirmative which thereby provides further

support in favor of active learning.

3. Querying for examples as means of improving the lear ning accur acy

A classifierc(x) may be represented as a vectoMboolean classifier (x), whereb; (x) = 1if x is
a pattern drawn from class ‘i’ arig (x) = 0 otherwise. A union of such boolean classifiers fornase#-
defined classifiec(x) if for eachx € R?, b;(x) = 1 for exactly ond, i.e., Uf‘il{x chi(x) =1} = R?
and{x : bj(x) =1} {x:b;(x) =1} =0forl<i# j <M.

We also refer to these boolean classifiers as the component classifirsl < i < M, of a vector
classifierc(x).

With such a representation, the loss of a classifiex the average of the losses of the component
classifiers, i.e.L(c) = Zf‘il piL(c;) where for a boolean classifiey the loss is defined ak(c;) =
Eil(;(x)#1), and the empirical loss i&; ,, (c;) = (1/m;) Z’}il Les (xj)#1} which is based on a sub-
sample{(x;, i)}’ ; drawn i.i.d. from pattern class ‘i'.

The clas¥ oigclassifiers is decomposed into a structire S1 x S2 x --- x Sy, wheres; is a nested
structure (cf. [33]) of classely,, i = 1,2, ..., of boolean classifiers; (x), i.e.,

S1=DB1,B2,..., B, ...

So=DB1,B2,..., By, ...
up to
Sm=B1,B2, ..., By -,

wherek; € Z ;. denotes the VC-dimension 8, andBy, < By, +1, 1 <i < M.
For any fixed positive integer vectére Z % consider the class of vector classifiers

Ck = Biy X By X+ -+ X By, (5)

Define bygG; the subclass af; of classifiers: that are well-defined (in the sense mentioned above).
Note that every: € G, corresponds to a well-defined classifier while any combination ef Gy, , b2 €
Gk, - - ., andbys € Gy, is not necessarily a well-defined classifie1(x), . .., by (x)].

For vectorsn andk in Zf, define
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M
e(m, k) =" pie(m;, k), (6)
i=1
wheree(m;, k;) is defined according to (3). For any<08 < 1, we denote by
kilnm; +In
e(mi, ki, 8) = || ————2
m;

ande(m, k, 8) = M, pie(mi, ki, ).

The next lemma states an upper bound on the deviation between the empirical loss and the loss
uniformly over all classifiers in a clagg and is a direct application of [33, Theorem 6.7].

Before we state it, it is necessary to define what is meant by an increasing sequence ofwectors

Definition 1 (Increasing sample-size sequenck sequencen(n) of sample-size vectors is said to

increase if

e ateveryn,thereexistsgsuchthain;(n +1) > mj(n)andm;(n +1) > m;(n)for1 <i # j < M,

e there exists an increasing functi@p(N) such that for allv > 0,n > N implies every component
mi(n) > Tp(N), 1 <i < M.

Note that Definition 1 implies for all X i < M, m;(n) — oo asn — oco. We will henceforth use
the notatiornrmm — oo to denote such an ever-increasing sequem@e with respect to an implicit dis-
crete indexing variabla. The relevance of Definition 1 will become clearer later, in particular when
considering Lemma 3.

Definition 2 (Sequence generating procedurd sequence generating procedufds one which gen-
erates increasing sequenaeé:) with a fixed function7,(N) as in Definition 1 and also satisfying
the following: for allN, N’ > 1 such thaily (N') = T, (N) + 1 then|N’ — N| < const, whereconstis
dependent only og.

The above definition simply states a lower bound requirement on the rate of increggevof
We now state the uniform strong law of large numbers for the class of well-defined classifiers.

Lemmal. Foranyk € Z f letG; be a class of well-defined classifie@onsider any sequence-generat-
m(n)

ing procedure as in DefinitioBwhich generatesi(n), n = 1, ..., oo. Based on examplgéx ;, yikj=1
each drawn i.d. according to an unknown underlying distribution oviéf x {1,..., M}, define the
empirical loss as in(1). Then
e Forarbitrary0 < § < 1,
SUP | Ly (c) — L(c)| < conste(m(n), k, §)
ceGyi
with probabilityl — § and
o the eventsup.cg, |Lmm)(c) — L(c)| > conste(m(n), k), n =1,2,..., occur infinitely often with
probability O
wherem (n) is any sequence generated by the procedure

The proofis in Appendix A.
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We will henceforth denote by; the optimal classifier i, i.e.,
¢} = argmin.cg, L(c) (7
and

Cr = argmin.cg, Lm(c) (8)

is the empirical minimizer over the clags.
In the next section we consider several learning settings in which sample querying is useful.

3.1. Motivation

As part of the motivation for our work in succeeding sections, let us first answer the main question
posed in Section 2 for the simplest case where there is only a single classifigfcleiis a complexity
vectork = [I, ..., ], for some finite positive integér In this setting, the problem of learning classifica-
tion may be well represented by the PAC model [5,15,32] as follows: For arbitrary accuracy parameter
n > 0 and confidence parametex0s < 1, based on an i.i.d. labeled sample of sizghe learner aims
at outputting a hypothesis classifi@y, as defined in (8), such that(c,) < L(cf) + n with confidence
1 -5, wherec; is defined in (7). The classifigy, is said to be arin, §)-good estimate of;.

From Lemma 1 it follows that

L(Ck) < Lin(Ck) + €(m, k, )
SLi(c) +€(m, k, )
< L(cy) + 2¢(m, k, 8)

with confidence 1- §. Choosingany sample size vecton such thak (m, k) < (n/2) yields acy which
is (n, §)-good. In order to find the minimizing sub-sample proportions which we denote by the sample
size vectom*, we minimize}_ , m; under the constraint th& " | p;e(m;, k;) = (1/2). This yields

mp\A\"" . (mpil
m; = const (l( l) ) IOQ( l >
n n

whereconst > 0 is an absolute constant,li < M, for a total sample size = Zi"il m7;. We note in
passing that for the more restricted setting where the classifier class contains a Bayes optimal classifier
with a zero misclassification probability then the bound of (3) can be strengthened to one without a
square-root, cf. [3, Section 4.5].

As the next case consider a cl@of classifiers which has an arbitrary but finite complexity 7 ¥/,
i.e., with elements;, 1 < i < M, which are not necessarily all equal. Following the same reasoning as
before we conclude that the minimizing sub-sample proportiehsieed to satisfy a set of non-linear
equations

__pi€(m;, k;)
mi=m——
e(m, k)
which depend ot and on thea priori class probabilities.

In both of the cases above the learner is forced to use a certain classifier class and knowing its com-
plexity vectork he may then compute the best sub-sample sizes for batch learning, i.e., where by batch
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we mean all the labeled examples are obtained prior to running the empirical minimization algorithm.
However in many instances of non-parametric classification (as well as parametric ones), cf. [11,29], the
learner is theoretically free to use arbitrarily complex classes, e.g., nearest-neighbor classifiers having
arbitrarily large number of prototypes as discussed in Section 2. In such circumstances the above settings
of a single fixed hypothesis class do not apply and it is necessary to consider more flexible class structures
as the ones introduced in the beginning of Section 3. Here the learning algorithm uses some form of
model selection that automatically selects a class which balances the tradeoff between the empirical loss
and the complexity penalty.

If we consider again the main question posed earlier but this time under this richer class setting, the
answer is not at all obvious since the complexity chosen by a model selection criterion is determined
only afterthe sample has been drawn leaving no room for querying for fine-tuned sub-sample sizes that
minimize the upper bound on the loss of the chosen classifier. This difficulty is intrinsic to batch learning
where querying needs to be done in advance.

However, as shown in this paper, it is possible to interleave sampling with learning and hence po-
tentially obtain sub-samples, one per pattern class, of different sizes. The question remains as to what
sub-sample size proportions yield a better loss rate. In particular, if one resorts to a model-selection
learning criterion then the complexity of the classifier clgssan change as the sample increases hence
one cannot apportion sample sizes as in the previous two settings.

In Section 2 we mentioned the nice property of the method of SRM which effectively yields a loss rate
as if the minimal complexity class containing the Bayes classifier was known in advance. Essentially, the
intrinsic unknown complexitg™ of the Bayes classifier is automatically learned by the SRM criterion.
Hence it should be possible to minimize an upper bound of the form of (4), but for vector sampie size
and to yield an even better selected classifier, i.e., one whose lossdémat*) but e (m*, k*) where
m* minimizes the criterion.

This raises an interesting path to proceed as far as querying is concerned. It says that if the intrinsic
complexity of the Bayes classifier could be predicted early in time then based on it an estimated criterion
involving the sample size: can be defined. Querying should be done in a manner which minimizes
this estimated criterion and which hopefully yields sub-sample proportions which are close to those
minimizing the ‘true’ criterion, i.e., the one involving the intrinsic Bayes complekity

The remainder of the paper will be devoted to doing precisely that. It will be shown that the com-
plexity of the classifier chosen by the method of SRM is a consistent estimator of the Bayes complexity
k*. We next outline our approach: First we present additional notation concerning some complexities
that are associated with the method of SRM over structures of well-defined classifier classes. We then
state Lemma 2 (proved in Appendix B) which establishes an estimate on the loss of the SRM-selected
classifier and the convergence of its complexity with increasing i.i.d. sample sizes. Corollary 1 (proved
in Appendix C) states the same results for samples that are i.i.d. only when conditioned on the pattern
class thereby allowing the examples to be drawn from pattern classes even in a dependent manner. This
allows introducing an on-line algorithm which combines SRM with sample querying and then establish
(through Theorem 1) its optimality in a certain sense. In Section 4 we analyze the convergence properties
of this on-line algorithm, first just applying the query-rule to a deterministic criterion (Lemma 4) and
then to the realistic case of a random criterion estimate (Lemma 5). At that point the necessary results
for proving the main Theorem 1 are in place (the proof is in Appendix E).

One comment concerning the convergence mode of random variables. Upper bounds are based on the
uniform strong law of large numbers, see proof of Lemma 1 in Appendix A. Such bounds originated in



ARTICLE IN PRESS

J. Ratsaby / Information and Computation xx (2003) XXX—XXX 9

the work of [33], for instance his Theorem 6.7. Throughout the current palpeost surestatements are
made by a standard application of the Borel-Cantelli lemma. For instance, takimdpe a scalar, the
statement

logm + log &
SUp|L(b) — L (b)| < const 9 1095
beB, m

with probability at least - § for any$ > 0 is alternatively stated as follows by lettidg = (1/m?):
For the sequence of random variablgs(b), uniformly over allb € B, we have

rlogm + log 5=
L(b) > L, (b) + cons n
m

occur infinitely often with probability O.

Finally, concerning our, perhaps, loose use of the vamiimal whenever not explicitly stated, opti-
mality of a classifier or of a procedure or algorithm is only with respect to minimization of the criterion,
namely, the upper bound on the loss. In particular, it is not intended to claim that the algorithm introduced
later is optimal with respect to other sample querying approaches but that it minimizes the upper bound
on the loss.

3.2. Structural risk minimization for multicategory classifiers
We will henceforth make the following assumption.

Assumption 1. The Bayes los&.* = 0 and there exists a classifigrin the structureS with L(cy) =
L* such that; < oo, 1< i < M. Thea priori pattern class probabilities;, 1 < i < M, are known to
the learner.

Before continuing we make a few remarks.

Remark 1. Itis assumed thatthe Bayes loss of the underlying classification problem is zero and that the
structures is rich enough and contains the Bayes classifier. The problem of learning classification under
the restriction that the target Bayes classifier has a zero loss is not necessarily easy or trivial since it can
have an arbitrarily complex decision border. Such problems have been extensively studied, for instance,
in the Probably Approximately Correct (PAC) framework, cf. [5], and the proceedings of conferences
on computational learning theory (COLT), see also [10, Section 12.7].

Remark 2. In practice thea priori pattern class probabilities can be estimated easily. In assuming that
the learner knows the;, 1 <i < M, one approach would have the learner allocate sub-sample sizes
according ton; = p;m followed by doing structural risk minimization (this actually corresponds to pas-
sive learning where the teacher provides the samples according to the a priori pattern class probabilities).
Note that this does not necessarily minimizes the upper bound on the loss of the SRM-selected classifier
and hence is inferior in this respect as Proposition 1 states later.

Remark 3. We note that if the classifier class wisedand the intrinsic complexity™ of the Bayes
classifier was known in advance then because of Assumption 1 one would resort to a bound of the form
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O(k* logm/m) and not the weaker bound of (3). However, as mentioned before, not knéiagd
hence using structural risk minimization as opposed to empirical risk minimization over a fixed class,
necessitates using (3) as the upper bound or complexity-penalty.

Remark 4. If one uses the expected vallid.(¢) as a criterion, wheré is the learnt classifier which

is dependent on the random sample (the expectation here is taken with respect to this random sample)
then the bound can be improved from (3) tol@ym/m) as noted in Problem 18.4 in [10]. However,

it is well-known that such expected losses are less interesting and less realistic since usually one has to
live with the particular random data set at hand and does not have the luxury of obtaining multiple data
sets with which to take averages. The ldsgc) used in this paper is a random variable since it depends

on a random data set and is not an expectation with respect to the data distribution. The upper bound
defined in (3) is therefore not weak.

We continue now with introducing some concepts that will be used for defining our sampling-criteri-
on.
Consider the set

F* = {argmir){EZyL(c,f)} ={k:L(cH) =L*=0} 9)

which may contain more than one vectoollowing Assumption 1 we may define tBayes classifier
c* as the particular classifief. whose complexity is minimal, i.e.,

k* = argmingc g« {1kl oo}, (10)
where|lk||c = Maxi<;<uy |k;|. Note again that there may be more than one dticfihe significance of
specifying the Bayes classifier up to its complexity rather than just saying it is any classifier having a
lossL* will become apparent later in the paper.

For an empirical-minimizer classifiég, define by thepenalized empirical losgf. [10]) L, (¢x) =
L. (¢) + €(m, k). Consider the set

F = {argmiq{ez%i(ék)} (11)
which may contain more than one vectotn structural risk minimization according to [33] the selected
classifier isany one whose complexity index e F.

For our purposes the original definition of the SRM-selected classifier is not sufficient since by its
definition it may have any complexity as long as it minimizes the criterion, namely, the sum of the em-
pirical loss and the penalty, overe Z . The algorithm to be introduced later relies on the convergence

of the complexityk to some finite limiting complexity value with increasfhag. The selected classifier
is one whose complexity satisfies

k = argmin, _z 1kl oo (12)
That is, among all classifiers which minimize the penalized empirical error we choose the one having a
minimal complexity magnitude. Thisiinimal-complexity SRM-selected classifigll be denoted ag;

or simply asc*. We sometimes Writé,, and¢; for the complexity and for the SRM-selected classifier,
respectively, in order to explicitly show the dependence on discretedime

5We will henceforth adopt the convention that a vector sequinee k*, a.s., means that every component,ptonverges
to the corresponding componentidf, a.s., asn — oo.
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The next lemma states that the complexitgonverges to some (not necessarily unigkieforre-
sponding to the Bayes classifigr defined in (10).

Lemma 2. Based onn exampled(x;, yj)}?:1 each drawn.i.d. according to an unknown underlying

distribution overR? x {1, ..., M}, leté* be the chosen classifier of complexﬁ't@(s in(12). Consider a

sequence of sample& ™ with increasing sample-size vectatsn) obtained by a sequence-generating

procedure as in Definitio2. Then

e the corresponding complexity sequergeconverges &. to somek* as defined in(10) which from
Assumptiorl has finite components

¢ For any sample™® in the sequencehe loss of the corresponding classifrsatisfies

L(¢}) > const €(m(n), k*)

infinitely often with probabilityD.
The proof is in Appendix B.

Remark 5. For the more general case bf > 0 (but two-category classifiers) the upper bound be-
comesL* + const €(m, k*), cf. [10]. Itis an open question whether in this case itis possible to guarantee
convergence of, or some variation of it to a finite limiting value.

That querying for randomly drawn examples from particular pattern classes may serve useful is seen
from being able to minimize the loss rate ©f with respect to the sample size vectar The princi-
pal idea of our work is realizing that the sub-sample proportions may be tuned to the intrinsic Bayes
complexity k* thereby yielding an improved loss rate f@r. We formally state this in the following
proposition:

Proposition 1. Choosen to minimize the criterior (m, k*) with respect to alln such thath‘i1 m; =
m, the latter being the prioritotal sample size allocated for learning

There may be other proposed sampling criteria just as there are many criteria for model selection
based on minimization of different upper bounds. Our proposed sample-querying can be viewed as
paralleling the structural risk minimization approach of model selection.

If &* was known then an optimal sample sizé = [m], ..., m},] could be computed which yields
a classifierc* with the best (lowest) deviatioronst €(m*, k*) away from Bayes loss. The difficulty
is thatk™ = [k], ..., k},] is usually unknown since it depends on the underlying unknown probability
densitiesf; (x), 1 <i < M. To overcome this we will minimize an estimate«f, k*) rather than the
criterione(-, k*) itself.

3.3. An on-line learning algorithm

In this section we introduce an on-line learning algorithm which repetitively cycles between running
SRM over the current sample and querying for more examples in a manner which asymptotically has the
criterion estimate converging to the true unknown criterion. The interleaved querying step ensures that
this true criterion is minimized eventually. As before(n) denotes a sequence of sample-size vectors
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indexed by an integer > 0 representing discrete time. When referring to a partioéfatomponent of
the vectomn (n) we writem; (n).

The algorithm initially starts with uniform sample size proportions, we.,=my = --- =my =
const > 0. Then at each time > 1 the algorithm determines the SRM-selected classifielefined as

&= argmir}n,k:keﬁn lklloo, S-Step, (13)

where

ﬁn = 1k: I:n(én,k) = min Zn(én,r)
rez

and for any¢, x which minimizesL,,,)(c) over allc € G we definein(én,k) = L) (Cn k) + €(m(n), k)
while L, () stands for the empirical loss as defined in (1) using the sample size we@tpat time
n. The complexityl?,, of ¢ will be shown later to converge 0" hencee (., k,) serves as a consistent
estimator of the criterioa(-, k™).

We will use a query rule which depends on the observed sample. While flixady € {1, 2, ..., M}

m;(n)

the example$(x;, i)}j=1 accumulated up until time are all i.i.d. random variables, the total sample

{(x;, yj)}T;”l) consists ofdependentandom variables since by the query decision the choice of the
particular class-conditional probability distribution used to draw examples at each time irdgpends

on the sample accumulated up until tithe 1. As the next corollary shows, this dependency does not
alter the results of Lemma 2.

m;(n)

Corollary 1. At timen, based onM sub—samples{(xj,i)}].:1 , each of which contains aniid.
sample which is drawn according t6(x), 1 < i < M, let ¢} be a chosen classifier as defined ir8).
Consider any sequence of sampl@&™ with increasing sequence(n) asn — oo generated by a
sequence-generating procedufiden the corresponding complexity sequence

A

k, — k*, a.s. withn - oo

for somek™ as defined inN10) which from Assumptiof has finite component§urthermore for any
samplez™™ in the sequencehe loss of the correspondirég has
L (&) > conste(m(n), k*)

n

infinitely often with probabilityD.

The proof is deferred to Appendix C.

According to Proposition 1, it* was known then a natural query-step would be to adapt the sample
vectorm(n) in a direction which minimizes the criteriof(-, k*). As k* is unknown, we will instead
base the query step on minimizing the estimatek,) of (-, k*). While doing that it must be assured
that the query-step results im(n) increasing ton(n + 1) as defined in Definition 1. This is required
since once having obtained a sample of size-veatan at timern it makes no sense to throw away some
examples, i.e., decrease the sample size, in particular whekg forconverge td* it is necessary to
have an ever-increasing sample size sequer(eg.
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There are various ways of defining a query-step given the restrictions above. We choose here a greedy
query rule which adapts only one component:cdit a time, namely, it increases the componegt, )
which corresponds to the direction of maximum descent of the critelion,,) at timen. This may be
written as

mn+1) =mn) + Aej,,, Q-step, (14)

where the positive integek denotes some fixed query step size and for any integefl, 2, ..., M},
e¢; denotes a/-dimensional elementary vector with 1 in tite component and 0 elsewhere.

Thus at timen the query-step produces(n + 1) which is used for drawing additional examples
according to specific sample sizes(n + 1), 1 < i < M. Consequently the SRM-step (13) is repeated,
this time using the newly acquired sample of size veetor + 1).

We now state the learning algorithm explicitly. The querying rule will be discussed in the next section
where itis proved that it obtains the minimizing sample-size vector in the limit with respect to increasing
n. The notatior: := b represents assigning the variablwith the value of the variabla.

Learning Algorithm SQ (SRM with Queries)
Let: m;(0) =const>0,1<i < M.
Given: (a) M uniform-size sampleg;™ @M where¢™©@ = {(x;, ‘¥ )}m_(lo), andx; are drawn
i.i.d. according to underlying class-conditional probability densifi€s). (b) A sequence of classes
G, k € 2™, of well-defined classifiers. (c) A constant query-step gize 0. (d) Known a priori
probabilitiesp;, 1 < j < M.
Initialization: (Time n = 0) Based ong'”i(o), 1<i < M, determine a set of candidate classifiers
o,k minimizing the empirical los<.,, ) overGy, k € Zf, respectively. Determiné& according to
(13) and denote its complexity vector by.
Output: ¢j.
Call Procedure Greedy-Query: m(1) := G Q(0).
Letn =1
While (still more available exampleg§)o:

1. Based on the samplg"™, determine the empirical minimizeés ; for each clasgj;. Deter-

mine¢; according to (13) and denote its complexity vectorkpy

2. Output: ¢.

3. Call Procedure Query: m(n + 1) := GQ(n).

4. n:=n+1.
End Do

Procedure Greedy-Query (GQ)
Input: Timen.

1. jmax(n) := argmax_; y pj% where if more than one argmax then choose any one.

2. Obtain: A new i.i.d. examples from claggax(n). Denote them by,,.

3. Update Sample: ¢maxw " +D .= ¢Mjmaxn) ™ ¢, while ¢ +D .= ¢mi®) for 1 <i # jmax
(n) <M.

4. Return Value: m(n) + A € jmax(n) -
O
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Algorithm SQ alternates between the SRM-step (13) and the Query-step (14) repetitively until finally
exhausting the total sample size limait which for most generality is assumed to be unknown to the
learner.

The next lemma implies that the previous Corollary 1 applies also to Algorithm SQ.

Lemma 3. Algorithm SQ is a sequence-generating procedure
The proof is deferred to Appendix D. Next, we state the main theorem of the paper.

Theorem 1. Assume that the Bayes complexitys an unknowrd/ -dimensional vector of finite positive
integers Let the step siz& = 1in Algorithm SQ resulting in a total sample size which increases with
discrete time a8i(n) = n. Then the random sequence of classifigrproduced by Algorithm SQ is such
that the events

n

L (&) > conste(m(n), k) or [lm(n) —m* ()l > 1 (15)

occur infinitely often with probabilitp wherem™(n) is the solution to the constrained minimization of
€(m, k*) over allm of magnitudg|m| = m(n).

Remark 6. In the limit of largen the boundconst € m(n), k*) is almost minimum (the minimum
being atm™(n)) with respect to all vectore: € Z_"f of sizem(n). Note that this rate is achieved

by Algorithm SQ without the knowledge of the intrinsic complexity of the Bayes classifier. Com-

pare this for instance to uniform querying where at each timme queries for sub-samples of the
same sizg€ A /M) from everypattern class. This leads to a different (deterministic) sequerieg =
(A/M)[1,1,...,1]n = Anandinturnto a sequence of classifigrsvhose losd.(¢,,) < const €(An,

k*), asn — oo, where here the upper bound is not even asymptotically minimal. A similar argu-
ment holds if the proportions are based on the a priori pattern class probabilities since in general,
lettingm; = p;m does not necessarily minimize the upper bound. In [28], empirical results display the
inferiority of uniform sampling compared to an online sample-query approach based on Algorithm SQ.

The proof of Theorem 1 is postponed to Appendix E. It is based on the previous lemmas and on
Lemma 4 and Lemma 5 of the next section both of which deal with the the convergence property of the
greedy query rule stated above.

4, Technical results

Algorithm SQ uses a query step which increments at tintee particular sample of pattern class
Jmax(n) where jmax(n) corresponds to the componentmfalong which the criterion functioa(m, ky)
decreases the fastest. From (15), in order to analyze the convergence properties of the loss sequence
L(¢,) it suffices to obtain convergence results on the random sequence of sample size méejors
generated by Algorithm SQ.

First, lettingz, as well asn, denote discrete time=1, 2, ..., we adopt the notatiom(¢) for a
deterministicsample size sequence governed by the deterministic critefiank™). We write m(n)
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to denote theandomsequence governed by the stochastic criteeion, k,,). Thusz or n distinguish
between a deterministic or a random sample sequericeor m(n), respectively.

We then define precisely the meaning of an optimal minimizing trajeetdKy) for the deterministic
case which corresponds to the setting whetrés known, and prove (in Lemma 4) that the query-rule
‘learns’ this minimizing trajectory, i.e., thai(t) — m™(t), t — oo, in a sense to be described below.

Consequently based on the convergencé,ofo k* we conclude (in Lemma 5) that applying the
query rule to the criterion functiog(-, k,), instead ok (-, k*), yields a random sequenggn) such that
lm(n) — m*(n)||liv1 < A, as., am — oo, whereA is the step size used in Algorithm SQ.

We start with the following definition.

Definition 3 (Optimal trajectory. Let m () be any positive integer-valued functionzoivhich denotes
the total sample size at timeThe optimal trajectory is a set of vecton$ (¢) Zf‘f indexed byr € 7.,
defined as

m*(t) = argmin,, c 24y =iy € (15 k).

We now proceed to study the convergence properties of the sequgncgenerated by the query
rule in the deterministic setting wheké is known.

4.1. The case wherg is known

First let us solve the following constrained minimization problem. Fix a total samplensiaad
minimize the erroe (m, k*) under the constraint th@f‘il m; = m. This amounts to minimizing

M
e(m, k™) + A (Z m; — m) (16)

i=1
overm andi. Denote the gradient by(m, k*) = Ve(m, k*). Then the above is equivalent to solving

gm, k*)+A[1,1,...,1]1=0 (17)
for m andi. The vector valued functiog(m, k*) may be approximated by
(m. k) ~ _ p1€(ma, k1) ’ _ p2€(ma, k3) . _ pmeE(my, k) ’
2mq 2mo 2m

where we used the approximation-1(1/(logm;)) ~ 1 for 1 < i < M. The approximation is appro-
priate as it is applied in the same manner for all components and the GQ rule treats the components
symmetrically. Moreover the statements made throughout the paper are fomlarge

Using this approximation fog (m, k*) and denoting the minimizing values by’, 1 <i < M, and
A*, we then obtain the set of equations'a: = p;e(m?, k), 1 <i < M, andA* = e(m™, k*)/2m. The
solution may be obtained using standard non-linear optimization methods see for instance [9]. We are
interested not in obtaining a solution for a fixadout obtaining, using local gradient information, a se-
guence of solutions for the sequence of minimization problems corresponding to an increasing sequence
of total sample-size values(r).

We restate the GQ rule but now applied to a deterministic sample-size sequence with a fixed com-
plexity k*. Note that in this sectiork* is assumed to be known and may therefore be used for querying.
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The rule modifies the sample size vectofr) at timez in the direction (among all directions along the
elementary vectors, 1 < i < M) of steepest descent ofm, k*).

Greedy Query Rule (GQ) Let A > 0be any fixed constant. At discretetimes 1, 2, ..., let j*(¢) =
pjem;(1).k7) : . -
argMaX_j py —my and in case of more than one argmax (e.g., ifdllvalues are identical)

choose any one to bg'(¢). Let

mspy(t +1) =mj=)(t) + A (18)
while the remaining components af(r) remain unchanged, i.e.,

mi(t+1) =m;@t) Vj+#j ).

The value of the derivative with respect to continuous tinevaluated at = 1, 2, ..., is chosen as
nhj*(t)(t) =A andmj(t) = OfOI'j + ]*(Z‘)

The next lemma shows that the rule achieves the desired result, namely, the deterministic sequence
m(t) converges to the optimal trajectany(¢).

Lemmad4. For any initial point m(0) € R™, satisfyingm;(0) > 3, there exists some finite integer
0 < N’ < oo such that for all discrete time > N’ the trajectorym () corresponding to a repeated
application of the adaptation rule G@s no farther thanA (in theli”—norm) from the optimal trajectory

m*(1).

Proof. Recall thate(m, k*) = 311 pie(m;, k¥) wheree(m;, ki) = (ki Inm;)/m)Y?, 1<i < M.
The derivative

de(m, k*) k} 1-Inm; _ 1 —k*Inm;
omi  D2e(mi k) m2 D2etmi k) m?
which equals-p;e(m;, k}') /2m;. We denote by; = p;e(m;, k}')/2m;, and note that
di _ 35 4 icm
dm; 2m;
There is a one-to-one correspondence between the veatwdsz. Thus we may refer to the optimal
trajectory also inc-space. First, let us consider the §et= {x = ¢[1,1,...,1] € IRR% : ¢ € Ry} which

is not a trace (with parametgerbut the ‘static’ set corresponding to the trace of the optimal trajectory in
x-space. We refer t@’ as the corresponding setranspace.
Define the Liapunov function
X t) — Xmin(?
V() = V() = max(?) . min( )’
Xmin(?)

where for any vector € RY, xmax = Max<i<u x;, andxmin = MiNy<;<pr x;, and Writen may, nmin for
the elements.ofq with the same index asnax, Xmin, respectively._

Denote byV the derivative of’ with respect ta. The notatiorV (x) denotes the derivative &f with
respect ta evaluated at. We first claim the following stability property:

Claim1. If x ¢ T thenV(x) > 0andV(x) <O.If x € T thenV(x) = 0andV (x) = 0.
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Proof. We prove the claim next. For ¢ T we havex # ¢[1, 1, ..., 1], for anyc € Ry. ThuSxmax —
xmin > 0 which impliesV (x) > 0. While forx € T, x = ¢[1,1, ..., 1] for somec € Ry hencexmax =
Xmin Which impliesV (x) = 0.
We also have
19
dt Z dx] dz (19)
Now, according to Rule GQ at any timenly xmax changes. Thus the right side of (19) equals
dV  drmax .
) 20
dxmax dmm(:lxmmax ( )

According to Rule GQ#imax = A. Also, dV /dxmax = 1/xmin. Thus (20) becomes
3 A Xmax 3 A Xmax — Xmin 3 A

meax Xmin 2 mmax Xmin 2 Mmax

3 A x Xmi
<__ max — Amin

2 Mmax Xmin

§A V(x) 3AV(x) 3V

_g__ =
2  mmax 2 tA 2t

the latter follows sinc@imax < Zi"il m;(t) = At using the fact tha#imax = A. Thus we now have the

following differential equation:
. 3V
V<—c—. 21
57 (21)
Since forx ¢ T, V(x(t)) > O it follows thatV (x(t)) < 0 while forx € T, V(x) = 0 impliesV (x) = 0,
which together with the above proves Claim 1]

We have proved that as long ast) is not on the optimal trajectory thei(r) decreases. In order to
show that the trajectory is an attractor we need to showligtdecreases fast enough to zero.
Solving (21) yields

1\3/2
V) < const(;) . (22)

As we now show, this rate of decrease suffices to guarantee the convergenge wf the optimal
trajectory. Denote by diét, 7) = infyc7 |lx — y||,iu, Whereli” denotes the Euclidean vector norm.

Claim 2. Ast — oo, the distance

distin(¢), T") — O.
Proof. Fix a timet such thatV (x(¢)) < €. For thisx we havexmax — xmin < €xmin. Denote byx =
(/M) "M x;. Take

Xx=[x,...,X] (23)
and denote the vector corresponding toy 7.
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Then the distancer; — x;| < €xmin, for every 1< i < M. Using the Mean Value Theorem for the
functionx; (m;) = e(m;, k*)/m;, applied to the points:; andm; we have for every K i < M,

~ |£l — x| €Xmin
|ml - ml | - 3xl/ X le/ 9’ (24)
2m; 2m;]

wherex! corresponds to the point; which satisfies miin;, m;} < m! < max{n;, m;}. Now, we have
x; = min{x;, x;} = Min{x, x;} > xmin.
Combining the above we have
2

lm; —m;| < 3

Note the simple inequality m&w;, m;} < m; + |m — m;|. This yields

2
i< 3¢ max{r;, m;}. (25)

_ Zem;
lm; —m;| < 12
which holds for any 1< i < M. Hence
- 2 €mmax
lm—m|m < M 5
1 3 1- §€

Now, choose a such thatconst(1/1)%2 = €, where the constaminstis from (22). For such, we
haveV (r) < € hence the above inequality applies. Moreovekax < Zf‘il m;(t) =t A. So, making
now the dependence erexplicit, we have

3/2
21 (2 2u
m (1) e Wit (26)

32~ _ 2.1
1/const — % (%) Lconst — 3537

I (1) = m ()l <

ast — oo. We also have

dist(m (), T') = in; llm(e) = yllppe < llm(e) —m@Olp — 0, 1 — 00
yer’
sincem € T’. This proves Claim 2. [J

Som(t) gets closer to the s@t’ with increasing time. Denote by theth problemthe minimization
of e(y, k*) under the constraian‘i1 y; = m(t). Denote its solution by:*(¢). We next show thai: (r)
gets closer tan* () ast — oo.

LettingB(t) = ||m(t) — m(t)||l£4,then from aboves(r) — Owitht — oo. It follows that||m(t)||,iu —
B@) < lm@ly < lm @y + (). Sincem(r) = [lm(@) |, and denoting by (1) = |7 ()], then
it follows from (17) and (23) thafi (¢) is thesolutionto the minimization ok (y, k*) under a constraint
Zf‘il y; = m(t), where|m(r) — m(¢)| < B(¢). By the continuity of the mapping which takes the con-
straint valuem to the solution vector™* it follows that the two solution vector&(r) andm™(¢) of
the two minimization problems under constrai@t}f‘il y; = m(t) and Zf‘il y; = m(t), respectively,
become arbitrarily close in twé”—norm as — oo. The rate of convergence 6#(r) — m*(t) depends
on the complexity vectat*.
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Combining this with (26) it follows that as— oo, m(¢) gets closer in théi”-norm to the solution
m*(¢) of the tth minimization problem. As both: () andm™(¢) are multiintegers, there is some finite
discrete timeN’ such thatn(N’) = m*(N’). At that point the Rule GQ will adapt, i.e., increasein
anyone of the component directions, 1 < i < M, since all the components of N’) are equal. This
results in a step of siz& away from the optimal trajectory followed by, at tind + 1, a renewed
convergence ofn(r) to m*(t), t > N’, which follows from the above analysis. Hence for all discrete
timer > N/, |m() —m*(t)||,%4 <A, O

Thus we conclude that for the case of knavinthe Rule GQ ensures that the sample size vee(oy
converges to &-band around the optimal trajectory. In the next section we show that the same rule may
also be used in the setting wheréis unknown.

4.2. The realistic case & is unknown

In the previous section we determined the convergence property of the sequehcenerated by
Rule GQ which asymptotically was shown to minimize the critedin, k*) under the constraint that
lm (@) lljp = m(2).

In this section we are concerned with the convergence ofghdomsequencen(n) generated by
Algorithm SQ, see (14), which adaptsn) to minimize arandomcriterione (-, k,,). This bears similarity
to stochastic approximation under non-exogenous noise where noise depends on the state variable which
is adapted at each time instance, cf. [20]. In our case however, the random se%;peoneerges toa
deterministic valug* (see Corollary 1) thereby admitting a simpler analysis.

The next lemma states that even witéns unknown, it is possible, by using Algorithm SQ, to gen-
erate a sample-size vector sequence which converges to the optfitaaltrajectory asymptotically in
time (again, the use afinstead of just means we have a random sequen@e) and not a deterministic
sequencen(r) as was investigated in the previous section).

Lemma5. Fix any A > 1 as a step size used by Algorithm S&ven a sample size vector sequence
m(n), n — oo, generated by Algorithm SQ@ssume that, — k* almost surelywherek™ is the Bayes
complexity as defined if(10). Letm™(n) be the optimal trajectory as in Definitio® Then the events

lm () —m* ()l > A
occur infinitely often with probability.

Proof. From Lemma 3y(n) generated by Algorithm SQ is an increasing sample-size sequence. There-
fore by Corollary 1 we haveé, — k*, a.s., ast — oo. This means thaP (3n > N, |k, — k*| > €) =
Sy (e) wheredy(e) — 0 asN — oo. Now, sincek,, k* are multuntegers there exists a small enough
€ > 0 and some large enougti(¢) such that for allz > N(¢) we havelk, — k*| < e implying kn =
k*. Combining the above, it follows that for all > 0, there is a finiteN (8, ¢) € Z such that with
probability 1— § for all n > N (e, §), kn, = k*.
It follows that with the same probability for adll > N, the criterione (m, 12,,) = e(m, k*), uniformly
over allm € Zf, and hence the trajectomy(n) taken by algorithm SQ, governed by the criterion

€(, kn), equals the trajectom (1), r € Z,taken by Rule GQ, see (18), under the deterministic criterion
€(-, k*). Moreover, this probability of + § goesto 1 a®v — oo by the a.s. convergence bf to k*.
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Finally, by Lemma 4, there exist¥ < oo such that for all discrete time> N, ||m(t) — m*(¢) ”li” <

A. It follows that for alln > max{N, N’}, the random sequenee(n) generated by Algorithm SQ sat-
isfies||m(n) — m*(n)||l£4 < A with probability going to 1 as md¥/, N’} — oo. Stated more formally:

Let N7 = maxN, N’} then
P@En > N" ky # k* or lm(2)1=n — m*(t)p:nllly > A) =4y,

wheresy» — 0asN” — oo. The latter means that the evémgé k*or|mn) — m*(n)”liw > A occurs
infinitely often with probability 0. The statement of the lemma then followsl

5. Conclusions

In this work we considered the problem of learning multicategory classificatiof pattern classes
with the assumption that the Bayes classifier has zero loss. We proposed a criterion according to which
there are sample sizeg’, 1 < i < M, which minimize an upper bound on the loss of an estimator of the
Bayes classifier. These sample sizes depend on the unknown intrinsic complexity of the Bayes classifier
and as such cannot be computed directly. For this reason we introduced an on-line algorithm which
chooses at each time instant the particular pattern class from which to draw randomly labeled examples.
The choice is governed by a stochastic gradient descent rule which minimizes a random criterion and
for all large enough time is shown to generate these minimizing sample sizes.

There are various possible extensions including the treatment of the case of having a Bayes loss
greater than zero and trying to improve the rate of convergengg:of to m*(n) by allowing the step
size A to vary somehow with time. For this, it appears though that the rate of convergenég tuf k*
needs to be known.
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Appendix A

A.1l. Proof of Lemma 1l

As in the beginning of Section 2, fdre Zf let C; denote a class of classifiers of the foriiy) =
[c1(x),...,cm(X)], x € R4 wherec; (x) € {0, 1}, 1 < i < M, are the boolean component classifiers of
c. Denote byG, C C; the set of well-defined classifiers dh.

For a clas33, of boolean classifiers with C (B,) = r it is known (cf. [10, Chapter 6], [33, Theorem
6.7]) that a bound on the deviation between the loss and the empirical loss uniformly over all classifiers
behBis
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rinm+1In (%)
sup|L() — L,,(b)| <consf| ———= (A1)
beB, m

with probability 1— § wherem denotes the size of the random sample used for calculating empirical
loss L,,(b). Choosing for instancé,, = 1/m? implies that the bound afonst(r Inm)/m)¥/2, with a
different constantonst does not hold infinitely often with probability 0. We will refer to this as the
uniform strong law of large numbers result. This bound was definedas) in (3).

We begin with proving the first part of the lemma.

Proof. From above we have for arbitragy > 0 and for each K i < M,
CiGCki

P( sup |Li(¢;) — Lim;(ci)| > conste(m;, k;, 8/)> <8 (A.2)

providedm:; is larger than some finite value.

P <Sup|L(c) — Ly (c)| > e(m, k, 5/)) =

ceCy,

=P sup
ceCy,

M M
<P (SUDZ pilL(ci) = Lim ()] > ) pie(mi, ki, 5/)>

c€Ck ;21 i=1

M
> pi (Lei) = Lim, (c))

i=1

i=1

M
> Zpie(mi,k,-,a/)>

M M
=P (36 €Cr: Y pill(ci) = Lim(c)| > ) pie(mi, ki, 5/))

i=1 i=1
<P(EceCr:31<i <M, |L(ci) — Lim (ci)| > €(mj, ki, §))
M
<) P(3c € Ci: IL(e)) = Lim; ()| > €(mj, ki, 8"))

1

1
=

e

[N

P(3c € Cy : IL(c) — Lim; (©)] > €(my, ki, 8))

i=
<M§ =6.
We also have
Sup|L(c) — L (c)| < @ = sup|L(c) — Ly (c)| € o
ceCy ceGx
sinceG; C Ci. The first statement of the lemma then follows.]
For the second part of the lemma, by the premise, consider any fixed complexity keidrany

sequence-generating procedyreDefine the following set of sample size vector sequendes=
{m(n) :n > N,m(n) is generated by}. As the space is discrete, for any finid¢ the setAy con-



ARTICLE IN PRESS

22 J. Ratsaby / Information and Computation xx (2003) XXX—XXX

tains all possible paths except a finite number of lengtpaths. We will show that the even, =
{SURcg, IL(c) = Linm)(c)| > e(m(n), k, §) : m(n) generated by} occur infinitely often with probabil-
ity 0, wheree (m, k, 8) is defined just below (6) and choosif@s a function ofn.

Let us define;;, = 1/(max1<J<Mm ). We write{3m(n) € Ay : property holdsto mean there exists

a sequence:(-) € Ay such that theré exists> N such that the property holds for the poimtr). We
have

(31’)’1(71) € Ay : SUp|L(C) m(n)(c)i > € (m(n) k, 5m(n)))

cek

<P(3m®m) € Ay : SUP|L(C) = Linny(c)] > € <m(n) k, 5,11(”)))

ceCy
M M
In(n) € An : SUpY_ pj [L(e)) = Limyn(ep)] > I pje (mi). ks, 85

ceCy, j=1 j=1

N
o

N
o

Inn) € An i FL< < M, SUP [L(e)) = Lyjmyan(ep)] = € (m;m). &}, 85 |

Cj Eij

where we used again the fact that C C,. Now, m(n) € Ay implies there exists a point such that
mini<j<mm; > Tp(N) whereTy(N) is increasing withV. This follows from Definition 1 and from
m(n) being generated by which means it is an increasing sequence.

Continuing from above we have,

P(Elm(n) €AyiIL< <M. sup L) = Ly ep)| > € (mjo.k; am(n)))
Cj€ k

—P

TR

Im e 7M. min m; > Ty(N), 31< j < M. sup ‘L(c]) Jm/(cj)( > e(mj, kj, %) (A3)
<ism cj eCk ’

N
.Mg

<
1
[iN

P(Elm ez : min.m; > Ty(N). sup (L(c,) jmj(cj)‘ > e(mj,kj,a;;))

LJE k

N _
.ME

~
I
N

P (EIm eZM :mj > Ty(N), sup ‘L(c,) ,,,,/.(cj)’ > e(mj,kj,a,;)) ,
cjeC kj ’
where by going to (A.4) we have eliminated the needfarsing the functioriy (N) which depends

only on the generating procedupeand holds for all possible sequences generategl.[By definition
of §7 we have,

1
kjlnm;+1In

—_— kilnm; +In—L,
* 1/ maxijy m* / / 1/m5 1
em;, ki, 6, ) = > =¢ec|lmi, ki, —
JoKj»Om R T5
m; m; m;




ARTICLE IN PRESS

J. Ratsaby / Information and Computation xx (2003) XXX—XXX 23
forany 1< j < M. Continuing we have,
P (Elm ez :mj > Ty(N), sup |L(c;) — Ljm,(cj)| > e(mj,kj,(s;;))

Cj Eij

=

1

< Pl3dme Zf tmj > T¢(N), sup ’L(Cj) _Lj,mj(cj)‘ > € <H1j,kj, —2>
m&
J

CjEij

1
(Elmj > T¢(N) sup ’L(Cj) _Lj,mj(cj)‘ > € (mj,kj» m2>)

M
2:: cj€Ck; J
ul 1
< Z 2 (A.4)
Jj=1mj>Ty(N) "J
M
=> nN) =sy
j=1

where (A.5) follows from the uniform strong law result under (A.1). Note that the{iset: m ; >
T4(N)} is strictly increasing, i.e Ty (N) + 1, T4(N) + 2, ..., as opposed ton ; (n) : mj(n) > Ty(N)}
which is not necessarily strictly increasing but may have repetitions,Ty€y) + 1, ..., To(N) +
LTy(N)+2,...,Ty(N) + 2, .... Having eliminated: since step (A.4) means we deal with the former
set. The quantity)(N), and hencey, is strictly decreasing with respect . We have therefore shown
that

P@Em(n) € Ay : SUP|L(c) = L (c)| > €(m(n), k., 83y,)) < sy

ceGy

and it follows that the same holds if we replage:(n), k, m(n)) with e(m(n), k) (see (3)) since there
exists a constargonstsuch that for alkz(n) and 1< i < M, we have max.j<y mj(n) < const m;(n)
based again o being a sequence generating procedure which places a lower bound on the rate of
increase off (N).

So we have

I|m P (EIm(n) € Ay @ SUP|L(c) — Ly (©)| > e(m(n),k)) =
ceGy
which implies that the sequence of events
E, = {SUp|L(C) — Lm(n)(c)| > e(m(n), k)} ., n=12...,
ceGy

wherem(n) is any sequence generateddayoccurs infinitely often with probability 0. This proves the
second part of the lemma 1]
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Appendix B

B.1. Proof of Lemma 2

First we prove the convergence Jof> k*, wherek* is some vector of minimal norm over all vec-
tors k for which L(c}) = 0. We henceforth denote for a vectore Zf, by llkllco = MaXicicar kil.
Throughout the proof all sequences and convergence statements are made with respect to the increasing
sequencen(n). The indexing variable is sometimes left hidden for simpler notation.

The setf defined in (12) may be rewritten ds= {k : L(¢y) = L(¢)}, i.e., itis the set of complex-
ities corresponding to all empirical loss minimizers whose penalized loss is the minimum oker all
ZzY M The cardinality off is finite since for alk having at least one componéatlarger than some con-

stant |mpI|esL(ck) > L(&*) because (m, k) will be IargerthanL(c*) This implies that the set df for
which L(é&) < L(&*) is finite. Now for anyx > 0 definef,, = = {k : L(¢x) < L(¢*) + «}. We recallF*,
which was defined in (9) aB* = {k : L(c}) = = 0}, and defineF; = {k : L(c;) < L* +a}, where
the Bayes loss i&™* = 0. Recall that the chosen classifiérhas a complexityZ = argmin,_z k- BY
Assumption 1 there existskd = argmir, .z« ||k|l« all of whose components are finite.

We start with the following claim.

Clam3. F ¢ Fé*(m’k*), i.0. with probability O wherei.o. stands for infinitely often.
Proof.
P(L(cp) > e(m,k*) i.0)<P(L(&) > €(m, k*) i.0.) (B.1)

=P (L(¢&) > Lin(éx+) + €(m, k*) i.0.), (B.2)

where (B.1) follows sincd.(¢x) > L(c), (B.2) follows by Assumption 1 which by.(c;.) = L* =
implies thatL,, (c;.) = 0 for any sample size vecter and by definition of an empirical loss minimizer

Ln(é) < L(cl) = 0. (B.3)
We continue from (B.2). For arl € F
P(L(é&) > Ln(épr) +€(m, k) i.0.)
—p (L(ék) > L&) i.o.)

P <L(ék) > L&) i.o.) (B.4)
_ P(L(ék) > L@ i.o.) (B.5)
=P (L(é&) > Lyu(&) +€(m, k) i.0.) =0, (B.6)

where (B.4) follows from the definition of*, (B.5) follows from by definition ofF" and (B.6) follows
from Lemma 1.

As the cardinality ofF is finite, it follows thatL(c;) > e(m, k*), i.0., with probability O simulta-
neously for allk € F. HenceF ¢ F e(m k) i.0. with probability 0. [J
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Clam4. k* e F.

Proof. Foranya > 0, we havet* € ﬁa; To see this first let: be large enough such thatm, £*) = a.
Then it follows thatt™ € Fy k) SINCEL(Ck*) = Ly (Cr) + €(m, k*) < e(m, k*) < L(¢*) + €(m, k¥),
where we used again the fact thay (¢¢+) < L (cf.) = 0. It follows thatk* € limg_o Fy = F. O

We now claim the following:

Claim 5. For all m large enoughk™* = argmir)ceF:W*) 1kl oo -

Proof. There exists& = [/, ..., /] such thatthe cub€ = {k : k; < /,1 < i < M} contains the vector
k*, and there exists A > 0, such that for all 0< ¢ < B, Ff () C = F*() C. To see this, note that for
anya > 0, the setF; (| C contains a finite number of vectokse Z¥. Each of these vectors corre-
sponds to a certain classifief with a certain losg.(c}) and there must be at least one such vector
with a corresponding classifier having a loss of zero skice C. There clearly exists g8 > 0 small
enough such that only thoges Fj () C for which L(c}) = 0 satisfyL(c}) < B. It follows that for all
O<a<pB, FiNC= F;;ﬂC:{k :L(c}) =0,k € C} = F*(C as claimed.

We continue with the proof of Claim 5 assuming that@ < B. For everyk € F; \ C there exists
a componenk; > [ for somei € {1, 2,..., M}. Hence| k|- > [. Moreover, sinc&™ e C thenk; <1,
1 <i < M. Hence it follows thatl|k||o > ||k*|l« for all k € F}\ C. Hence thek € F which has
minimal norm must be awhich has a minimum norm ovét! () C. But the latter is equivalent to the set
F*{C. Now, sincek* = argminp«|lk[lo and since* e C it follows thatk* = argming. A cll&|loo-
Hence it follows thak™ minimizes||k || over allk € F}. Lettinga = e(m, k*), then for all large enough
m, a < B which proves the statement of Claim 5]

From Claims 3, 4 and 5 it follows that* #+ argmin _ k||, i.0. with probability 0. And since by
definition & = argmin,_ [kl then it follows that

1klloo # 1* oo i.0. (B.7)

with probability zero but wheré does not necessarily equél. The latter combined with Claim 3
implies thatk + argmlr){eF* ||k||oo, i.0. with probability 0. Finally, we havé ¢ C i.0. with proba-

bility 0 since ||k |loo = ||k"‘||OO hence it follows from the proof of Claim 5 that the event thatoes not
minimize | k||« over allk € F* () C and hence oveF* happens infinitely often with probability O.

So we have proved that any sequence of ved?to*sargmir}(eﬁnknoo does not minimizék|| o over
all k e F* infinitely often with probability 0. Therefore we conclude that

k — k* (componentwise}.s., m — 0o

(or equivalently, withh — oo as the sequence(n) is increasing) where* = argmir, . g« |1k || o, IS NOt
necessarily unigue, but all of whose components are finite. This proves the first part of the lemma.
Next, we prove the second part of the lemma which states an upper bound@onWe make use of
the same idea as in the proof of Lemma 1 where we start off with sequeneemdfthen eliminate the
dependence om. We explicitly denote the dependencecdfonn by writing ¢;. Let ¢ be any sequence-
generating procedure and define the following set of sample size vector sequegcesm(n) : n >
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N, m(n) is generated by}. As before, we writd3m(n) € Ay : property holdsto mean there exists a

sequencen(-) € Ay such that there exists an> N such that the property holds for the poingz). We
have

P(Im(n) € An : L (¢}) > e(m(n), k")) (B.8)
=P (3m(n) € Ay : L(&}) > Ly (&) + €(m(n), k) (B.9)
= P(Elm(n) €Ay : L (c,";) L(&x )

P(3mim e an: L () > L&) (B.10)

=P (Elm(n) € AN : L (&) > L (&) + ¢ (m(n), ]€n>> ,

where (B.9) follows from (B.3) and (B.10) follows from the definitionat Now, for any fixed:, based
on the randomly drawn sample of size veoidi) the SRM-chosen classifiéf could be any one afy
in a set which is no larger thaft € 7 /}. We therefore have

P(Elm(n) € An i L(@) > L (&) + e(m(n), lén))
P(3m(n) € An, 3k € 722 L@ > L (@) + €0n(m), k)>

<E|m(n) €Ay, ke zY 1< j < M, L@k > Ljm;m (@) + €mjn), k; ))
P(@Em@n) € Ay, 1< j <M, 3kj € Zy : L(Ek;) > Ljm;m)(Exy) +€(mj(n), kj)).

Now, we eliminate: using the same reasoning as in the proof of Lemma 1. We have
P(@Em®n) € Ay, 1< j <M, 3kj € Zy : L(E;) > Ljm;m)(Cx,) + €(mj(n), kj))
<P

N

EImer, 1m|n m; >Ty(N),IL<j <M, FkjeZ,: L(ck)>ij/(ck)+€(mJ,k))

<

M-

~
[
iR

P(Elm e 2", mj > Ty(N), Ik; € Zy : L)) > Ljm, (@) +e(mj,k,-))

/N
M=

P(3m; > Ty(N), 3kj € Zy : L(éx;) > Ljm;(éx;) +€(mj, kj))

~.
I
=

o0

Ma

P(3m; > Tg(N) : L(¢x;) > Ljm; () +€(mj, kj)). (B.11)

~.
1
,_.

kj=1

We now make use of the uniform strong law result mentioned under (A.1), just stating it more explicitly.
First, Iet us choose a constarinstto be the maximum of/6 and the constant in (A.1). This means

const,| <"1 '”m’ > ﬁ,/M for all m; > 3 and henceforth define(m , k;) to be const %

with the newconst Using the upper bound on the growth function cf. [33, Section 6.9], [10, Theorem
13.3] we have for some absolute constant 0
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P(L(Ck;) > Ljm;(&x;) +€lmj, kj))
< Kml;je—mjez(mj,kj)
— Kml;'/ e M (const)zkj Inm;/m;

Km];-j e—Smjkj |n(eI71j)/mj
1
2%;
J

1.
RS K—Ze J
J

N

o3k

=K
m

N

fork; > 1.
m

Continuing to upper bound (B.11)

M oo
YD P@Emy > Ty(N) : L(E,) > Ljm; @) +€(my, k)
j:lkj:l

M 0 o—3k;
IO DD ph

J=1mj>Ty(N)kj=1 "J

M 1
<22y > —3=ow. (B.12)
J

J=1mj>T4(N)

Just as (A.5) was shown to be strictly decreasing witthe same holds here fety. It follows that

Jim P(3Im(n) € Ay : L (¢}) > e(m(n), k")) =0

implying that the event$L(¢) > e(m(n), k*)} occur infinitely often with probability 0. The second
part of the lemma is proved.[]

Appendix C
C.1. Proof of Corollary 1

The proof of Lemma 2 uses only the result of Lemma 1, namely, the uniform upper bound on the
deviations between the empirical and the true loss of well-defined classifiers. From the proof of Lemma 1
it is apparent that the same uniform upper bound holds even if the sample srili@then conditioned
on a pattern class. This follows since the upper bound is the weighted average of the uniform upper
bounds on the SLLN deviations of the individual sub-samples corresponding to each of the pattern
classes.

Also, by premise of the corollary, the components of the veet@r) all increase with time: — oc.

Thusk, corresponds to a sequence of complexities of chosen classifiers based on an increasing sample
size sequence (n). The proof of Lemma 2 applies also for the setting of Corollary 11
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Appendix D

D.1. Proof of Lemma 3

Note that for this proof we cannot use Lemma 1 or parts of Lemma 2 since they are conditioned on
having a sequence-generating procedure. Our approach here relies on the characteristics of the SRM-
selected complexitg, which is shown to be bounded uniformly overbased on Assumption 1. It
follows that by the sample-size increment rule of Algorithm SQ the generated sample size sequence
m(n) is not only increasing but with a minimum rate of increase as in Definition 2. This establishes that
Algorithm SQ is a sequence-generating procedure.

Proof. We start with the next claim.

Claim 6. Consider an increasing sequenegn) as in Definition1. For all n there is some constant
0 < p < oo such thatllk, |l < p.

Suppose that there does not exisi auch that for alk, lknlloo < p- This implies the existence of
some 1< i < M such that for allo > 0 there existsV(p), Vn > N(p), kn ni > P wherek,,, denotes

the ith component of,,. By Assumption 1 there exists® with L(¢x+) = 0. This impliesL,, (¢;x) = 0
which impliesL; ,,, (¢;+) = 0 where by the same assumption, the compleity| < co hencek; < oo

forall 1 <i < M. The S-Step of the algorithm minimizésé,) overk e 7 andi(é,;n) < L(¢&) for

allk e Zi‘f by definition ofk,. In particular, it is true for & which equalg,, in all but theith component
in which it takes the valug’. So we have

ZP/ (Lj,mj(n)(é,gn'j) +e (mj (n), ]gn,j)) + pi <Li,mi(n)(é]2n,i) +e (mi(n), iénl))
J#
< Z pj <Lj,m_,(n)(5,;m) +e€ (mj(n), ién,j)) + pi <Li,m,-(n)(ék,.*) + e(m;(n), kf))
J#
true for alln. We have therefore
Limin @, )+ €(mi (), ki)
< Limn) (Crr) + €(mi(n), k) = 0+ €(m;(n), k7). (D.1)
But by the premisek,, ; is increasing with: hence there exists soné such that,, ; > k! and hence
L,-,ml.(n)(élgn ) =0foralln > N’ where we used Assumption 1. Combining with (D.1) foralt N’
we havee (m; (n), 12,1’,-) < €(m;i(n), k) which impIiesl@n,,- < k7. This contradicts the premise of having
kn.; increasing forever and hence proves the claiffl

It follows that for all n, k, is bounded by a finite constant independent:ofSo for a sequence
generated by the GQ criteriop,((e(m](n) kn .j))/mj(n)) are bounded by ; ((e(m (n), ki ) /mjn)),
for some flnltdcj, 1< j < M, respectively. It can be shown by simple analysis of the funetien k)
that for a fixedk the quantity
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e(mj, kj) [ 0%(m;, k;
E(m_/7 j) e(m;, ki)
6m§ Gmi2

converges to a constant dependenkpandk; with increasingn;, m ;. Hence even for the worst case

/2,,, which still must be bounded by the above claim, it follows that the adaptation step of Procedure GQ,
which always increases one of the sub-samples, amounts to incremeiits; Gind Am ; that are no
farther apart than a constant multiple of each other foi dibr any pair 1< i, j < M.

Hence for a sequenae(n) generated by Algorithm SQ the following is satisfied: it is increasing in
the sense of Definition 1, namely, for &1 > 0 there exists &4 (N) such that for alk > N every com-
ponentm j(n) > Ty(N), 1 < j < M. Furthermore, its rate of increase is bounded from below, namely,
there exists aonst > 0 such that for alv, N’ > 0 satisfyingT,(N') = Ty(N) + 1, then|N" — N| <
const. It follows that Algorithm SQ is a sequence-generating procedure according to Definitidn 2.

Appendix E

E.1. Proof of Theorem 1

The classifierc); is chosen according to (13) based on a sample of size vector generated by
Algorithm SQ which is a sequence-generating procedure (see Lemma 3). Then from Corollary 1

L(¢}) > const e(m(n), k¥), i.0.

with probability O and furthermore sinee = 1 then from Lemma 5 it follows thdltn (n) — m™(n) ||,iw >
1 infinitely often with probability O where:*(n) = argmin,.; =z € (m, k). O
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