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Abstract. We investigate label efficient prediction, a variant of the
problem of prediction with expert advice, proposed by Helmbold and
Panizza, in which the forecaster does not have access to the outcomes of
the sequence to be predicted unless he asks for it, which he can do for a
limited number of times. We determine matching upper and lower bounds
for the best possible excess error when the number of allowed queries is
a constant. We also prove that a query rate of order (Inn)(Inlnn)?/n
is sufficient for achieving Hannan consistency, a fundamental property
in game-theoretic prediction models. Finally, we apply the label efficient
framework to pattern classification and prove a label efficient mistake
bound for a randomized variant of Littlestone’s zero-threshold Winnow
algorithm.

1 Introduction

Prediction with expert advice, a framework introduced about fifteen years ago
in learning theory, may be viewed as a direct generalization of the theory of
repeated games, a field pioneered by Hannan in the mid-fifties. At a certain level
of abstraction, the common subject of these studies is the problem of forecasting
each element y; of an unknown “target” sequence given the knowledge of the
previous elements yi,...,y;:—1. The forecaster’s goal is to predict the target
sequence almost as well as any forecaster using the same guess all the times. We
call this the sequential prediction problem. To provide a suitable parametrization
of the problem, we assume that the set from which the forecaster picks its guesses
is finite of size N > 1, while the set to which the target sequence elements belong
may be of arbitrary cardinality. A real-valued bounded loss function £ is then
used to quantify the discrepancy between each outcome y; and the forecaster’s

* The first two authors gratefully acknowledge partial support by the PASCAL Net-
work of Excellence under EC grant no. 506778.



LABEL EFFICIENT PREDICTION

Parameters: number N of actions, outcome space ), loss function ¢, time horizon
n, budget m of queries.

For each round t =1,...,n

(1) the environment chooses the next outcome y: € ) without revealing it;

(2) the forecaster chooses an action Iy € {1,...,N};

(3) each action ¢ incurs loss £(4, y¢);

(4) if less than m queries have been issued so far the forecaster may issue a new
query to obtain y¢; if no query is issued then y; remains unknown.

Fig. 1. Label efficient prediction as a game between the forecaster and the environment.

guess for y;. Hannan’s seminal result [7] showed that randomized forecasters
exist whose excess cumulative loss (or regret), with respect to the loss of any
constant forecaster, grows sublinearly in the length n of the target sequence,
and this holds for any individual target sequence. In particular, Hannan found
the optimal growth rate, @(y/n), of the regret as a function of the sequence
length n when no other assumption other than boundedness is made on the loss
£. Only relatively recently, Cesa-Bianchi, Freund, Haussler, Helmbold, Schapire,
and Warmuth [4] have revealed that the correct dependence on N in the minimax
regret rate is ©(vnln N).

Game theorists and learning theorists, who independently studied the se-
quential prediction model, addressed the fundamental question of whether a
sub-linear regret rate is achievable in case the past outcomes y1,...,y:—1 are
not entirely accessible when computing the guess for y;. In this work we investi-
gate a variant of sequential prediction known as label efficient prediction. In this
model, originally proposed by Helmbold and Panizza [8], after choosing its guess
at time ¢ the forecaster decides whether to query the outcome ;. However, the
forecaster is limited in the number of queries he can issue within a given time
horizon. We prove that a query rate of order (Inn)(Inlnn)?/n is sufficient for
achieving Hannan consistency (i.e., regret growing sub-linearly with probability
one). Moreover, we show that any forecaster issuing at most m queries must suf-
fer a regret of at least order ny/(In N)/m on some outcome sequence of length
n, and we show a randomized forecaster achieving this regret to within constant
factors. We conclude the paper by proving a label efficient mistake bound for a
randomized variant of Littlestone’s zero-threshold Winnow, an algorithm based
on exponential weights for binary pattern classification.

2 Sequential prediction and the label efficient model

The sequential prediction problem is parametrized by a number N > 1 of player
actions, by a set ) of outcomes, and by a loss function ¢. The loss function



has domain {1,...,N} x Y and takes values in a bounded real interval, say
[0,1]. Given an unknown mechanism adaptively generating a sequence y1, ya, . . .
of elements from ), a prediction strategy, or forecaster, chooses an action I; €
{1,..., N} incurring aloss (I, y;). A crucial assumption in this model is that the
forecaster can choose I; only based on information related to the past outcomes
Y1,---,Y:—1- LThat is, the forecaster’s decision must not depend on any of the
future outcomes. In the label efficient model, after choosing I; the forecaster
decides whether to issue a query to access y;. If no query is issued, then y;
remains unknown. In other words, I; does not depend on all the past outcomes
Yi,---,Y:—1, but only on the queried ones. The label efficient model is best
described as a repeated game between the forecaster, choosing actions, and the
environment, choosing outcomes (see Figure 1).

3 Regret and Hannan consistency

The cumulative loss of the forecaster on a sequence yp,ys,... of outcomes is
denoted by

n

En = ZE(Ihyt) for n > 1.

t=1
As our forecasting strategies are randomized, each I; is viewed as a random vari-
able whose distribution over {1,..., N} must be fully determined at time ¢. With-
out further specifications, all probabilities and expectations will be understood

with respect to the o-algebra of events generated by the sequence Iy, Io, . . . of the
forecaster’s random choices. We compare the forecaster’s loss L,, with the cu-
mulative losses of the N constant forecasters, L; , = > 1, (i, y;), i = 1,...,N.

In particular, we devise label efficient forecasting strategies whose expected
regret E L, —min;—; . n L;, grows sublinearly in n for any individual sequence

Y1, Y2, ... of outcomes. Via a more refined analysis, we also prove the stronger
result N
Ly, — rlnin L; ., =o(n) a.s. ,
i=1,...,
for any sequence 1, s, ... of outcomes, almost surely with respect to the auxil-

iary randomization the forecaster has access to. This property, known as Hannan
consistency in game theory, rules out the possibility that the regret is much larger
than its expected value with a significant probability.

4 A label efficient forecaster

We start by introducing a simple forecaster whose expected regret is bounded by
n4/2(In N)/m, where m is the bound on the number of queries. Thus, if m =n
we recover the order of the optimal experts bound. It is easy to see that in
order to achieve a nontrivial performance, a forecaster must use randomization
in determining whether a label should be revealed or not. It turns out that a
simple biased coin does the job. The strategy we propose, sketched in Figure 2,



Parameters: Real numbers 7 > 0 and 0 < e < 1.
Initialization: w; = (1,...,1).

For each round t = 1,2, ...

(1) draw an action from {1,..., N} according to the distribution
Pt = —ett— i=1,...,N
Zj:l Wy,

(2) draw a Bernoulli random variable Z; such that P[Z; = 1] = ¢;
(3) if Z; =1 then obtain y; and compute

—n€(i,ye)/e

Wi 41 = Wit € foreachi=1,...,N

else, let w11 = wy.

Fig. 2. The label efficient exponentially weighted average forecaster.

uses an i.i.d. sequence 41, Zs,...,Z, of Bernoulli random variables such that
PZ; = 1] = 1—-P[Z; = 0] = € and asks the label y; to be revealed whenever
Zy = 1. Here £ > 0 is a parameter of the strategy. (Typically, we take € ~ m/n
so that the number of solicited labels during n rounds is about m. Note that
this way the forecaster may ask the value of more than m labels but we ignore
this detail as it can be dealt with by a simple adjustment.) Our label efficient
forecaster uses the estimated losses

= def [ L(i,y)/eif Zy =1,

UG p) = { 0  otherwise.

Note that E[((i,y:) | 21, 1171 = £(i,y;), where Z! = (Z,...,Z;_1) and
It = (I,...,I;_1). (The conditioning on Z!~* and I ! is merely needed to fix
the value of y;, which may depend on the forecaster’s past actions.) Therefore,
0(i,y;) may be considered as an unbiased estimate of the true loss £(i, ;). The
label efficient forecaster then uses the estimated losses to form an exponentially
weighted average forecaster. The expected performance of this strategy may be
bounded as follows.

Theorem 1. Consider the label efficient forecaster of Figure 2 run with € =
m/n andn = (V2mln N)/n. Then, the expected number of revealed labels equals
m and

2In N

EL,— min L;, <n
i=1,...,N m

In the sequel we write p, for the N -vector of components p; ;. We also use the
notation

Uy ) anhyt and  {(p,, 1) anhyt



Finally, we denote for i =1,..., N,

n
Z’Lyt.

Proof. Tt is enough to adapt the proof of [1, Theorem 3.1], in the following way.
First, we note that we have an upper bound over the regret in terms of squares
of the losses, see also [12, Theorem 1],

min i e
- ptayt i=1,. N i, = n

N
Z gtfj yt

1\3\3
HM:

Since Z(j, yt) € [0,1/¢] for all j and y;, we finally get
n
In N
ngt?yt (1_£>_LG+n7 Z.Zl,...7N. (1)
Py 2e n

Taking expectations on both sides and substituting the values of n and € yields
the desired result.

Theorem 1 guarantees that the expected per-round regret converges to zero
whenever m — oo as n — oo. The next result shows that in fact this re-
gret is, with overwhelming probability, bounded by a quantity proportional to

(InN)/m.

Theorem 2. Let § € (0,1) and consider the label efficient forecaster of Figure 2
run with parameters

—/2mIn(4/6 2¢In N
ezmaX{O,m mn(/)} and n= A
n n

Then, with probability at least 1 — § the number of revealed labels is at most m

and
~ / [In(4N
L,— rlnln L, <2n /5

In the full paper, we will prove a more refined bound in which the factors
ny/(In N)/m are replaced by (1 4+ o(1))y/n L*(In N)/m in all cases where L*,
the cumulative loss of the best action, is 2((n/m)IlnN). In the cases when
L* is small, then the quantity replacing the above terms is of the order of
(n/m)In N. In particular, we recover the behavior already observed by Helmbold
and Panizza [8] in the case L* = 0 (the best expert makes no mistakes).

Even though the label efficient forecaster investigated above assumes the
preliminary knowledge of the time horizon n (just note that both n and e depend
on the value of the parameters n and m), using standard adaptive techniques—
such as those described in [2]—, a label efficient forecaster may be constructed
without knowing n in advance. By letting the query budget m depend on n, one
can then achieve Hannan consistency, as stated in the next result.



Corollary 1. There exists a randomized label efficient forecaster that achieves
Hannan consistency while isswing, for allm > 1, at most O((Inlnn)? Inn) queries
in the first n prediction steps.

Proof. An algorithm that achieves Hannan consistency divides time into consec-
utive blocks of exponentially increasing length 1,2,4, 8,16, . ... In the r-th block
(of length 27~1) it uses the forecaster of Theorem 2 with parameters n = 271,
m = (lnr)(Inlnr) and § = 1/r3. Then, using the bound of Theorem 2 it is
easy to see that, with probability one, for all n, the algorithm does not ask for
more than O((Inlnn)?Inn) labels and the cumulative regret is o(n). Details are
omitted. Just note that it is sufficient to prove the statement for n = 2! for
r>1.

Before proving Theorem 2, note that if § < 4Ne~"™/8, then the right-hand
side of the inequality is greater than n and therefore the statement is trivial.
Thus, we may assume throughout the proof that 6 > 4Ne~"™/8, This also ensures
that € > 0. We need a number of preliminary lemmas. The first is obtained by
a simple application of Bernstein’s inequality.

Lemma 1. The probability that the strategy asks for more than m labels is at
most 0/4.

Lemma 2. With probability at least 1 — §/4,

n n

~ 2 4
Zg(ptayt) S Zg(p“yt) + 2n E lng .
t=1

t=1
Furthermore, with probability at least 1 — §/4, for alli=1,...,N,
~ In(4N/é
m
Proof. The proofs of both inequalities rely on Chernoff’s bounding. We therefore
only prove the first one. Let s < 1 be a positive number. Define u = 2,/ % ln%

and observe that since n/m > 1/(2¢) (which is implied by the above assumption
on 4),

P Zg(ptayt) > Zz(pwyt) +u
t=1 t=1
n
<E |exp <SZ (ps, yt) pt,yt))>] s (by Markov’s inequality)
t=1
n—1
=E |exp (sz (Pes yt) pt,yt))>
t=1

x E [eXp (s(é(pn,yn) —Z(pmyn))) | ZIH,I{H”@



To bound the right-hand side, note that ¢(p,,, yn) — Z(pn, yn) < 1 and therefore,
since we assumed s < 1,

E [exp (s(0(py. ) — Epo0))) | 207177

< E 1+ (6P yn) = P yn)) + 52 (EPys y) = Upya))* | 2071 177
(since e® < 1+ x + 22 for all z < 1)

= 1+ E (o) ~ Uppowa)) | 277 177

(since E[(£(p,, yn) = €ppsyn)) | 277 1171 =0)
2
<1+%
9

where the last step holds because
E[(tayn) = Apaoyn))? | 207 107 S E[Upyn)? | 207 17 <1/

Therefore, using 1 + s2 /¢ < 682/5, we have

P Zf(pt,y» > Zz(ppyt) +u
eXP( Z pt7yt pta?Jt)))] 82/Ee—su

< ehs /aefsu

by repeating the previous argument n — 1 times. The value of s minimizing the
obtained upper bound is s = ue/2n which satisfies the condition s < 1 because
n > m > ue/2 due to our assumption on J. Resubstituting this choice for s we

get
P [Z g(ptayt Z ptayt
t=1 t=1

and the proof is completed.

S e—uzs/(4n) — é

?

Proof (of Theorem 2). We start again from (1). It remains to show that Z”L is
close, with large probability to its expected value L; ,, and that Y, ; 17 (py, yt) is
close to Y7, U(py, yt) = L.

A straightforward combination of Lemmas 1 and 2 with (1) shows that with
probability at least 1 — 3J/4, the strategy asks for at most m labels and has an
expected cumulative loss

- 1 4N InN
E Py yt) (1—£)< min Lln+4\/§n —ln——f—ni’
P 2e i=1,. m 4] n



which, since Y7, ¢(py, y+) < n, implies

S 1 AN InN

E U(py,y:) — min L, < %”7 +4vV2ny/—1n + 2
am &

=1

i=1,

by our choice of 77 and using 1/(2¢) < n/m derived, once more, from our assump-
tion § > 4N e~™/%. The proof is finished by noting that the Hoeffding-Azuma
inequality implies that, with probability at least 1 — §/4,

~ - In, 4 1 4N
Ly = 0Iu) < Uppye) + s < Upyy) +n s
t=1 t=1 t=1

since m < n.

5 A lower bound for label efficient prediction

Here we show that the performance bounds proved in the previous section for
the label efficient exponentially weighted average forecaster are essentially unim-
provable in the strong sense that no other label efficient forecasting strategy can
have a significantly better performance for all problems. Denote the set of natural
numbers by N = {1,2,...}.

Theorem 3. There exist an outcome space YV, a loss function £ : NxY — [0, 1],
and a universal constant ¢ > 0 such that, for all N > 2 and for alln > m >
2075, In(N — 1), the cumulative (expected) loss of any (randomized) forecaster
that uses actions in {1,..., N} and asks for at most m labels while predicting a
sequence of n outcomes satisfies the inequality

ZE(Q»%)] - minN 5(1'7%)) >en M .

1=1,... m
t=1 T =1

Ve
(1+e)y/5(1+e)

Proof. First, we define Y = [0, 1] and £. Given y € [0, 1], we denote by (y1, y2,. . .)
its dyadic expansion, that is, the unique sequence not ending with infinitely many

zeros such that
y= Z yp 27"
k>1

In particular, we prove the theorem for ¢ =

Now, the loss function is defined as ¢(k,y) = yi for all y € Y and k € N.
‘We construct a random outcome sequence and show that the expected value
of the regret (with respect both to the random choice of the outcome sequence



and to the forecaster’s possibly random choices) for any possibly randomized
forecaster is bounded from below by the claimed quantity.

More precisely, we denote by Uy, ..., U, the auxiliary randomization which
the forecaster has access to. Without loss of generality, it can be taken as an
i.i.d. sequence of uniformly distributed random variables over [0,1]. Our under-
lying probability space is equipped with the o-algebra of events generated by
the random outcome sequence Y71, ..., Y, and by the randomization Uy, ..., U,.
The random outcome sequence is independent of the auxiliary randomization:
we define N different probability distributions, P; @ P4, ¢ =1,..., N, formed by
the product of the auxiliary randomization (whose associated probability distri-
bution is denoted by P4) and one of the N different probability distributions
Py, ..., Py over the outcome sequence defined as follows.

Fori=1,...,N, Q; is defined as the distribution (over [0, 1]) of

z727 ey 22 W
k=1,...,N, k#i
where U, Z*, Z1, ..., Z N are independent random variables such that U has uni-

form distribution, and Z* and the Z; have Bernoulli distribution with parameter
1/2 — e for Z* and 1/2 for the Zj. Now, the randomization is such that under

P;, the outcome sequence Y7, ...,Y,, is i.i.d. with common distribution Q;.
Then, under each P; (for i = 1,...,N), the losses £(k,Y;), k = 1,..., N,
t=1,...,n, are i.i.d. Bernoulli random variables. In addition, £(i,Y;) = 1 with

probability 1/2 — ¢ and ¢(k,Y;) = 1 with probability 1/2 for each k # 4, where
€ is a positive number specified below.
We have

max <]EAE,L — ‘_min Lln> = max max (IEAE,L — Liyn)

Yis--Yn i=1,..., YiseYn i=1,...,N

> max E; [Ealn— Lin |
i=1,...,N
where E; (resp. E4) denotes expectation with respect to P; (resp. P4).

Now, we use the following decomposition lemma, which states that a ran-
domized algorithm performs, on the average, just as a convex combination of
deterministic algorithms. The simple but cumbersome proof is omitted from
this extended abstract.

Lemma 3. For any given randomized forecaster, there exists an integer D, a

point a = (ay,...,ap) € RP in the probability simplex, and D deterministic
algorithms (indexed by a superscript d = 1,...,D) such that, for every t and
every possible outcome sequence vt = (y1,...,yi-1),

D
Palli=ily; '] = dzad Trg=iy gty >
=1

where ]I[Itd:ilvi_l] is the indicator function that the d-th deterministic algorithm

chooses action i when the sequence of past outcomes is formed by yi™?.



Using this lemma, we have that there exist D, o and D deterministic sub-
algorithms such that

I{laX E; [EAL Lim] = max E;

n D N

ZZO&dZHId klyt 1 (k Y;g) ]
D n N

:izl?,?.%N Zad EZ[Z Z]I[If:k|Yf’l]€(k>Y;) - Li,n]

Now, under P; the regret grows by € whenever an action different from ¢ is chosen
and remains the same otherwise. Hence,

max E[EAL —L; ]: max ZadEl

1=1,.

n N
ZZHN =k|Y{™M] Uk, Ye) — ]
t=1 k=1

D n

= Ei:r{laXN;ad;Pi [If #£1

yeeey

D n
. Qg d .
—en [1- Ldp, 1 —
( iy 22 Bl ”)

For the d-th deterministic subalgorithm, let 1 < T < ... < T¢ < n be the times

when the m queries were issued. Then T¢, . .. ,Td are ﬁmte stopping times with
respect to the i.i.d. process Y7, ...,Y,,. Hence, by a well-known fact in probability
theory (see, e.g., [5, Lemma 2, page 138]), the revealed outcomes Yra, ..., Yra

are independent and indentically distributed as Y.

Let R¢ be the number of revealed outcomes at time ¢ and note that R is
measurable with respect to the random outcome sequence. Now, as the subal-
gorithm we consider is deterministic, R? is fully determined by YTd - Yra.
Hence, I may be seen as a function of Yra,...,Yra rather than a functlon of
Yra,.. YT; only. This essentially means that the knowledge of the extra values

cannot hurt in the sense that it cannot lead the forecaster to choose different
actions. As the joint distribution of YTld, ..., Ypa under P; is Qj", we have proven
indeed that

Pl =) = QI =] .

Consequently, our lower bound rewrites as
~ aq d .
E-[EL—L-}:E 1- § § mrd =
1:1?1(1,3‘}?N B Adin in n ( mln, 22 Q p Z])

By the generalized Fano’s lemma (see Lemma 5 in the Appendix), it is guaran-
teed that

K

’d1t1



where

n

D
% « m m 1
K:ZZZH(TdZ_DKL( i ,Q1)=ﬁ

t=1 d=1 i=2

™=

KL(Q/", Q") ,

1=2

and KL is the Kullback-Leibler divergence (or relative entropy) between two
probability distributions.
Moreover, B, denoting the Bernoulli distribution with parameter p,

KL(QJ", Q") = mKL(Q;,Q1) < m (KL (By/2—c,B1/2) + KL (B1/2,B1/2—.))

4
€2€> < 5me?

= In (1
meln < + 11—
for 0 < e < 1/10, where the first inequality holds by noting that the definition of
the Q; implies that the considered Kullback-Leibler divergence is upper bounded
by the Kullback-Leibler divergence between (Zy,...,2Z*,...,Z,,U), where Z*
is in the 4-th position, and (Z*, Zs ..., Z,,U). Therefore,

~ e 5m g2
Eul, — min L;, | > 1— L —
yf9§n<f4" P “J-—E”( wa{1+e’mUV—1)})

The choice
eln(N —1)

ST\ B0+ em

yields the claimed bound.

6 A label efficient algorithm for pattern classification

So far, we have shown that exponentially weighted average forecasters can be
made label efficient without losing important properties, such as Hannan con-
sistency. In this section we move away from the abstract sequential decision
problem defined in Section 2 and show that the idea of label efficient prediction
finds interesting applications in more concrete pattern classification problems.
More specifically, consider the problem of predicting the binary labels of an arbi-
trarily chosen sequence 1, €3, ... € R? of instances where, for each t = 1,2, .. .,
the label y; € {—1,1} of x; satisfies y; u - z; > 0. Here u € R? is a fixed but un-
known linear separator for the labeled sequence. In this framework, we show that
the zero-threshold Winnow algorithm of Littlestone [10], a natural extension to
pattern classification of the exponentially weighted average forecaster, can be
made label efficient. In particular, for the label efficient variant of this algorithm
(described in Figure 3) we prove an expected mistake bound exactly equal to
the mistake bound of the original zero-threshold Winnow. In addition, unlike the
algorithms shown in previous sections, in our variant the probability of querying

a label is a function of the previously observed instances and previously queried
labels.



Algorithm Label efficient zero-threshold Winnow
Parameters n > 0

Initialization w; ;1 =1fori=1,...,N
Fort=1,2...

1. get x; € R?, define p, by pir = wi/Wy, where Wy = Zfil w; ¢, and let
qt = Py " Tt

2. predict with g = sgn(q:)

3. draw a Bernoulli variable Z; of parameter (2|g:|/v + 1)~".

4. if Z, =1, then
(a) got v € {~1,1}.
(b) if §¢ # yt, then let w; 41 = wiee"¥t%t foralli=1,..., N

5. else, wity1 =w; foralli=1,... N.

Fig. 3. The randomized label-efficient zero-threshold Winnow.

Theorem 4. Pick any sequence (T1,y1), .-, (Tn,Yn) € R x {—1,1} such that,
forallt = 1,...,n, yyu - & > v for some v > 0 and some vector u from
the probability simplex in RY. Let Xoo be any number such that max, ||z, <
Xoo. Then the randomized label efficient zero-threshold Winnow algorithm of
Figure 3, run with parameter n = /X2, makes an expected number of mistakes

bounded by (2 X2 In N)/v? while querying an expected number of labels equal to
i1 (2@l /vy + 1)

The dependence of 7 on 7 is inherited from the original Winnow algorithm and
is not caused by the label efficient framework. Note also that, while the expected
mistake bound is the same as the mistake bound for the original zero-threshold
Winnow, the probability of querying a label at step ¢ attains 1 as the “margin”
|q¢| shrinks to 0, and attains (2 X /v + 1)1 as |¢;| grows to its maximum value
X . Obtaining an explicit bound on the expected number of queried labels
appears hard as ¢; depends in a complicated way on the structure of the labeled
sequence. Hence, the result demonstrates that the label efficient framework in
this case does provide an advantage (in expectation), even though the theoretical
assessment of this advantage appears to be problematic.

Proof. Let M; be the indicator function for a mistake in step t. Pick a step ¢
such that M; and Z; are both 1. Then,

Wit ad o o
ST Z;Pi,te”y””“ S0y @t 5 XS = el + 5 XS
p

where the inequality is an application of the Hoeffding inequality [9] while the
last equality holds because M; = 1 implies y:q; < 0. On the other hand, if M,
or Z; is 0 at step ¢, then Wi = W, and thus In(Wyy1/W;) = 0. Summing for



t=1,...,n we get

nne Z (5%~ laul) 0: 24 @)

Now consider any vector w of convex coefficients such that y;u - &; > - for all
t=1,...,n. Let

n

R=) (yim)M, Z .
=1

Using the log-sum inequality [6], and recalling that y;w - @; > v for all ¢,

N
ln@ = —1nN+anenRi >-InN+nR -u+ H(u)
! i=1
~InN+ny> M Z+ H(u) . (3)
t=1

Dropping H(u) > 0, the entropy of u, from (2) and (3) we obtain

—lnN+m/ZMtZt < ”Z (gxgo - |qt\) M, Z, .

t=1

Dividing by 1 > 0 and rearranging yields
" InN
Z( 77 +|Qt|>MtZt<7
t=1 N

Replacing 1 with /X2 gets us

n

2
> (3 +lal) M2 < T2 ()

t=1

Now recall that E[Z; | Z1,...,Z;—1] = (2|q:|/y + 1)~1, where the conditioning
is needed as ¢; is a function of Z1,...,Z;_1. Taking expectation on both sides
of (4) yields

X2 InN "Ly
S AN ) (f )MZ
5 > Z 2+|Qt\ t Lt
Li=1
=E Z(%+|Qt\> ME[Zy | Z4, ..., Zs—]
Lt=1
' n ~ Mt ~ n
ST i A S
tzzl 5 1) g1 T e L:Zl t}

Multiplying both sides by 2/~ gets us the desired result.
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A Technical lemmas

The crucial point in the proof of the lower bound theorem is an extension of
Fano’s lemma to a convex combination of probability masses, which may be
proved thanks to a straightforward modification of the techniques developed by
Birgé [3] (see also Massart [11]). Recall first a consequence of the variational
formula for entropy.

Lemma 4. For arbitrary probability distributions P,Q and for each A > 0,
AP[A] — Y4 (A) < KL(P, Q)
where 1,(A) =In (p (e* — 1) +1).

Lemma 5 (Generalized Fano). Let {4, ; : s=1,...,5,j=1,...,N} be a
family of subsets of a set {2 such that As1,...,As n form a partition of (2 for
each fixed s. Let aq,...,as be such that ag >0 fors=1,...,5 and a; + ...+
ag = 1. Then, for all setsPs 1,...,Psn, s =1,...,5, of probability distributions
on 2,

> e K
; ) 1< .
JmLoN g s PsjlAs 5] < max { 1+e In(N—1) } ’



where

Proof. Using Lemma 4, we have that

ZZ AP, (4 ZZ 4,1

51]2 s=1j=2
S N
SZZ “KL(P.;,Py1) = K .
o

Now, for each fixed A > 0, the function that maps p to —1, () is convex. Hence,
letting

S N o, 1 S
=y o Peldeg]l = <1 - ZlasPs,l[A&ﬂ) ,

’j] - 1/1p1 ()‘)

ZZ -2

Recalling that the right-hand side of the above inequality above is less than K,
and introducing the quantities

TVP.alA, BICYE

:ZasPs,j[As,j] forj=1,...,N,

we conclude

N

. 1 _

A i 4 = Vi ) SARTTD 0~V W S K
j=

Denote by a the minimum of the a;’s and let p* = (1 —a)/(N — 1) > p;. We

only have to deal with the case when a > e/(1+e¢). As for all A > 0, the function

that maps p to —1), is decreasing, we have

_ a a(N—1)
K>supAa—9Y,-(N)>aln— >aln—=>aIn(N-1),
> sup (A — v () 2 aln T2 aln T > a (N - )

whenever p* < a < 1 for the second inequality to hold, and by using a > e/(1+¢)
for the last one. As p* < 1/(N —1) <e/(1+4e) whenever N > 3, the case a < p*
may only happen when N = 2, but then the result is trivial.



