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7 H�0�= \UF�G<9�3�N<>�G

Pk+1 = Pk − Pkf(xk+1)f
>(xk+1)Pk

w−1(xk+1) + f>(xk+1)Pkf(xk+1)
,

θ̂k+1
WLS = θ̂k

LS +
Pkf(xk+1)

w−1(xk+1) + f>(xk+1)Pkf(xk+1)

×[y(xk+1) − f>(xk+1θ̂
k
WLS ] .

j 0-F k0

A[0QF�G<0Qu69V5�F;7 4bF�0�>�0�9e5
N<2VG(F�G6:IF
f(x1), . . . , f(xk0

)
5
?6:�4

IRp
W*XZG�0_9�0�2-N<9V5
7 3�4(2�:�4(A�0Q7 4<7 F�7�:�= 7 c�0�8D:IF

k = k0

AP\

Pk0
=

[

k0
∑

i=1

w(xi)f(xi)f
>(xi)

]−1

.

wÑ5
7 BU7 =�:�9;9�0�2-N�9V5
7�3�4(2-:�4DA[0_N65
0�8gF�3g2-3�BU?<N�F�0
θ̂k

RWLS

5
7 B N<= FV:�4<0�3�N65
= \�C

P
′
k+1 = P

′
k − P

′
kf(xk+1)f

>(xk+1)P
′
k

λ(xk+1, θ̂
k+1
WLS) + f>(xk+1)P′

kf(xk+1)
,

θ̂k+1
RWLS = θ̂k

RWLS +
P

′
kf(xk+1)

λ(xk+1, θ̂
k+1
WLS) + f>(xk+1)P′

kf(xk+1)

×[y(xk+1) − f>(xk+1θ̂
k
RWLS ] ,

E;7 F�G(F�G<0_7 4<7 F�7�:�= 7�5�:IF�7 3�4
P

′
k0

= Pk0

:�468
θ̂k0

RWLS = θ̂k0

WLS

W*ºe3�F�7�2-0QF�G6:IF
θ̂k

WLS

7�5Z= 7�4�0�:�9;E;7 F�GD9�0�5
?[0�2fFZF�3UF�G<0_3�A65
0-9�H�:In
F�7 3�465

Y1, . . . , Yk

A<N�F
θ̂k

RWLS

���_���I¬iW

5 687g� �:9;/-�
/10�FV:�O�0

f(x) = (1 x x2)>
7 4 J�K p L :�468 λ(x, θ) = |f>(x)θ| 7 4 Jih�L W$/10_5
N<?<?[3b5
0�F�G6:IFZF�G<0�F�9�N<0 J N�4<OP4<3IE;4 L HI:�= N<0�S�3�9

θ
7�5

θ̄ = (0 0 1)>
C�5
3&F�G6:IFeF�G<0 HI:�9�7�:�462-0_3�S$F�G<0 3�A65
0�9�HI:IF�7�3�4D0�9�9�3�9e:IF

x
7�5

σ2(x) = c λ(x, θ̄) = c x2
WeXZG<7�5e>�7 H�0�5ZF�G<0

HI:�= N<0
M(ξ, θ̄) =

1

c





µ−2 µ−1 1
µ−1 1 µ1

1 µ1 µ2





�



S�3�9;F�G<0.B&:IF�9�7 » JyôbL C6E;7 F�G µp =
∫

X
xpξ(dx)

W=<<3�9�X k�j,k :�468 x / j,k 0�5�F�7 B&:IF�7 3�4�ET0.N65
0_F�G<0.3�9V8�7 46:�9�\ j,k (w(x) ≡ 1 L:�5T:�N�»�7 = 7�:�9�\�0�5�F�7 B&:IF�3�9�W k 7 BU7 =�:�9d2�:�=�2-N<=�:IF�7 3�4g2�:�4gA[0�8�3�4<0eS�3�9*F�G<0�B&:IFV9�7�2-0�5 M1

:�468
M2

7 4PH�3�= H�0�8&7 4&F�G<0�:�5
\PBU?�F�3�F�7�2
2-3IHI:�9�7�:�462-0dB&:IF�9�7 »�3�S

θ̂N
LS

Cb5
0�0eXZG<0�3�9�0�B K W,/{G<0�4 ξ
7�5*5
N62VG�F�G6:IF

x
7�5*N<4<7 S�3�9�BU= \�8�7�5�F�9�7 A<N�F�0�8�7 4UF�G<0e7 4�F�0�9�H�:�=

[0.1, 1.1]Ed0Q3�A�FV:�7 4@F�G<0.:�5
\PBU?�F�3�F�7�2Q2-3IHI:�9�7�:�462-0�B&:IF�9�7�2-0�5

M
−1(ξ, θ̄) = c





0.9698 −5.3891 5.1059
−5.3891 35.2660 −35.5726
5.1059 −35.5726 38.8819





S�3�9
θ̂N

TSLS

:�468
θ̂N

RWLS

:�468

C(ξ, θ̄) = c





3.7434 −18.6593 16.8094
−18.6593 98.8149 −91.6457
16.8094 −91.6457 88.3714





S�3�9ZF�G<0_3�9V8�7 46:�9�\ j,k 0�5�F�7 B&:IF�3�9 θ̂N
LS

W
/t0�FV:�O�0

c = 0.01
:�468@9�0�?�0�:IF h C ü�ü�ü 0-»�?�0�9�7 BU0�4�FV5ZE;7 F�G N = 100

3�A65
0�9�HI:IF�7 3�465d0�:�2�GYC�F�G<0_0�9�9�3�9V5
εk

:�9�0�7 468�0�?�0�4�n
8�0�4�F�=�\(:�4<8(4<3�9�B&:�= = \g8�7�5�F�9�7 A<N�F�0�8MW*XZG<0_0�BU?<7 9�7�2�:�=MBU0�:�4�n�5�abN6:�9�0�8g0�9�9�3�9 J">]k@?dL B&:IF�9�7 »@3�A�FV:�7 4<0�8gS�3�9 θ̂N

LS

7�5




0.0396 −0.1962 0.1775
−0.1962 1.0343 −0.9645
0.1775 −0.9645 0.9358





E;G<7�2VGg7�5T2-= 3b5
0eF�3
C(ξ, θ̄)

WA<<3�9*F�G<0�ET0�7 >�GbF�0�8 j,k 0�5�F�7 B&:IF�3�9TN65
7 4<>_F�G<0�¬i|f�6}�«T}-� ��­P¬[±�����~-¬i�y�I�6CPEd0e3�A�FV:�7 4&F�G<0�0�BU?<7 9�7�2�:�=
>]k@? B&:IF�9�7 »





0.0107 −0.0589 0.0563
−0.0589 0.3798 −0.3849
0.0563 −0.3849 0.4217



 ,

2-= 3b5
0�F�3
M

−1(ξ, θ̄)
WB<,7 46:�= = \�C�Ed0Q3�A�FV:�7 4(F�G<0_B&:IF�9�7�2-0�5





0.0131 −0.0694 0.0653
−0.0694 0.4277 −0.4269
0.0653 −0.4269 0.4587





:�468




0.0158 −0.0795 0.0728
−0.0795 0.4813 −0.4729
0.0728 −0.4729 0.5002





S�3�9�F�G<0�0�5�F�7 B&:IF�3�9V5
θ̂N

TSLS

:�468
θ̂N

RWLS

9�0�5
?�0�2fF�7 H�0�= \bCT5
G<3IE;7 4<>]F�G6:IF J 7 L F�G<0�8�0�2-9�0�:�5
0(3�S�?�0�9
S�3�9�B&:�462-0(8�N<0(F�31F�G<00�5�F�7 B&:IF�7 3�4D3�S,F�G<0_Ed0�7 >�GbF;S�N<462fF�7 3�4�7 4
θ̂N

TSLS

7�5e:�= BU3b5�Fe4<0�>�= 7 >�7 A<= 0_:�468 J 7 7 L F�G<0 :�8<8P7 F�7 3�46:�=Y8�0�2-9�0�:�5
0Q3�S$?[0�9
S�3�9�B&:�462-08�N<0 F�3gF�G<0(|�}�~-��|f�V�
�I}�0�5�F�7 B&:IF�7 3�4m3�SRFVG�0�Ed0�7 >�GbF�S�N<462fF�7 3�4]7 4
θ̂N

RWLS

7�5�:�= BU3b5�F�4<0�>�= 7 >�7 A<= 0.F�3�36W · 4�F�G<0�3�F�G<0�9�G6:�468MC
F�G<0_>b:�7 4(7 4(?<9�0�2-7�5
7 3�4D2-3�BU?6:�9�0�8&F�3&3�9V8�7 46:�9�\ j,k 7�5eabN<7 F�0.5
7 >�4<7 u[2-:IFV7 H�0�W

C ���(%(+-)d�Q�,+-#.�(�¸#EDF9(!$#&#EDI�

G ¦[£
H�¤"H�¥�¡P£
I�J,KD^�4vXZG<0�3�9�0�B K ET0g5
7 BU?<= \1:�?<?<= \ j 0�BUB&: K F�3m5
G<3IE F�G6:IF JN (θ)
θ→→ J(θ) =

∫

X
w(x)σ2(x)ξ(dx) +

∫

X
w(x)[η(x, θ)− η(x, θ̄)]2ξ(dx)

:<W 5�W�:�5
N → ∞ :�468&F�G<0�4 j 0�BUB&: h F�3�>�0-F θ̂N

WLS

a.s.→ θ̄
WRXZG<0QBU0-F�G<3�8g7�5;5
7 BU7 =�:�9TS�3�9

XZG<0�3�9�0�B h E;7 F�G�:U8�7 ¶�0�9�0�4bF J(θ)
W

^�4.XZG<0�3�9�0�Bçp<C�Ed0*5
G<3IE]F�G6:IF
JN (θ, θ′)

a.s.→ J(θ, θ′) =
∫

X
λ−1(x, θ′)σ2(x)ξ(dx)+

∫

X
λ−1(x, θ′)[η(x, θ)−η(x, θ̄)]2ξ(dx)

:�468_F�G<0;2-3�4PH�0�9�>�0�462-0T7�5$N<4�7 S
3�9�B 7 4
θ
:�468

θ′
W,XZG<0�9�0-S�3�9�0�C

JN (θ, θ̂N
1 )

θ→→ J(θ, θ̄1)
:<W 5�WI:�468 j 0�BUB&: h >�7 H�0�5 θ̂N

TSLS

a.s.→ θ̄
W

ú 3�462-0�9�4<7 4<>@XZG<0�3�9�0�B�z6C[Ed0�8�0-u64<0
JN (θ, λN

1 ) = (1/N)
∑N

k=1 λ−1
k [y(xk) − η(xk, θ)]2

E;7 F�G
λN

1 = (λ1, . . . , λN ):�A�3�N<468�0�8¹9V:�468�3�BÎ5
0�abN<0�462-013�S
N
Ed0�7 >�G�FV5�Wäo�5
7 4<>�l K :�468çl h Ed0t5
G<3�EÍF�G6:IF |λk − λ̄k| a.s.→ 0

:�5
k → ∞ CE;7 F�G

λ̄k

:t8�0-F�0�9�BU7 4<7�5�F�7�2(A[3�N<468�0�8�5
0�abN<0�462f0�CT7 BU?<= 7 0�5
maxθ∈Θ |JN (θ, λN

1 ) − JN (θ, λ̄N
1 )| a.s.→ 0

C
N → ∞ W�/{G<0�4

λk = λ(xk, θ̂k
WLS)

:�468
θ̂k

WLS

a.s.→ θ̄
CPN<468�0�9dF�G<0�:�5�5
N<BU?�F�7 3�465T3�SMFVG�0�F�G<0�3�9�0�B

maxx∈X |λ(x, θ̂k
WLS)−λ(x, θ̄)| a.s.→ 0

5
3

�



F�G6:IF�C�N65
7 4<> j 0-BUB&: K C JN (θ, λN
1 )

θ→→
∫

X
λ−1(x, θ̄)σ2(x)ξ(dx)+

∫

X
λ−1(x, θ̄)[η(x, θ)−η(x, θ̄)]2ξ(dx)

:<W 5�W�:�468 j 0�BUB&:
h 7 BU?<= 7 0�5 θ̂N

RWLS

a.s.→ θ̄
W

L H�JY¾NM,¥�¦6¥�¤"I�£,¦6ÃI¾�¿POy¤�¥#J,K_XZG<0.>�0�4<0�9�7�2_7�8�0�:&>�3�0�5e:�5;S�3�= = 3IEe5�W k 7 462-0 θ̄ ∈ 7 4bF (Θ)
C�E;G<0-4�F�G<0�0�5�FV7 B&:IF�3�9

θ̂N
5�:IF�7�5�u60�5

θ̂N a.s.→ θ̄
Ce7 F(7 BU?<= 7 0�5gF�G6:IF(0-»�7�5�FV5

N0 J E;7 F�G¹?<9�3�AYW K�L 5
N62VG{F�G6:IF θ̂N ∈ 7 4bF
(Θ)

S�3�9(:�=�=
N > N0

WÜ/1012�:�4{F�GbN65
8�7 ¶�0�9�0�4�F�7
:IF�0QF�G<0.2-9�7 F�0�9�7 3�4

JN

E;7 F�G�9�0�5
?[0�2fF;F�3
θ
C6:�468(7 FV5e8�0�9�7 HI:IF�7�H�0 ∇JN (θ)

7�5;c�0�9�3&:IF
θ = θ̂N

W*/10_F�G<0�4D?�0�9
S
3�9�B
:]X$:�\P= 3�9U5
0�9�7 0�5�8�0�H�0�= 3�?<BU0�4bFU3�S ∇JN (θ)

:IF
θ = θ̄

C ∇JN (θ̂N ) = ∇JN (θ̄) + ∇2JN (βN )(θ̂N − θ̄) = 0
S�3�9U5
3�BU0

βN = (1−αN )θ̄+αN θ̂N
C
αN ∈ (0, 1) J :�468 βN

7�5*BU0�:�5
N<9V:�A<= 0�Cb5
0�0 j 0�BUB&:.pQ3�SR� h���L CP:�468&2-3�465
7�8�0�9RF�G<0�2-3�4PH�0�9�>�0�462f03�S"F�G<0.8�7 ¶�0�9�0�4bF;F�0�9�B&5Z7 4 ∇2JN (βN )[
√

N(θ̂N − θ̄)] = −
√

N∇JN (θ̄)
W

^�4.XZG<0�3�9�0�B K C�Ed0RN65
0 j 0�BUB&: K F�3�5
G<3�E]F�G6:IF ∇2JN (θ)
θ→→ 2M1(ξ, θ)−2

∫

X
w(x)[η(x, θ̄)−η(x, θ)]∂2η(x, θ)/∂θ∂θ>ξ(dx):<W 5�W k 7 462-0 θ̂N

WLS

a.s.→ θ̄
C
βN a.s.→ θ̄

:�468 ∇2JN (βN )
a.s.→ 2M1(ξ, θ̄)

CPE;G<7�2�Gg7�5T4<3�465
7 4<>�N<=�:�9TAb\&:�5�5
N<BU?�F�7 3�4YWRXZG<0 ú 0�4�F�9V:�=
j 7 BU7 FTXZG<0�3�9�0�B J ú j X L F�G<0�4g5
G<3�Ee5,F�G6:IF −√

N∇JN (θ̄)
7�5*:�5
\PBU?�F�3�F�7�2�:�= = \.4<3�9�B&:�=

N(0, 4M2(ξ, θ̄))
C�E;G<7�2VG&2-3�BU?<= 0-F�0�5

F�G<0_?<9�3P3�S�W
XZG<0T?<9�3P3�SbS�3�9,XZG<0�3�9�0�B¨p;7�5YA6:�5
0�8Q3�4.:eX,:�\P= 3�9Y8�0�H�0�= 3�?<BU0�4bF"3�S ∇θJN (θ, θ′)

C�F�G<0*u69V5�F,8�0�9�7 HI:IF�7 H�0R3�S
JN (θ, θ′)

E;7 F�G
9�0�5
?[0�2fFMF�3

θ
CI:IF

θ = θ′ = θ̄
W"^`F">�7 H�0�5 ∇2

θ,θJN (βN , θ̂N
1 )[

√
N(θ̂N

TSLS−θ̄)] = −
√

N∇θJN (θ̄, θ̄)−∇2
θ,θ′JN (θ̄, γN )[

√
N(θ̂N

1 −
θ̄)]
C�E;7 F�G

βN , γN
BU0�:�5
N<9V:�A<= 0R:�468�F�0�468�7 4<>�:<W 5�WVF�3

θ̄
C�:�468 ∇2

θ,θJN (θ, θ′)
C ∇2

θ,θ′JN (θ, θ′)
F�G<0T8�0�9�7 HI:IF�7 H�0�5�3�S ∇θJN (θ, θ′)E;7 F�G&9�0�5
?[0�2fFRF�3

θ
:�468

θ′
9�0�5
?[0�2fF�7 H�0�= \�W j 0�BUB&: K 5
G<3IEe5$F�G6:IF ∇2

θ,θJN (βN , θ̂N
1 )

a.s.→ 2M(ξ, θ)
:�468 ∇2

θ,θ′JN (θ̄, γN )
a.s.→

0
W k 7 462-0 θ̂N

1

7�5 √
N
n�2-3�465
7�5�F�0�4bF�C √

N∇2
θ,θ′JN (θ̄, γN )(θ̂N

1 − θ̄)
p→ 0
WQ<,7 46:�= = \�C�F�G<0 ú j Xç5
G<3IEe5dF�G6:IF −√

N∇θJN (θ̄, θ̄)7�5;:�5
\PBU?�F�3�F�7�2�:�= = \g4<3�9�B&:�=
N(0, 4M(ξ, θ̄))

C<E;G�7
2�G�2-3�BU?<= 0-F�0�5dF�G<0_?<9�3P3�S�W
^�4DXZG<0�3�9�0�Bûz6CP= 0-F

θ̂N
λ

A�0�F�G<0�H�:�= N<0�3�S
θ ∈ Θ

F�G6:IF;BU7 4<7 BU7�5
0�5
JN (θ, λN

1 )
W$/t0�3�A�FV:�7 4 ∇2JN (βN , λN

1 )[
√

N(θ̂N
λ −

θ̄)] = −
√

N∇JN (θ̄, λN
1 )
S�3�9.5
3�BU0&BU0�:�5
N<9V:�A<= 0

βN
F�0�468�7 4<>DF�3

θ̄
:<W 5�WSR�0-u64<0

λ̄k = λ(xk, θ̄)
S�3�9 :�= =

k
W(w�5.7 41F�G<0

?<9�3P3�S*3�Sd2-3�465
7�5�F�0�462-\�C�ET0U5
G<3IEøF�G6:IF |λk − λ̄k| a.s.→ 0
7 BU?<= 7 0�5 ∇2JN (θ, λN

1 ) − ∇2JN (θ, λ̄N
1 )

θ→→ 0
:<W 5�W�:�468�F�G<0�4]N65
0

j 0�BUB&: K F�3]5
G<3IEÜF�G6:IF ∇2JN (βN , λN
1 )

a.s.→ 2M(ξ, θ̄)
WT<,7 46:�= = \�C,Ed0gE;9�7 F�0 √

N∇JN (θ̄, λN
1 ) =

√
N∇JN (θ̄, λ̄N

1 ) +√
N [∇JN (θ̄, λN

1 )−∇JN (θ̄, λ̄N
1 )]
WRXZG<0�u69V5�FdF�0�9�B�3�4&F�G<0Q9�7 >�G�F
n`G6:�468g5
7�8�0�7�5Z:�5
\PBU?�F�3�F�7�2�:�= = \U4<3�9�B&:�=

N(0, 4M(ξ, θ̄))
W

XZG<0;5
0�2-3�4<8 0�abN6:�=�5
∆N = (2/

√
N)

∑N

k=1[λ
−1
k −λ̄−1

k ]εk∂η(xk, θ)/∂θ|θ̄
W,/10;2-3�BU?<N�F�0

E{∆2
N} S�3�9 λk = λ(xk, θ̂k

WLS)
W

XZG<0e0-»�?�0�2fFV:IF�7 3�4U3�S":�4b\U2-9�3b5�5�n`?<9�3P8�N62fFRF�0�9�Bû7 4
∆2

N

0�abN6:�=�5Rc�0�9�36Cb:�468UEd0e>�0-F
E{∆2

N} → 0
:�5

N → ∞ W ú G<0�Ab\�5
G<0�HVU 57 4<0�abN6:�= 7 F�\&F�G<0�4D7 BU?<= 7 0�5
∆N

p→ 0
:�468@F�G<0_?�9�3�3�S"7�5e2-3�BU?<= 0-F�0�W

���0DI�Z!$�;�()d�;�
� K-� l.W W6W,Xd7 0�9�0�465�W Ò<�V®[�y~f� �
�DÐ��I�I�I��~V}V�ZY;~��I���I�&}-¬i|f�y~f�fW ú :�B A<9�7�8�>�0_oe4<7 H�0�9V5
7 F�\\[*9�0�5�5�C ú :�B A<9�7�8�>�0�C K�ö�ö z6W
� h��.x W ^fW]W�0�4<4<9�7�2�GYWZw�5
\PBU?�F�3�F�7�2_?<9�3�?[0�9
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