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Abstract

The asymptotic behaviour of a family of gradient algorithms (including the methods of steepest descent
and minimum residues) for the optimisation of bounded quadratic operators in IR? and Hilbert spaces is
analyzed. The results obtained generalize those of Akaike (1959) in several directions. First, all algorithms
in the family are shown to have the same asymptotic behaviour (convergence to a two-point attractor),
which implies in particular that they have similar asymptotic convergence rates. Second, the analysis also
covers the Hilbert space case. A detailed analysis of the stability property of the attractor is provided.

1 Introduction

The paper generalizes the results presented in [16] to other optimisation algorithms of the gradient type. We
introduce a class of algorithms, called P-gradient algorithms, that differ by the choice of the length of the step
made in the gradient direction. The class includes in particular the usual steepest-descent algorithm and the
method of minimal residues of Krasnosel’skii and Krein [10, 9]. We show that for a quadratic function, the worst
asymptotic rate of convergence is the same for the whole class of algorithms considered. It is also true that,
expressed in the right framework, all the algorithms in the class behave in a very similar fashion®. This analysis
complements that presented in [1], [13, 14] and Chapter 7 of [15] which concerns steepest descent. Moreover,
the analysis in [16] directly applies to all algorithms in the class considered, revealing the asymptotic behaviour
for bounded quadratic operators not only in JR? but also in Hilbert spaces. The worst case behaviour exhibited
is fundamental “bottom-line” in the study of optimisation whose understanding is critical for building more
complex and faster algorithms.

The basic idea is renormalisation, as used throughout [15]. The main result in the finite dimension case is
that for any algorithm in the class, in the renormalised space one observes convergence to a two-point attractor
which lies in the space spanned by the eigenvectors corresponding to the smallest and largest eigenvalues of the
matrix A of the quadratic operator. The proof for bounded quadratic operators in Hilbert space stems from
the proof for IR? but is considerably more technical. In both cases, as in [1], the method consists of converting
the problem to one containing a special type of operator on measures on the spectrum of the operator. The
additional technicalities arise from the fact that in the Hilbert space case the measure, which is associated
with the spectral measure of the operator, may be continuous. Another important result concerns bounds on
convergence rates, named after Kantorovich, see [7]. For all algorithms in the family considered, the actual
asymptotic rate of convergence, although satisfying Kantorovich bounds, depends on the starting point and
is difficult to predict. This complex behaviour has consequences for the stability of the attractor, which are
discussed following the main results.

The family of gradient algorithms we consider, called P-gradient algorithms, is introduced in Section 2.
Renormalisation is presented there, which, together with the Lyapunov functions of Section 2.4, forms the core
of the analysis to be conducted. The main results are presented in Section 3, first for the case H = IR?, then
for the Hilbert space case. They rely on the convergence property of successive transformations of a probability
measure, which is presented in Section 4. Again, the two cases H = IR? and H a Hilbert space are distinguished,
the exposition being much simpler in the former case. The stability of attractors is discussed in Section 5, only
in the more general case of a Hilbert space, the case H = IR? not allowing for a significant simplification of
the presentation. Finally, Section 6 shows the asymptotic equivalence between several rates of convergence of
gradient algorithms. All proofs and some important lemmas are collected in an appendix.

2 A family of gradient algorithms

2.1 P-gradient algorithms

Let A be a real bounded self-adjoint (symmetric) operator in a real Hilbert space H with inner product (x,y)
and norm given by (z,x) = ||z||?. Assume that A is positive, bounded below, and denote its spectral boundaries
by m and M:

m = inf (Az,z), M = sup (Az,z),

[lz][=1 llz||=1

1Not all algorithms using the gradient direction belong to that class, which in particular does not include the spectral-gradient
algorithm, see [3], proposed by Barzilai and Borwein in [2]. This method, which has been found in particular examples to allow
significant improvement over standard steepest descent, see [17], thus requires a separate treatment.



with 0 < m < M < oco. The function to be minimized corresponds to the quadratic form

1
f@) = 5 (A2, 2) — (2,9) 1)
It is minimum at * = A~ 'y, its directional derivative at = in the direction v is

0f(@) _ (Az—y.u)

ou  (u,u)/?

The direction of steepest descent at x is —g, with g = g(x) the gradient at z, namely ¢ = Az —y. The minimum
of f in this direction is obtained for the optimum step-length

_ (9,9
(Ag,9)’

which corresponds to the usual steepest-descent algorithm. One iteration of the steepest descent algorithm is
thus

_ (g/wgk)
Tyl = Tk (Agr, g0) %% (2)

with g = Az —y and xg some initial element in H. We define more generally the following class of algorithms.

Definition 1 Let P(:) be a real function defined on [m, M|, infinitely differentiable, with Laurent series
oo
P(z) = chzk, cr € R for all k,

such that 0 < - cxak < oo for a € [m, M]. The k-th iteration of a P-gradient algorithm is defined by

Tk4+1 = Tk — VEIk (3)
where the step-length v, minimizes (P(A)gr+1, gk+1) with respect to v, with gr+1 = g(xkr1) = g(xx — YgK)-

Direct calculation gives

_ (P(A)Agk, gr)
T P A2, k) W

Note that AP(A) = P(A)A and that the denominator and numerator of «; are linear in P(A). Also, vy is
scale-invariant in P(A) and v € [1/M,1/m)].

Taking P(A) = A~ gives the steepest-descent algorithm. Choosing P(A) = I, the identity operator, is
equivalent to choosing the step-length that minimizes the norm of the gradient g1 at the next point. We then
obtain the method of minimal residues introduced in [10] for the solution of linear equations. For any fixed
a € (0,1), choosing 7, that minimizes af(zr — vgr) + (1 — @) (g(zr — Y9r), 9(xr — vgx)) with respect to «y also
gives an algorithm in the family. More generally, we show below how to construct P-gradient algorithms, with
P(-) a polynomial in A, using evaluations of f(-) and g(-) only.

2.2 Practical construction when P is a polynomial

We consider the case where P(A) = A9 for some integer ¢ > 1. As mentioned, the cases ¢ = —1 and ¢ =
0 respectively correspond to the methods of steepest-descent and minimal residues. The extension to P(-)
polynomial in A is straightforward (including also linear combinations with A=), using (4).

The minimisation of (P(A)gk+1,9gk+1), or the calculation of v in (4), requires the calculations of terms of
the form (A"g,g), with n = g or n = ¢+ 1,¢q + 2. As shown below, they are easily obtained from evaluations
of g(-) at different points. Notice that this construction implies that one iteration of the algorithm will require
several evaluations of g(-). The construction proposed below is not necessarily the most economical one, and
evaluations of f(-) and g(-) at different points could be combined to provide more efficient evaluations of terms
(A™g,g). Our objective here is simply to show that the family of algorithms considered in the paper is not of
purely theoretical interest, and that other algorithms than the steepest-descent and minimal residues could also
be considered in practice.



Let (A"g, g) be the term to be evaluated, with g = g(x) the gradient at the current point . Define z(9) = x

and _ _ _
2D = 20 — Bg(2®) i >0,

with 8 a fixed positive number (for instance, 8 can be taken equal to the value of v at previous iteration of the

algorithm). We obtain ‘ A ‘
9" = g(a") = (I - pA)'g.
Define P; = (g,9”) = (g, (I — BA)’g). In matrix notation, P,, = Q, G,,, where
P, = (Po,Pr,.... )", Gu=((g,9),(Ag,9),...,(A"g,9)) "

and the entries of the (n + 1) x (n + 1) matrix Q,, are the binomial coefficients,

1
L —p

Qn = 1 _Qﬂ 62
1

-38 382 -p°

The value of (A"g, g) is then directly obtained from G,, = Q;;'P,,. The entries of P,,, defined by P; = (g, ¢"),

are also obtained more economically from

P2j = (g(])ag(j))a P2j+1 = (g(j+1)?g(j)) .

Therefore, the evaluation of v, = (P(A)Agk, gr)/(P(A)A%gk, gi), with P(-) a polynomial of degree ¢, requires

[q/2] + 2 gradient evaluations (including the one at 2(0) = ).

2.3 Renormalisation

We can rewrite the iteration (3) as
(Thy1 — 27) = (vp — ) — Gk,
with gx = g(z) = A(zp — x*), so that

o o (P(A)Agk, gr)
Jk+1 = gk — Ve AGk = Gk (P& 2205, 98) Agy,

Define the renormalised variable
By,
(P(A)Agk, gi)'/?’

with B the positive square-root of P(A)A, so that (zx, z;) = 1. Also define

ZE =

pf = (A2, z1), i € Z,

so that uf =1 for any k and v, = p&/uf = 1/u¥. We obtain

ey = Bkt _ (I — v A)Bgy
" (P(A)Agis1, ge41)2 (I — wA)Bg, (I — wA)Bgy)
(L — vA)zk _ (L — wA)zk

(I = vA)zi, (I — veA)ze) (1= 2ypph +2u2) /2’
that is,
s U Al
(b /(pf)? —1)1/2

This gives the updating formula for the moments

k= 2uk Sk 4 ko (uh)?
W5 /(i) —1

ptt = (A2, 2141) =




In the special case where H = IR¢, we can assume that A is already diagonalised, with eigenvalues 0 < \; <
Ay < -+ < A\g. We can then consider [z;]?, with [zx]; the i-th component of zj, as a weight on the eigenvalue
Ai, so that (7) defines a transformation on discrete probability measures vy supported on {Ai,...,Aq}, with
moments p¥, i € Z. The asymptotic behaviour of the sequence (zj) generated by (7) was studied in [1], see
also [5] and Chapter 7 of [15]. The main result is that, assuming 0 < A} < Ay < --- < Ag_1 < Ay, the sequence
(zr) converges to a two-dimensional plane, spanned by the eigenvectors e, eq associated with A; and Ag. The
attraction property is stated more precisely in Section 3, also in the Hilbert space case. It is already important
to notice that although the results in the references above were obtained for the steepest-descent algorithm,
the renormalisation (5), which depends on the chosen P(-), makes them applicable to any algorithm in the
family considered. Also, using the renormalisation just defined we easily obtain (non asymptotic) results on the
monotonicity of the algorithm along its trajectory.

2.4 Monotonicity of a rate of convergence

Consider the function (P(A)gk+1,9k+1) that 4 minimizes, and compute the rate of convergence rj of the
algorithm at iteration k, defined by

(P(A)gk+1, gr+1) )
(P(A)gr,gk)

Other rates of convergence will be considered in Section 6 where they will be shown to be asymptotically

equivalent to 7. Direct calculation gives rp =1 — 1/Lyg, with

Ty =

where the moments u¥ are defined by (6). Also, from (8), Ly satisfies

Mk
L1 — Ly = &5 det My,

Dy
with
Dy, = s — (uy)?
and . P
Mlzl Hg N}f
Mp =1 1o K1 H2 ‘ (10)
TN

The moment matrix My is non-negative definite so that det My, > 0, and thus Ly > Lg, that is, both Ly
and the rate r; are non decreasing along the trajectory followed by the algorithm. When H = IR? (d = 2),
det M = 0 and r, is constant. When d > 2 or H is a Hilbert space, the rate is monotonically increasing for
a typical g, indeed, for almost all zy = zo(xo) with respect to the uniform measure on the unit sphere when
H = IR?. Notice that if the rate is constant over two iterations (det M, = 0), then the measure v}, is supported
on two points only, and the iteration (7) for the weights shows that this situation will continue: the rate will
thus remain constant for all subsequent iterations.

Note that Ly and Dy are bounded (since v, has a bounded support), respectively by L* and D*, with
L* = (M + m)?/(4mM) and D* = (M — m)?/4, see Lemma 1 in Appendix A3. Therefore, since Ly is non
decreasing it converges to some limit, and

(Lky1 — Ly) Dy, <« Tir — Ly)(D*)?

k
H1 m

det M, = —0, k—o0. (11)

In addition to Lj and r; another quantity also turns out to be non decreasing along the trajectory. Consider

(P(A)Agr+1, gr+1) _(PAAgr1, 041) ke
(P At — o0, (ot —o0) R PA Agrg) 2 W=Dk (12)

Direct calculation using (7) gives

1
Dk+1 — Dk = D—]% det Nk



with

By
Ny = #}C #% Hz
M2 H3 My

and, again, N is non-negative definite and det N > 0 so that Dy is also non decreasing, converges to some
limit and det Ny converges to zero for the same reasons as above.

Substitution of P(A) for a particular algorithm shows which quantities are monotonic. For the steepest-
descent algorithm, P(A) = A~!, (A lgk,gr) = 2[f(xr) — f(2*)], and thus the ratios r, = [f(zrs1) —
f@d))/If(xx) — f(*)] and Dy, = (gk+1,96+1)/ (k41 — @), (Tx+1 — xx)) are monotonically non decreas-
ing. For the method of minimal residues, P(A) = I, and the ratios rx = (gr+1,9k+1)/(9k, gx) and Dy =
(Agk+1, gr+1)/(A(xk41 — @), (k41 — xk)) are monotonically non decreasing.

The monotonicity of L, and Dj makes them suitable Lyapunov functions for studying the asymptotic
behaviour of the algorithm. This is developed in the next and central section.

3 Asymptotic behaviour of gradient algorithms

Consider the case H = IR?, and assume that the minimal and maximal eigenvalues of A, \; = m, A\q = M, are
simple. The attraction property can be stated as follows. Choose zg, the renormalised variable defined by (5)
at the initial point xg, such that (zg,e1) > 0, (20,€q4) > 0, with e; and ey the eigenvectors associated with A;
and A4 respectively. Then

Zop — y/pe1 ++/1—peq, zopy1 — /1—per—+/peq when k — oo,

where p is some number in (0, 1), see Section 5 concerning the range of possible values for p. This property,
stated in a more general framework in the theorem below, has important consequences for the asymptotic rate
of convergence of the algorithm, see Section 6. The proof of the attraction property relies on the convergence
of successive transformations of the probability measure v, defined by [2]?. The approaches used in [1, 5] to
study this convergence do not apply when H is infinite dimensional, and we shall present a more general proof
in Section 4. It differs somewhat from the one in Chapter 7 of [15], in particular in the choice of the Lyapunov
function, L; instead of Dy.

The attraction theorem in IR? can be stated as follows. We can assume that A is diagonalised, and the
probability measure v}, is then discrete and puts weight [2;]? at the eigenvalue \;. Notice that the updating rule
(7) is identical for [zx]; and [zy]; associated with A; = A;, and the corresponding weights can thus be summed.
We can therefore assume that all eigenvalues are different when studying the evolution of vy, see Theorem 3.

Theorem 1 Let A be a positive definite symmetric matriz in IR x IR?, with minimum and mazimum eigenvalues
m and M such that 0 < m < M < oo and apply a P-gradient algorithm, see Definition 1, for the minimisation
of f(x) given by (1), initialized at xo, with zg = z(xo), see (5). Assume that

FEi120 #0 and Egzy #0, (13)

where F1 and E4 are the orthogonal projectors on the eigenspaces respectively associated with A1 = m and
Ad = M. Then the asymptotic behaviour of the renormalised gradient z, = z(xy) is such that

Zop = /Puak + /1 —pvak, 2op41 = V1 — pUuspi1 — VP V2k41,

with ||up] = Jop]l = 1 Vn, ||Au, — muy|| — 0, ||Av, — Mu,|| — 0 as n — oo, and p, some number in (0,1),
depending on zg.

The proof is omitted since we prove later a more general property valid for H a Hilbert space. A more precise
result is obtained when the eigenvalues A\; and \g are simple: the vector z4 converges to the two-dimensional
plane defined by the eigenvectors e; and e4 associated with A\; and \g.

Corollary 1 Let A be a positive definite symmetric matrix with ordered eigenvalues

O<m=M<A< <A1 <ANg=M



and let ey, eq be the eigenvectors associated with A1 and \g respectively. Apply a P-gradient algorithm, see
Definition 1, for the minimisation of f(x) given by (1), initialized at xo such that zJ e; # 0 and zq eq # 0, with
z0 = 2(xo), see (5). Then the algorithm attracts to the plane II spanned by e1 and eq in the following sense:

w'z, — 0, k— o0
J_ .
for any monzero vector w € II-. Moreover, the sequence (zi) converges to a two-point cycle.

This corollary is a straightforward consequence of Theorem 1: when A\; and Ay are simple, with associated
eigenvectors e; and eq, u,, and v, then respectively tend to e¢; and e4. The result easily generalizes to the case
when (13) is not satisfied. The algorithm then attracts to a two-dimensional plane defined by the eigenvectors
e; and e; associated with the smallest and largest eigenvalues such that z] e; # 0 and z e; # 0.

We state now the attraction theorem in the more general case where H is a Hilbert space. The proof is given
in Appendix Al.

Theorem 2 Let A be a bounded real symmetric operator in a Hilbert space H, positive, with bounds m and M,
such that 0 < m < M < oo and apply a P-gradient algorithm, see Definition 1, for the minimisation of f(x)
given by (1), initialized at xo, with zo = z(xo), see (5). Assume that zg is such that for anye, 0 < e < (M—m)/2,

(Emtez0,20) >0 and (En—ez0,20) <1, (14)

with (E\) the spectral family of projections associated with A. The asymptotic behaviour of the renormalised
gradient z, = z(xy) is such that

Zok = \/PUak + /1 =Pk, Zokt1 = /1 —DUspt1 — /P V2k+1, (15)
with ||ugp| = ||onl| = 1 Yn, ||Au, — mu,| — 0, ||Av, — Mv,| — 0 as n — oo, and p, some number in (0,1),

depending on zg.

4 A property of successive transformations of a probability measure

The two properties established in this section form the cornerstones of the proofs of the Theorems of previous
section. We consider first the case of a discrete measure with finite support, which in terms of convergence of
a P-gradient algorithm corresponds to the case H = IR?. The proof is given in Appendix A2.

Theorem 3 Let vy be a discrete probability measure on {1, ..., g} with
O<m= A< X< <A1 < =M< .

Let [21])? denote the weight placed at \; by vy, that is, vi(X\;) = [zx]7. Consider the transformation T : v — Vg1
defined by
(L= X/ [2)i

[2e11]i = (16)
T (Wb - 1)1
with the moments u¥ defined by (6). Then, when k — oo,
[z2k]t = P [z2ka]i = 1—p and [z2k]f — 1= p, [t — p (17)

for some p depending on vy, 0 < p < 1. Furthermore,

1 p+1 [1 pL
p=5* - = 5
27 p—1\4 (p+1)

with p= M/m and L = limy_o pkpk ;.

Note that the limiting value L depends on vg, so that the value of p that characterizes the attractor is
difficult to predict. The range of possible values for p is discussed in Section 5.

We consider now the case of an arbitrary measure on an interval, which raises some additional difficulties
compared to previous case. In terms of convergence of a P-gradient algorithm, it corresponds to the case where
‘H is a Hilbert space: for E) the spectral family associated with the operator A, we define the measure vy by
vp(d\) = d(Exzk, 2k), m < A < M. The proof is given in Appendix A3.



Theorem 4 Let vy be a probability measure on the family B of Borel sets of (0,00), with support [m, M], so
that

m = essinf(yy) =sup(a / vo{z, x <a} =0),
M = esssup(vy) =inf(a / vo{z, x> a} =0).

Assume that 0 < m < M < oo. Consider the transformation T : vy — viy1 defined by

Y
Viepr(A) = /A %uk(dn (18)

for any A € B, where pf = [ Avg(d\) and Dy, = p& — (uf)?, with pf = [ N vy, (dN\). Then, as k — oo,

vor(A) = p, vopr1(A) —1—p (19)

for all A=[m,x), m <x < M, for some p depending on v, 0 < p < 1.

5 Stability of attractors

The range of possible values for p in the attraction Theorem 1 (H = IR?) is considered in Theorem 3 of [1]
(see also Lemma 3.5 of [14]). This theorem states that when A; is not discarded at any iteration, that is, when
uk # \; for any k, then p € [1/2—s(\;),1/2+s(\;)], with s(\) given by (20) (note that this assumption cannot
be checked). In this section we extend this result in two directions: (i) H is a Hilbert space, (ii) we study the
stability of the attractor defined by p in Theorem 2. We shall use the following definition of stability, see [6] p.
444, [11], p. 7.

Definition 2 A fized point v* for a mapping T(-) on probability measures on a family B of Borel sets will be
called stable if Ve > 0, Ja > 0 such that for any vy for which d(vo,v*) < a, d(T™(v),v*) < € for alln > 0. A
fixed point v* is unstable if it is not stable.

We shall use the distance d(v, V') given by the Lévy-Prokhorov metric, see [18] p. 349. In our case (measures
supported on [m, M]), d(v,v") becomes the Lévy distance between the distribution functions F, F’ associated
with v, v/, which we denote

L(F,F')=inf{e: F'(z —¢) —e < F(z) < F'(zr +¢€) +¢€, Va}.

In the case where one of the two measures is the discrete measure v, concentrated on m, M, with v, (m) = p,

vy(M) =1~ p, we get

dv,v;) = L(F,F})

Yp
=inf{le: F(z) <p+4+efore <M —¢€ and p—e < F(x) for m+e <z},

with F) the distribution function associated with v;. We then have proved the following, see Appendix A4.

Theorem 5 Consider the situation of Theorem /4, with vy any probability measure supported on some closed
subset Sa of [m, M] and ess inf(vg) = m, ess sup (vp) = M.
(i) The measure v, is a fived point for the mapping T2,

(ii) Consider the set T, defined by

T, = (07 % —S(A*)> U (% +S(>\*),1> ,

where \/
M—=A?+A-—m)? :
= = . 2
s(A) ) , A= min s(A) (20)
Any fized point v, with p in I, corresponds to an unstable fized point for T2,

(i4i) Any point in the interval

7, = <; s, % 4 s()\*)) (21)

corresponds to a stable v, for the mapping T2,



Remark 1 d(uk,V;) — 0 is equivalent to weak convergence vy, —s v, in the usual sense. If zy is associated
with the spectral measure vy and z, with v, then, in the Hilbert space this is equivalent to (zk — Zp) y) — 0 for
any y € H, whereas strong convergence would require ||z — z;|| — 0. For IR?, the two types of convergence are
equivalent, and thus Corollary 1 implies strong convergence. However, for H a Hilbert space the equivalence is
false, and indeed strong convergence generally does not hold. The stability property (i) is thus a weak statement
for H a Hilbert space. The Lo metric in 'H induces the Hellinger metric on the space of spectral measures, which
defines the same topology as the distance in variation, see [18], p. 364. Strong convergence in H is thus related
to convergence with distance in variation in the space of spectral measures, which is clearly difficult to obtain —
except in the special situation where vy has positive mass at {m} and {M} and presents a spectral gap: vy =0
on (m,m+¢) and (M — ¢, M).

We have vg12(d\) = H(vk, A)vg(dN), with H(vg, A) given by (29) in Appendix A4. One may then notice
that when v is a discrete probability measure, the condition H (1/;, A) > 1 used in the proof of the instability
part of the theorem, see Appendix A4, corresponds to a condition on the eigenvalues of the Jacobian of the
transformation T2, see [15].

Note that the stability interval Z; always contains the interval

}1 1 1+ 1
2 2272 22

Numerical simulations for H = IR?, with A having eigenvalues m < A < M, show that for any initial density
of xg in IR? associated with a density of zg reasonably spread on the unit sphere, the density of the values of p

corresponding to stable attractors v, can be approximated by

[ & ]0.14645, 0.85355].

_ : e J ClogH(v3,\) ifpeT
¢(p) = Clogmin{1, H(v,,\)} = { 0 otherwise ,

(22)
where C' is a normalisation constant and H(v,,A) is given by (30). Figure 1 shows the empirical density of
attractors (full line) together with ¢(p) (dashed line) in the case m = 1, A = 4, M = 10. The support of this
density coincides with the stability interval Z, given by (21). When d > 3, the density of attractors depends on
the initial density of zg.

6 Rates of convergence

We first state a property showing that different definitions of rates of convergence are asymptotically equivalent,
see Appendix A5.

Theorem 6 Let W be a bounded positive self-adjoint operator in H, with bounds ¢ and C such that 0 < ¢ <
C < co. Assume that W commutes with A (when H = IR, W is a positive definite matriz in IR x IR? with
minimum and maximum eigenvalues respectively ¢ and C'). Define

(ngﬂ s gk+1)
(W, gx)

if llgkll # 0 and Ry (W) = 1 otherwise. Apply a P-gradient algorithm (3), initialized at xo, with i given by
(4), for the minimisation of f(x) given by (1), with minimum value at x*. Then the limit

R (W) =

n—1 1/n
R(W,zo,2") = lim I reow)
k=0

exists for all zg,x* in H and R(W, zg,x*) = R(xg,z*) does not depend on W. In particular,

n—1 1/n
R(W, zg,2*) = lim <H rk>
k=0

with ry, defined by (9).
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Figure 1: Empirical density of attractors (full line) and ¢(p), see (22), ford=3 (m =1, A =4, M = 10)

From the results of Section 3, we have

__ pA-p)p—1)?
[+ p(1 =)L = p) + pp]
for any W, where p defines the attractor, see (15), and p = M/m is the condition number of the operator. The

function r(p) is symmetric with respect to 1/2 and monotonously increasing from 0 to 1/2, see Figure 2. The
worst asymptotic rate is thus obtained at p = 1/2:

p—1\?
Rmax = m . (23)

R(W, 29, 27) = r(p)

Note that Vk, ry < Rmax since ry is not decreasing, see Section 2.4. For a typical xg (such that the
convergence is not finite, that is, such that r(p) # 0), the stability analysis of Section 5 shows that only values
of p in Z, given by (21) may correspond to stable attractors. The range of possible values of R(p) is thus
[Rumin, Rmax]), where Rp.x, given by (23), is obtained for p = 1/2 and

12
o < R = RO1/2+ 1238 = 0D

*

* ins Bmax] as a function of 1/p, the upper curve corresponding to Ryax and the
lower to R*. . The maximum value of the range is 3 — 2v/2 ~ 0.1716, obtained at p = 1 4+ 2v/2 +2v/2 + /2 ~
7.5239. These results confirm the experimental observation that the rate of convergence of the gradient algorithm
is generally close to its worst value Ryax, see [14]. The same property is true for any P-gradient algorithm.

Figure 3 presents the range [R

Remark 2 A similar analysis for Dy defined by (12), which is also not decreasing, shows that Dy — D(p) =
p(1 —p)(M —m)? as k — oo, with Dy, < D* = D(1/2) = (M —m)?/4 for all k. Also, for any typical xo such
that p € I, given by (21), we have D(p) > D(1/2 4+ 1/[2v/2]) = (M — m)?/8.

Another quantity of interest is given by

AN = log(Rmax/Rmin)/[log(Rmax) log(Rmin)] .

10
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Figure 2: r(p) as a function of p, for p = 2 (bottom curve), 4, 8 and 16 (top)

Indeed, for N large enough, (Wgn,gn)/(Wgo,go) =~ r(p)", the number N of iterations required for obtaining
a ratio (Wygn,gn)/(Wgo, go) = € (e < 1) is approximately log(e)/log[r(p)] and An|log(e)| thus indicates the
range of possible values for N due to the range of possible values for p. Direct calculation gives A y log(Rpmax) <
1/2 for any p and

Ay =p/8=1/44+0(1/p), 1/10g(Rmax) = —p/4+ O(1/p)

for large p. Therefore, the number of iterations required by a P-gradient algorithm to achieve a given precision
€ << 1 varies at most by a factor 2 depending on the (typical) starting point z¢, factors of variation close to 2
being possible only when p is large.

The average value of R(W, zg,x*) for zo = z(z() uniformly distributed on the unit sphere is the same for any
P-gradient algorithm, more generally, the distribution of R(W, g, 2*) associated with a particular distribution
of zg does not depend on the particular P-gradient algorithm considered. Moreover, numerical simulations
show that the average value of R(I,xq,z*) is the same for the steepest-descent (P(A) = A~!) and minimum
residues (P(A) = I) algorithms for 2 uniformly distributed on the sphere ||zg — 2*|| = 1. The small deviations
in average performance between different P-gradient algorithms can only be related to the fact that a fixed
distribution for xg corresponds to different distributions for z(xg).

Remark 3 It is known that the introduction of a relaxation coefficient v, with 0 < ~v < 1, in the steepest-
descent algorithm totally changes its behaviour, see, e.qg., Chapter 7 of [15]; the algorithm (2) then becomes
i1 = 2 — V(98 98)/ (Agr, 9%) gk For H = IR and a fized A, depending on the value of 7y, the renormalized
process either converges to periodic orbits (the same for almost all starting points) or exhibits a chaotic behaviour,
with the classical period-doubling phenomenon in the case d = 2. In higher dimensions, repeated numerical trials
show that the process typically no longer converges to the 2-dimensional plane spanned by (e1,eq). A detailed
analysis for d = 2 and experimental results for d > 2 also show that relazation (with v close to 1) considerably
improves the rate of convergence. Similar results hold more generally for all P-gradient algorithms, with the
iteration (3) transformed into xyy1 = Tr — YYEGr, With 7y the (fized) relazation coefficient and vy, given by (4).
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Figure 3: Range [R%;,, Rmax] of possible values of the asymptotic rate r(p) as a function of 1/p

Appendix

A1. Proof of Theorem 2. The proof relies on Theorem 4 (Theorem 3 when H = IR?), which concerns successive
transformations applied to a probability measure.

Since A is self-adjoint, its spectrum S 4 is a closed subset of the interval [m, M] of the real line and m, M € S4.
Let Ey be the spectral family associated with A, and define the spectral measure vy by vi(d\) = d(E\zg, k),
m < A< M. Since (z,2;) = f:r\:l vp(d\) = 1, vy is a probability measure on the Borel sets of (0,00), with
vi([m, M]) = 1 Vk. This representation gives

w1 = (Azg, zi) = /Auk(d)\), o = (A%2p, 21) = /)\2 v (dN)

where integration is over [m, M| unless otherwise specified. Therefore, for any Borel set A the transformation
(7) gives in terms of vy:

L SN @) v
[ N2 v (dN) = [ M vg(dA)]?
The conditions (14) on zg are equivalent to ess inf(rg) = m and ess sup(ry) = M, see Theorem 4, and the

updating rule for vy can be written as (18). Theorem 4 then implies (19), which can be written as: Ve > 0,
€<= (M-m)2,

Vi+1(A)

(Emyeor, 22k) — D, (Enr—czok, 22k) = D,
(Emtez2k+1, 22k+1) — 1 =D, (En—eZok+1, Z2k+1) — 1 — D,

as k — oo, where p depends on zp, 0 < p < 1. Define pop, = (Em+g22k, 22k), P2kt+1 = 1 — (Em+822k+1, 22k+1),

and the angles ¢, ¢, by cosp = /p, sing = /T —p, cosp, = \/Pn, sing, = /1 —p,, Vn. Also define
sok = Epmypzor/ cos ok, Sapt1 = Emyp2ors1/sinpogy1, tar = (221 — Emgpzor)/ sinpog, taprr = — (22641 —
E 4+ 8%2k+1)/ €08 @apt1. This gives p, — p as n — 00, ||sp]| = ||tn]] = 1 ¥n, and zo, = cos pay, Sok + sin o, tog,
Zok4+1 = SN Qopy1 S2k4+1 — COS Popt1 tokt1. Also,

| Asy — msn|? = /()\ )2 d(Exsn, 5) |
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which, for n = 2k and any ¢, 0 < € < 3, gives

m+f3 A—m 2
|Asor — msag|? = / A om)” d(Exzak, 221)

m P2k

m-e )\_m2 m+3 )\_m2
— / 7( ) d(Exzak, 221,) +/ 7( ) d(Exz2k, 22k)

m ka m-+te ka

€2 ﬁQ m-+te
< —+— [pzk */ d(E,\sz,Z%)] .

D2k D2k m

Since poy — p and f;n+€ d(Exzak, 22k) — D as k — 00, ||Asar, — msai|| — 0 as k — oo. Similarly, ||Asari1 —
msak+1]| — 0 as k — oo and ||At, — Mt,|| — 0 as n — oo. Consider now

Uy = €08y, Sy +sinty, ty,, v, = —sindy, s, + cosy, t, .
Straightforward calculations show that ¥, = ¢, — ¢ gives (15) with |Ju,|| = ||vp]| = 1 Vn. Also
[[Aw, — muy| < |cosPp||Asn — msy|| + |sind,| (M —m),

and, since ||As, — ms,| — 0, ¥, — 0 as n — oo, |Au, — mu,| — 0 as n — oo. Similarly, ||Av, — Muv,| — 0
as n — o0. |

A2. Proof of Theorem 3. We first prove that the mass of v tends to concentrate on two eigenvalues only. When
Vo is non degenerate, L1 > 1 from Jensen inequality, and thus, since (Lj) is non decreasing, see Section 2.4,
Ly > Ly > 1. Now, from Lagrange identity (3" a?)(>_b?) = >icjlaibj — ajbi)* + (3 aib;)?

d d
(Z Aikkﬁ) <Z[Zk]?//\i>

S el (f ﬁ) (Zmﬁ)

Ly,

2

1<)
2 Q(Ai_)‘j)Q
= : <+ ],
;[%sz]j Wy +

Let iy and jj denote the indices that achieve max;;[2;]7[2]7. We have

and thus

Moreover, [z;]7, + [2x]35, < 1 gives
§<[az]], <1—0 and 6 <[z]}, <1-0.
Consider the matrix My given by (10). Its determinant can be written as

o (A = A% = A)* (A = \)?

det My = 3 [l el?
i<j<l AidiAi
9 2 ) Q(Ai_)\iv)Q()‘i_A’ )2
2 [aslfl o}, O = 200" D [l o=
ik, Jk
5 )
> 5@ Z [2x];
1Fik Ik
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where
Ox = min [A; — A
i,

Since det M, — 0 as k — oo, see (11), we get >°,,; [2£]? — 0 as k — oco. The mass thus tends to concentrate
on.Aik,Ajk.

Next we prove that i, and ji eventually become fixed. From the result above, Ve > 0, k. such that
Ditin n (2] < €, k > k..

Consider the updating equation (16). We have for any i, (u¥ —\;)? < (M —m)?2. Also, Dy = ps—(u¥)? > Dy,
see Section 2.4. This gives for i # iy, jr and k > k.

(M —m)”

[2641]7 < € Dy

Taking €; = 0Do/(M — m)? we obtain [zx41]? < § for i # i, jx and k > k. Since [Zk+1]12k+1 > § and
[2k+1]5,,, > 0, @ & {in, ji} implies i & {ix1, jks1}, k> ke, and thus {ix, jx} = {i*, 5} for k > k.

Jk+1
We show now that {i*,;*} = {1,d}. Assume that i* < j* < d (which implies [z]2 — 0, k — 00). We need
to show that (Aq — pf)? > (\j= — pk)? for k large enough. We have

k= N [2nlpe + N [2nl3e + D Nilzwlf < Nilznld + Njelanlde + a0 > [al?

i g i
Take €3 = min{ey, §05/Agq}. For k > k., we have
i < N [z] 2+ A [zk]?* + Xa€2 < Aixd + Xje (1 = 0) + Agea < Aje — 005 + Agea < Aje
and thus (Ag — p§)2 > (A\j« — pf)2. From (16), this gives for k > k.,

[ep1]?  Qa—pb)? e —ph)? L]l

= > =
(27 Dy Dy, [er]2.
and thus ) )
[ze41j- [zlj-
[ea]d ekl

We arrived at a contradiction since [zx]2 — 0 and [zkE is bounded from below by 6. Therefore j* = d.

Similarly, i* = 1.
Finally, let L denote limy_., L, see Section 2.4. There are only two discrete measures with nonzero weights
on A\ and A4 and such that pip_q1 = L,

V(1){>\1 Ad }and 1/(2){ A1 )\d}
p 1—p I-p »p
with

1 p+1 1 oL

2 p—1\1 (pt+12

and p = M/m. Direct calculation shows that vy = v gives vy = v hence the convergence of v to the
cyclic attractor v() — v — p1) ... ]

A3. The proof of Theorem 4 is more technical than that of Theorem 3 and relies on a series of lemmas stated
below.

Lemma 1 Let v be any probability distribution on [m,M], 0 < m < M < oo with moments p; = [ N'v(dX),
1€ Z (1o =1). Then,

M2—M%

Hip—1

D* = (M —m)?/4 (24)
L* = (M +m)?/(4mM) . (25)

IAIA
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Proof. The proof relies on standard results in experimental design theory, see, e.g., [4, 19]. Consider the two
linear regression models 71 (8, \) = 8y + 01X and 72(6, \) = 6y /v A+ 601V A, with g, ; the model parameters and
A the design variable, A € [m, M]. D-optimum design (approximate theory) aims at determining a probability
measure on [m, M] that maximizes the determinant of the information matrix associated with a particular

model, here respectively
Ho  fi1 H-1 [o
1 = and I = .
1) < H1o pe2 ) " 2(v) < Mo M1 )

The function log det I(v) is concave on the set of probability measures on [m, M], and its maximum is unique.
The Kiefer-Wolfowitz General Equivalence Theorem [8] gives a characterization of the measure v* that max-
imizes det I; (v) = g — p? and det Io(v) = p1pu—; — 1. In this case it corresponds to the two point measure,
supported at m and M, with both weights equal to 1/2. Direct calculation gives (24,25). One may notice that
(25) corresponds to the Kantorovich inequality, see [7] and [12], p. 151. (A fully development of this connection
will be published elsewhere.) |

Lemma 2 Let v be any probability distribution on [m, M], 0 < m < M < oco. Assume that there exists an
interval T C [m, M|, |Z| < a and v(T) > 1 — ¢, € € [0,1]. Then, Var(v) < o?/4 + 2eM?.

Proof. Define p; = f[m,M] Av(dN), pr = [ Av(d)). Then py = pz + f[myM]\I/\V(d/\). Therefore, puz < pqp <
ur +eM. We get

Var(v) = /(/\ — )2 v(d)) < /I()\ —w)?v(d\) + (M —m)?e

= [ ) @)+ 1 = i) D) + (M = e,
T
Lemma 1 implies [-(A — pz)? v(dX) < o /4 and (uy — pz)? < 2 M? gives
Var(v) < a?/4 + & M? + M?e < o?/4 + 2eM? .
|

Lemma 3 Let v be any probability distribution on [m, M], 0 <m < M < co. Assume that Var(v) < e. Then,
there exist an interval T such that |I| < €'/* and v(T) > 1 — 4/€

Proof. Take T = [y — €'/4/2, u1 + €'/4/2], u1 = [ Av(d)), and apply the Chebyshev inequality. [ |

Lemma 4 Let v be any distribution on [m,M], 0 < m < M < co. Define u; = [ N v(d\) and

H—1 Ho H1i
M= | po p1 2
H1 M2 3

Assume that L = pu_1uq > 1 (which, by Jensen’s inequality, holds when v is not degenerate at a single point)
and det M < €. Then, there exist two intervals Z; and Iy such that

) M — m)et/4 .
(W l< 7,59/4@—)1)3/2 =12, v(T) +v(Ty) > 1 —4V/eM?2,
3(L — 1)m?

(“) gneaixkb_ﬂfl‘ > i = 1323 (26)

4M —m) "’
A(L —1)8 MEm16
B2(L — 19 1 MA(M —m)7 2

(i)  fore< e, =

m?(L—1) .
V(L‘)Zw; i=1,2, (27)
and max |z —y|>my/2(L—-1).
xz€Zy,y€ls
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Proof.
(i) Consider the measure v’ defined by V'(A) = (1/p-1) [4(1/N)v(dX) for any Borel set A C [m, M], and denote
its moments by p; = (1/p—1) [ X~ v(dX) = p;—1/p—1. Note that for any Borel set A

1

V(A) < V(A <

Mpu_y T omp—q
We have ) ) ,
. Ko M1 Mo
M'=| pi py py | =M/p
wy  py oy

and thus det M/ = det M[/p? |. Also define D’ = py — (})?, a = VD', b = (ph iy — 1) /D', ¢ = aply + by =
[(1h)? — Ml,us]/\/ﬁ (note that @ > 0, b < 0 and ¢ < 0) and n = F(A) = aX\? + b\ — ¢, with A having the
distribution v/. Direct calculation glves E'{n} = [n(A\V/(d\) = 0 and Var'(n) = E'{n*} — (E'{n})* = det M/,
so that det M < ¢ implies Var'(n) < € = ¢/u? ;. From Lemma 3, the interval Z = [—(¢’)'/4/2, (¢')}/*/2] is such
that Prob{n € Z} > 1 —4v/¢. Also, from the mean-value theorem, there exist \; < Ay such that \; € [m, M]
and aA\? +b)\; — ¢ = 0, i = 1,2. Direct calculation gives F(u}) = F(u_1) = a(u})? + by — c = —(D')*/?, and
thus
mg)\1<1/,u,1<)\2§M.

Take 8 = (M —m)(¢')1/*/[2(D")3/?], we get

F\+8) < —()*/2,F(x =) > ()/*)2,
Fa+8) > ()2, F(h—B) < —()V*/2,

and v(Zy) +v(Zp) > 1 —4/eM3/?2 when T; = [\; — B, N + ], i = 1,2, with |Z;| =28 = (M — m)61/4/fi/14/(L —
1)3/2 < (M — m)e/*/[m?/4/ (L — 1)%/2],
(ii) Define y; = p) — A1, y2 = Ao — pf, so that max,ez, |z — p—1| > y1 and maxger, |2 — p_1| > y2. We
have F(A) = a(A — A1)(A — A3) and thus y1ys = —F(u})/a = D', Also, |y2 —y1| < y1 +y2 < M — m, so that
D' > yi(yi + M —m), i = 1,2, and thus

4D’ D’ D’
14— -—1] > 1—-— ,=1,2.
Jr(M—m)2 ] M—m< (M—m)2>72 ’

Lemma 1 gives D’ < (M —m)?/4, so that y; > 3D'/[4(M —m)] > 3(L — 1)m?/[4A(M —m)], i = 1,2.
(iii) Define v = v/(Z2), part (i) implies v/(Z1) > 1 — 4\/_ — 7, and from Lemma 2

M—-—m
2

Yi >

_ 2 /
D' < % + 24V + ) M2
which gives
(M —m)?
- Ly
vz 2M2 ve {S(D’)?’M? T

and thus v > D'/(4M?) > (L — 1)m?/[4M?] for € < e, < [4(D")3]/[(M —m)? + 32(D")>M?]?, see (27).

Define now A = max,ez, yez, |* — y|. Lemma 2 gives D’ < A2?/4 + 8¢ M?, which implies A% > 4D’ —
32M2V/¢. Since € < ¢, implies Ve < D'/(16M?), we get A? > 2(L — 1)m?. ]
Proof of Theorem 4. The proof follows the same lines as that of Theorem 3 and is divided into four parts. In
(i), we construct sequences of intervals Ly = [mg, my + 8] and Ry, = [M}, — §, My] in which the measure vy, will
tend to concentrate. In (ii) we prove that Ry N Ri41 # 0 and in (iii) that the sequence M}, is non decreasing.
Finally, the limiting behaviour of vy, is derived in (iv).

(i) We have seen in Section 2.4 that det M — 0 as k — oo, with My, given by (10). Therefore, given e, 3K,
such that Vk > K., det M < e. Define L = ,u’fu’il and note that L; > 1 because no v is degenerate at a
single point. Using Lemma 4, for € small enough, for any k > K. there exist two intervals Zf, 7, with width
at most

( M — m) 1/4

5—5() m9/4(LO_1)3/27

16



and such that v (ZF) 4+ v (Z5) > 1 — 4/eM3/2, v (TF) > m?(Ly — 1)/(4M?), vp(Z5) > m?(Ly — 1)/(4M?).
Also, max,ezr yezr [¢ — y| = m/2(Ly —1). Without any loss of generality, assume that IF is the interval on
the left. Define £(z) = [z, 2 + J], R(z) = [z — J, 2],

XE = Argmax(m[C(a)], L) NTE £ 0},
Xy = Argmax{[R(2)], R(x) N5 # 0},

and my, = min X¥, M), = max X%, £}, = L(my), R = R(M},); that is, M}, is the right endpoint of an interval
Ry, intersecting Z§, with maximum measure, and similarly for m; and L. Note that vi(Lp) + vi(Re) >
1 —4eM32 vy (Ly) > m?(Ly — 1)/(4M?) and vy, (Ry) > m?(Ly, — 1)/(4M?). The situation is the same for
the two sequences of intervals (£;) and (Rj), and we concentrate on (Ry) in the rest of the proof.

(ii) We show now that Ry NRyy1 # 0. Again for e small enough p¥ ¢ Ry, and A — p¥ > My — 6 — ¥ on Ry, so
that

A — uk)? V(R
(R = [ Oy > 2 5ty
R k k
m?(Ly — 1
> 745\451)* )(Mkffsfﬂ}f)z

with D* the maximum possible value of Dy, D* = (M —m)?/4, see Lemma 1. By construction, max,ez? |4 —
ph| < My, + 6 — p¥, and thus, from Lemma 4,

3m2(L;€ — 1) > 3m2(L0 — 1)

My, — ¥ 46 > =C. 28
Eoit AM —m) = 4A(M —m) (28)
Choosing € such that § < C'/4 gives My, — 6 — u¥ > C/2 and thus
m2(Ly — 1) C? . 9mS (Lo —1)3
Ve (Re) > Thppe 2 RS TR —mp

Choosing now € such that 4\/EM3/2 < v}, we obtain Ry N Ryy1 # 0 for any k > K.

(iii) We prove now that the sequence (M}) is not decreasing starting at some K, for e small enough. Take
k > K. and assume that My ; = M, — 3, 8 > 0. Then note that 8 < § since R N Ry41 # 0 by (ii) above.
Consider the difference vi11(Ri) — vit1(Rit1) = Vi1 (Mg — 8, My]) — vir1([My — 6 — B, My, — 4]). Assume
first that vg41([Mg — 6 — 8, My, — 0]) = 0, then vgy1(Ri) > vg+1(Ri+1), which is impossible by construction.
We can thus consider the following ratio

Vi1 ([My — B, My]) _ %f—ﬁo‘ - 11)? vi(d)
Vi1 ([My, — 0 — 8, My — d]) J\]\/I/[::ééfﬁ(A — 12 v (dN)
k2

o (M — B — pf) vi([My, — B, My])
T (Mg — 6 — pf)? ve([My — 6 — B, My, —0])

Since My, — & — pu¥ > C — 26 > 26 for C > 46, see (28), and 3 <, (My — 3 — k)2 > (M) — § — uf)?. Also, by
construction,

0 < w([My— B, My]) — v([My — 0 — 3, M}, — 9])
= v ([My — B, My]) — vi([My, — 6 — B, My, — 9]).

This gives
Vi1 ([My — B, My])
Vi1 ([My, — 6 — 8, My — d])
Therefore, 8 > 0 leads to v11(Ry) > Vi41(Re+1), which is impossible. We thus obtain My 1 > My, for k > K.
(iv) Since the sequence (My,) is non decreasing and bounded from above (by M), it has a limit M, > M. The
same is true for my, and my — m, as k — oco. We have thus proved that for any ¢ small enough and any k
larger than some Kjy,

>1.

4M3/2m9/2(L0 _ 1)362

(M. = 8, M) vy +6]) 21 = =
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Assume that M, < M. This would imply vi([M — 6, M]) — 0 as k — oo for § < M — M,. On the other hand,

Vk+1([M_67M]) S Vk([M_(S?MD
Vi1 ([Me — 0, M.]) © vi([My — 6, M,])

which leads to a contradiction since v ([M — &, M]) /vi([M, — d, M,]) is then increasing and vy ([M, — §, M,]) is
bounded from below. Therefore, M, = M, and similarly m, = m, with, for § small enough and any k larger
than some Ks, vi([m + 6, M — §]) < 4M3/?>m?/?(Lg — 1)36? /(M — m)?. Finally, from Helly’s Theorem, see
[18], p. 319, from the sequence () we can extract a subsequence (vg,) that is weakly convergent, and from the
result above the associated limit has necessarily the form v, where v is the discrete measure concentrated on
the two points m, M, with v;(m) = p, v;(M) = 1 — p. Since Ly, converges to some L, v, is such that the

p
associated value of pqpu_1 is equal to L, which only leaves two possibilities for p (and 1 — p):

1 1 /1 L
Lo p

2 p-1\4 (p+1)

where p = M/m. Applying the transformation T', we get vy, 11 = T'(w,) — T(vy) = vi_,. n

A4. Proof of Theorem 5.
(i) It is straightforward to check that T%(v) = v, Vp € (0,1).
(ii) We assume that S4 is not reduced to {m, M} (otherwise Z,, = 0)). We have viyo(d\) = H (v, \)vg(dN),

o (= )0 2
H(vg, \) = bk D, L (29)
see (18), with pf, Dy, defined as in Theorem 4. For vy = v, it gives
Hv: ) = (M1 = p) +mp = N?*[Mp+m(1—p) - N* (30)

p*(1=p)*(M —m)*

One can then check that for any p € Z,,, maxyes, H(vy;, \) = H(vy;, \*) > 1, with \* = minyes, s(\). Therefore,
for any p € Z,, one can choose € small enough, such that d(vy,v,) < e implies vx12([a,b]) > Kyvi([a,b]), for
some K, > 1 and some a,b such that m+¢ < a <b < M —e and [a,b]NSa # 0. For any a > 0, o < 1 —p, take
an initial measure vy putting weight p at m, 1 —p—a at M and « in the interval [a, b]. It satisfies d(vyp, 1/;) < a,
and, for any m, either d(vam,v;) > € or Vomq1)([a,b]) > Kpvam([a,b]). The later case gives vo,,([a,b]) > 2¢,
and thus d(vam, v, ) > €, as soon as m > log(2¢/a)/log(K},), which shows that v is unstable.

(iii) Part (a) concerns the case where a spectral gap is present, with point mass at m and M. The proof for
the general situation is more technical and is sketched in part (b).

(a) Assume that the measure vy presents a spectral gap: vp = 0 on (m,m + s) and (M — s, M) for some
s > 0. Take v < s and assume that d(vo,v,;) < a < v with p € Z,. The arguments go as follows. First we
bound ve{(m +~, M —v]} by 2Ky« for some Ky < 1, then we bound ve{(M —~, M|} by 1 —p+ K;« for some
K1 < 0o. We show that d(vs, V;z) < Kpa for some ps such that |ps — p| < (Ko + Ki)a. Stability will then
follow by an induction argument.

The maximum value of H (v, ) for A varying in [m + v, M — ] may be reached for some \* € (u9, u}) or
at one of the two points m + v, M —~. Now, for a small enough H(vo, ) will be close to H(v,,\) given by
(30), and p € Z, implies

/\esfrlf(ii‘f,u}) H(vg,\) < 1. (31)

Consider the situation at M — . We can write

dH (5, \)

H(vo, M —~) = H(vy, M) =y — .y

+FH(V;;V0,M)+O(’72), (32)

with Fiy(v,; 10, M) the directional derivative of H(v, M) at v, in the direction vy,

H[(1 - B)v* + By, M| — Hw*, M
Fut(vvo, M) = lim (1= B)v, + Bro, M] (v, M)
B—0+ B

3
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Define FH(V;, x,A) = FH(u;; 0z, A) with &, the delta measure supported at x. We have

M
FH(V;;I/mM):/ Fr(vy,x, M)vg(dz),

which we decompose in three parts:

m—y M —~
FH(V;;VOaM) = / FH(V;axaM)VO(d‘r)—i_/ FH(V;,.IZ,M)Vo(de)

m m+y

M
+/ Fg (v, 2, M)vo(dz) .
M—~

Direct calculation gives

(z —m)*(M —z)[x —m+ (2p — )(M — m)]
p*(1 = p)*(M —m)*

FH(V;7xaM> =

so that Fg (v, m, M) = Fg(vy, M, M) =0 and Fg(v;;ve, M) < F*vo{(m +~, M — 7]} with

F* = max Fy(vy,x, M) < cc.
pEZL,, x€[m,M]

Also, d(vg,v;) < o implies vo{(m + v, M — 4]} = vo{(m + o, M — a]} < 2a, so that Fy(v);v, M) < 20F*.
Now,
dH (5, \) 2

Hv  M)=1, ———~ =
G M) =L T ew ~ PP )

which, together with (32) gives for v small enough

v

Hvg, M —~) <1+ 2aF* —
(vo, M =) (=) (M —m)

and thus
~

2p(1 —p)(M —m)

H(vg, M —v) <1—

for a < y/[4F*p(1 — p)(M — m)].
The situation is similar at m + . Together with (31) this implies for « small enough

max H(vg,\) < Kp <1
AESAN[Mm~+y, M —~]

and therefore,
va{(m + v, M — 7]} < 2Kp« (33)

with Ky < 1 not depending on a.
Consider now the interval (M — ~, M]. We have

vo{(M =, M]} = vo(M) = H (vo, M)vo{ (M —~, M|} = H(vo, M)vo(M),
with d(vo, ;) < o implying vo(M) <1 —p+ «, and
H(vo, M) = H(v,, M) + Fr(vp;v0, M) + O(a?) < 1+ 2aF* +0(a?).

This gives for a small enough
vf{(M —~vy, M)} <1-—p+ K«

for some K < co. Similarly, vo{[m,m + ]} < p + K.
Define pg = p, p2 = [va(m) — vo(M) 4+ 1]/2, g = . We obtain

—Koapg <va(m) —p2 <0, —Koag < v2(M) — (1 —p2) <0
which together with (33) implies

d(v2,v,) < ag = Koo
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Moreover, |ps — po| < (Ko + K1)o.
For o small enough, ps € Z, and we can then repeat the same arguments. This gives for any m

d(VQm,V;2m) < agm = Ki'a

with .
~ 1—-Km Ko+ K
m i 0
| p2 p| < (Ko + Ky) ;:0&2 (K0+K1)1_K0a< K, @

and pa,, € I, for a small enough. For any p € Z, and any € > 0, taking 1 such that d(vo,v,) < o with «
small enough thus implies d(vo,, vy ) < € for any m, and v, is thus stable.

(b) Consider now the general situation. The proof follows the same lines as in case (a), but more technicalities
are required since we need to consider measures of intervals of the form [m,m + 4] and (M — v, M], with v
decreasing in a suitable way as the number of iterations of the mapping T2 increases.

Assume that

vor{ (m + var, M — yar]} < 200, ,
var{[m, m + yar]} < par + o,
vor{(M — yor, M} < 1 — pop + gy .

for some poj, € Z; and some gy, 2. Note that it implies d(va, u;%) < 7y9% and that for kK = 0, ag, 7o can be
chosen arbitrarily small, with d(vo, ;) < ag for some p € Z;.

Consider one application of the mapping T2 at a generic iteration k. We can write H (vgr, M) = H (Vpors M)+
FH(V;%; Vok, M) + O(’ng) with

m+yzk
FH(V;%;VQIC,M) = / FH(V;%,:L‘7M)V2]€(d1’)
m
M—2p
-|-/ Fy(vy, ,x, M)vey(dr)
m+y2k
M
-|-/ Fr(v,,, v, M)va(dr) .
M —~25

The first integral term is of the order O(v3,) (since Fy (v;, ,m, M) =0 and dFy (v}, , 2z, M)/dz.—, = 0), the
second is bounded by 2as, F* + O(v3,), as in case (a). For the third term, for which x is close to M, we can

use the linear approximation

dFH(I/;%,Z,M)

* _ 2
FH(”p%axaM) - (1’—M) dz |2=M+O(’Y2k)
—2(x — M) 9
ka(l 7p2k)2(M — m) (72/6)
which gives
[ Futpe M : (M) +0(13,)
Vi x, M)vog(dz) = .
. HVp,, 2k por(L — por )2 (M —m) 2k Y2k
where Iop (M) = [J** 214, (dz) with v}, the measure obtained after applying the transformation x — z = M —z.
We have thus obtained
215k (M
H(VQk,M) <1 +2Oz2kF* + Qk( ) +0(722k)~ (34)

par(1 = pax)?(M —m)

Consider now the behavior of Iy, (M) as k increases. We assume that vg; remains in some neighborhood V(p)
of %, which we shall be able to guarantee afterwards. Define Ag(M) = Ly(M)[[fy*" v4,,(dz)]~*. It satisfies
ng(M) < Agk(M) < 7yor. Also, Y2(k+1) < V2K implies

fo’yw““) zH (vo, M — z)v, (dz) O’m zH (vo, M — z)V, (dz)

= fo'y2(k+1) H(VQk,M _ Z)l/ék<dz) O'Y2k' H(VQk;M — Z)Vék<d2) )

Ag g1y (M)

20



and, since H (var, M — z) decreases for z close to zero,

Y2k H(ng,M—Z) V/ (dZ)
0 H(vay ,M 2k
A1y (M) < ’Yz(chk )

o Va(d2)

We can bound the speed of decrease of H (vor, M — 2): H(v, M — 2)/H(v,M) < 1 — az for some a > 0, any z
in [0,70] and any v € V(p). This gives

E 2 (1 — az)v, (dz)
A M) < 20 2k
2(k+1)( ) O’Y% Vék(dz)

Repeating the same arguments we get for any n > 0,

- T 2(1 — az)"v, (dz)
AQ k4+n (M) < A2 k+n (M) = =0 2k 5
( ) ( ) (;YZk I/ék(dZ)

with Ay sy (M) decreasing with n. Direct calculation gives Y | Ao(ryn) (M) = 1/a, and therefore Ip, (M) <
Ao (M) = o(1/k).
Similarly to case (a), we can write

292(k+1)
Pk (1l — por) (M —m)

with H (vor, M) bounded by (34). Assume that 7oy, is such that Aoy (M) = o(7y2r) and agp = o(72). We obtain
for poy close enough to p

H(vop, M — yo(41)) = H(vop, M) — +0(751)

Y2(k+1)
H , M — < =1- . 35
(var Yok+1)) < Bo(k+1) o= p) (M =) (35)
We thus get the following bounds on the measure of subintervals of interest at the next iteration:
Vot ) 1M + Y2(k41), M — Yoy} < 2max{Byp11y, Ko} (36)

where K¢ = max,,, cy(p) MAX, g, (k2R H(vop, A), and Ky < 1 for p in Z; and V(p) small enough, see part
(a);
Vot )I(M — Yo(kt1), M} < vaepy {(M — yar, M}
< H(vag, M)vap{ (M — ~yar, M]}

2A51,(M) )
pan(l — p22:)2(M —m) + O(var) | var{ (M — yar, M}

< vor{ (M — o, M]} + Bagy + C Ay (M) + D3y,

< |1+ 209, F* +

for some B,C, D < co. Similarly, we obtain
V(g 1) LM M+ Yoo )]} < var{[m, m + yo,]} + Baay, + CAgi(m) + D3,
where Ay (m) is defined similarly to Agg(M). Define P2(k41) a8

~ vagernyUmm + Yo ]} — voger n {(M = ok 41), M1} + 1
P2(k+1) = B )

it gives

0 < pagrs1) — Yokt LM, m + Yoy} < max{Bakt1), Ko}oar
0 <1 —poes1) — Vo) UM — Ya(r1), M]} < max{Ba(pt1), Ko}aok -

Together with (36) it implies d(v(41), V;z(k+l)) < Yo(kt1) < Yok, With

[Pagrt1) — Pok| < Aop = [B + 1 + max{Bax 1), Ko} ook + CAYy, + D3y,

21



where A}, = max{Asy(m), Ao, (M)} and >, Al < cc. B

Define ag(q1) = max{fa41), Kofazr and take yor, = 1/k% with ¢ < 1, so that A5, = o(y2x). From
the definition of Ba(x41), see (35), D, azr < 00 and gy = o(7yaex). Since ), A5, < oo, taking ¢ > 1/2 in
the definition of vy, ensures ), Ag, < oco. We can repeat the same argument, and d(VQ(k+7L),V;2(k+n)) <
Y2(k+n) Which tends to zero as n increases, with |pg(siy) — p2r| remaining finite. vy(;4y) thus remains in some
neighborhood V(p) of v, for any n, and V(p) can be made arbitrarily small by choosing « and 7y small enough.
|

A5. Proof of Theorem 6. Assume that z¢ is such that for some k > 0, ||gr+1]] = 0 with |g;]] > 0 for all
i < k (that is, 2x41 = 2* and z; # z* for ¢ < k). This implies Ry(W) = 0 for any W, and therefore
R(W, zg,2*) = R(xzo,2*) = 0.

Assume now that ||gx|| > 0 for any k. Consider

n—1 1/n n—1 (W ) 1/n (W ) 1/n
9k+1, Jk+1 9n;s dn
V, = R (W = s = [] .
kl;[@ +) LUO (W, gr.) (Wgo, 90)
We have,
VzeH, cfz]? < (Wz,2) <C|=|?,
and thus

c 1/n (gn;gn) - c 1/n (gnagn) 1/m
(€/C) {(90,90)] < Vn<(Cf0) [(90,90)} '

Since (¢/C)Y/™ — 1 and (C/c)"/™ — 1 asn — oo, liminf, . V; and limsup,, .. V, do not depend on W. Take
W = P(A); it gives Ry (W) = rp =1 — 1/Ly, see (9), which is not decreasing, and thus lim,, . V,, =1—1/L
for any W. ]
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