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Abstract. We study the problem of classifying data in a given taxonomy
when classifications associated with multiple and/or partial paths are al-
lowed. We introduce an incremental algorithm using a linear-threshold
classifier at each node of the taxonomy. These classifiers are trained and
evaluated in a hierarchical top-down fashion. We then define a hierachi-
cal and parametric data model and prove a bound on the probability
that our algorithm guesses the wrong multilabel for a random instance
compared to the same probability when the true model parameters are
known. Our bound decreases exponentially with the number of train-
ing examples and depends in a detailed way on the interaction between
the process parameters and the taxonomy structure. Preliminary exper-
iments on real-world data provide support to our theoretical results.

1 Introduction

In this paper, we investigate the problem of classifying data based on the knowl-
edge that the graph of dependencies between class elements is a tree forest. The
trees in this forest are collectively interpreted as a taxonomy. That is, we as-
sume that every data instance is labelled with a (possibly empty) set of class
labels and, whenever an instance is labelled with a certain label 7, then it is also
labelled with all the labels on the path from the root of the tree where i occurs
down to node i. We also allow multiple-path labellings (instances can be tagged
with labels belonging to more than one path in the forest), and partial-path
labellings (instances can be tagged with labels belonging to a path that does not
end on a leaf).

The problem of hierarchical classification, especially of textual information,
has been extensively investigated in past years (see, e.g., [5-7,11-13,17,19] and
references therein). Whereas the use of hierarchically trained linear-threshold
classifiers is common to several of these previous approaches, to our knowledge
our research is the first one to provide a rigorous performance analysis of hi-
erarchical classification problem in the presence of multiple and partial path
classifications.

* The first and third author gratefully acknowledge partial support by the PASCAL
Network of Excellence under EC grant no. 506778.



Following a standard approach in statistical learning theory, we assume that
data are generated by a parametric and hierarchical stochastic process associ-
ated with the given taxonomy. Building on the techniques from [3], we design
and analyze an algorithm for estimating the parameters of the process. Our al-
gorithm is based on a hierarchy of regularized least-squares estimators which are
incrementally updated as more data flow into the system. We prove bounds on
the instantaneous regret; that is, we bound the probability that, after observing
any number ¢t of examples, our algorithm guesses the wrong multilabel on the
next randomly drawn data element, while the hierarchical classifier knowing the
true parameters of the process predicts the correct multilabel. Our main con-
cern in this analysis is stressing the interaction between the taxonomy structure
and the process generating the examples. This is in contrast with the standard
approach in the literature about regret bounds, where a major attention is paid
to studying how the regret depends on time.

To support our theoretical findings, we also briefly describe some experi-
ments concerning a more practical variant of the algorithm we actually analyze.
Though these experiments are preliminary in nature, their outcomes are fairly
encouraging.

The paper is organized as follows. In Section 2 we introduce our learning
model, along with the notational conventions used throughout the paper. Our
hierarchical algorithm is described in Section 3 and analyzed in Section 4. In
Section 5 we briefly report on the experiments. Finally, in Section 6 we summarize
and mention future lines of research.

2 Learning model and notation

We assume data elements are encoded as real vectors £ € R? which we call
instances. A multilabel for an instance x is any subset of the set {1,...,c} of all
labels, including the empty set. We represent the multilabel of & with a vector
v=(v1,...,0:) € {—1,1}°, where i belongs to the multilabel of « if and only if
v; = 1. A taxonomy G is a forest whose trees are defined over the set of labels.
We use j = PAR(%) to denote the unique parent of ¢ and ANC(7) to denote the
set of ancestors of 7. The depth of a node ¢ (number of edges on the path from
the root to 4) is denoted by h;.

A multilabel v belongs to a given taxonomy if and only if it is the union of one
or more paths in the forest, where each path must start from a root but need not
terminate on a leaf (see Figure 1). A probability distribution fg over the set of
multilabels is associated to a taxonomy G as follows. Each node i of G is tagged
with a {—1, 1}-valued random variable V; distributed according to a conditional
probability function P(V; | Visr(;), X) To model the dependency between the
labels of nodes i and j = PAR(i) we assume P(V; =1|V;=—-1, X =x) =0
for all nonroot nodes 7 and all instances x. For example, in the taxonomy of
Figure 1 we have P (V; = 1| V3 = —1, X = ) = 0 for all x € R%. The quantity

fo(w @) =T[iy P(Vi =0 | Vj = vj, j = PAR(), X = )

thus defines a joint probability distribution on Vi, ..., V. conditioned on x being
the current instance.



Fig.1. A forest made up of two disjoint trees. The nodes are tagged with the
name of the labels, so that in this case ¢ = 11. According to our definition, the
multilabel v = (1,1,1,—-1,—1,1,-1,1,—1,1,—1) belongs to this taxonomy (since it
is the union of paths 1 — 2, 1 — 3 and 6 — 8 — 10), while the multilabel
v=(1,1,-1,1,-1,-1,—-1,-1,—1,—1,—1) does not, since 1 — 2 — 4 is not a path in
the forest.

Through fo we specify an i.i.d. process {(X1,V1), (X2, V3),...}, where, for
t =1,2,..., the multilabel V', is distributed according to the joint distribution
fa(- | X¢) and X is distributed according to a fixed and unknown distribution
D. We call each realization (x¢,v:) of (X, V) an example.

We now introduce a parametric model for fg. First, we assume that the
support of D is the surface of the d-dimensional unit sphere (in other words,
instances € R? are normalized, so that ||z|| = 1). With each node i in the
taxonomy, we associate a unit-norm weight vector u; € R?. Then, we define the
conditional probabilities for a nonroot node i with parent j as follows:

P(V,=1|Vj=1,X=2)=(1+u/x)/2. (1)
If ¢ is a root node, the above simplifies to
PVi=1|X=x2)=(10+uz)/2.

Note that, in this model, the labels of the children of any given node are inde-
pendent random variables. This is motivated by the fact that, unlike previous
investigations, we are explicitely modelling labellings involving multiple paths.
A more sophisticated analysis could introduce an arbitrary negative correlation
between the labels of the children nodes. We did not attempt to follow this route.
In this parametric model, we would like to perform almost as well as the
hierarchical predictor that knows all vectors w1, ..., u. and labels an instance x
with the multilabel y = (y1, ..., y.) computed in the following natural top-down
fashion:3
sGN(u/ )  if i is a root node,
Yi = { SGN(u, x)  if i is not a root and y; = +1 for j = PAR(i), (2)
-1 if ¢ is not a root and y; = —1 for j = PAR(7) .
In other words, if a node has been labelled +1 then each child is labelled accord-

ing to a linear-threshold function. On the other hand, if a node happens to be
labelled —1 then all of its descendants are labelled —1.

3 3aN denotes the usual signum function: SGN(z) = 1 if z > 0; —1, otherwise.



For our theoretical analysis, we consider the following on-line learning model.
In the generic time step ¢ = 1,2, ... the algorithm receives an instance x; (a
realization of X ) and outputs ¢ binary predictions g1 ¢, §2.¢, - - -, Yet € {—1,+1},
one for each node in the taxonomy. These predictions are viewed as guesses for
the true labels vy ¢, vay, ..., v (vealizations of Vi, Vay, ..., Vet respectively)
associated with ;. After each prediction, the algorithm observes the true labels
and updates its estimates of the true model parameters. Such estimates will then
be used in the next time step.

In a hierarchical classification framework many reasonable accuracy measures
can be defined. As an attempt to be as fair as possible,* we measure the accuracy
of our algorithm through its global instantaneous regret on instance Xy,

P(Fi @ gie # Vie) —P(3i : yie # Vi) ,

being y;: the i-th label output at time ¢ by the reference predictor (2). The
above probabilities are w.r.t. the random draw of (X1,V1),...,(X, V). The
regret bounds we prove in Section 4 are shown to depend on the interaction
between the structure of the multi-dimensional data-generating process and the
structure of the taxonomy on which the process is applied.

Further notation. We denote by {¢} the Bernoulli random variable which is 1
if and only if predicate ¢ is true. Let 1) be another predicate. We repeatedly
use simple facts such as {¢ V} = {¢} + {¢, "¢} < {¢} + {¥} and {¢} =
{ond} +{on -0} <{oAP}+ {0}

3 The learning algorithm

We consider linear-threshold algorithms operating on each node of the taxonomy.
The algorithm sitting on node 7 maintains and adjusts a weight vector W ;
which represents an estimate at time ¢ of the corresponding unknown vector w;.

Our hierarchical classification algorithm combines the weight vectors W ;
associated to each node in much the same way as the hierarchical predictor (2).
However, since u; parameterizes a conditional distribution where the label as-
sociated with the parent of node 4 is 1—recall (1), it is natural to update W, ;
only when such a conditioning event actually occurs. The pseudocode of our
algorithm is given in Figure 2.

Given the i.i.d. process X1, Xo, ... generating the instances, for each node ¢
we define the derived process X;,, X,,,... including all and only the instances
X s of the original process that satisfy Viag(i),s = 1. We call this derived process
the process at node i. Note that, for each i, the process at node 7 is an i.i.d.
process. However, its distribution might depend on i; that is, the process dis-
tribution at note 4 is generally different from the process distribution at node

j#i

4 Tt is worth mentioning that the machinery developed in this paper could also be
used to analyze loss functions more sophisticated that the 0-1 loss. However, we will
not pursue this more sophisticated analysis here.



Initialization: Weight vectors W; 1 = (0,...,0),i=1,...,c.
Fort=1,2,... do:

1. Observe instance X¢;
2. Compute prediction values g, € {—1,1} as follows:

seN(W/[,X,)  ifiis aroot node,
Gie = { SGN(W [, X;)  if i is not a root node and ;¢ = +1 for j = PAR(4),
-1 if 4 is not a root node and §;+ = —1 for j = PAR(4),

where Wie=(I+ Si,tflsi-l,—t—l + XtX;r)ﬂSi,tflvi,tfl

Vit—1 = Vi, Vijig, ..., Vi )-r
Sit—1=[Xiy Xy ... X

VIN (i,t—1)

iN(i,t—l)L i=1,...,c;

3. Observe multilabel V; and perform update.

Fig. 2. The hierarchical learning algorithm.

Let N (4, t) denote the number of times the parent of node 7 observes a positive
label up to time ¢; ie., N(i,t) = [{1 < s <t : Viggg),s = 1}]. The weight
vector W, ; stored at time ¢ in node ¢ is a (conditional) regularized least squares
estimator given by

Wii=I+ S 1881+ XX ) Sio1Vigo1 (3)
where I is the d x d identity matrix, S;;—1 is the d x N(i,t — 1) ma-
trix whose columns are the instances Xi,,...,X; ., , and V41 =

(Visirs -+ Visingaoyy) | is the N (i, t — 1)-dimensional vector of the corresponding
labels observed by node <.

This estimator is a slight variant of regularized least squares for classifica-
tion [2, 15] where we include the current instance @ in the computation of W ;
(see, e.g., [1,20] for analyses of similar algorithms in different contexts). Efficient
incremental computations of the inverse matrix and dual variable formulations

of the algorithm are extensively discussed in [2,15].

4 Analysis

In this section we state and prove our main result, a bound on the regret of our
hierarchical classification algorithm. In essence, the analysis hinges on proving
that for any node ¢, the estimated margin WZtX ¢ is an asymptotically unbiased
estimator of the true margin u;r X, and then on using known large deviation
arguments to obtain the stated bound. For this purpose, we bound the variance
of the margin estimator at each node and prove a bound on the rate at which
the bias vanishes. Both bounds will crucially depend on the convergence of the
smallest empirical eigenvalue of the process at each node ¢, and the next result
is the key to keeping this convergence under control.

Lemma 1 (Shawe-Taylor et al. [18]). Let X = (X1,...,X4) € R? be a
random vector such that || X| = 1 with probability 1, and let A > 0 be the



smallest eigenvalue of the correlation matriz {E[X; Xj]}szl. IfX4,..., X, are
i.4.d. random vectors distributed as X, S is the d x s matriz whose columns
are X1,...,X,, C =SS is the associated empirical correlation matriz, and

As > 0 is the smallest eigenvalue of C, then
P(% <A2)<2(s+1) e—sA?/304 provided s > 96d/)\? . (4)

We now state our main result.

Theorem 1. Consider a taxonomy G with ¢ nodes of depths hq,...,h. and
fix an arbitrary choice of parameters wi,...,u. € R%, such that ||u;|| = 1,
1=1,...,c. Assume there exist v1,...,7. > 0 such that distribution D satisfies
P (|uZTXt| > *ylv) =1,i=1,...,c. Then, for all

2hitl g8 2Mit1 96d
t - - o
- max {i—n’ll,a.’.).(,c ]P)(Az,t) )\1 ’yi’ zZHiaX,c P(A’L,t) AQ }

3

the regret at time t of the algorithm described in Figure 2 satisfies
P30 : G #Vie) —P(Fi 2 yie # Vi)
- 2Ni(t — 1) P(A;
S ZP(A’L,t) Vi ( ) ( ,t))

— 16 - 2hi+1

2et exp <—

A (t—1)P(A;y) (t—1)P(Ai+)

2 i 1, 1,

+e(t+1)" exp <_ 304 - 2hit1 TP Ty ) |

where A;; = {Vj € ANC(3) : ujTXt > 0} and A; is the smallest eigenvalue of
the process at node 1.

Remark 1. Note that the dependence of P(A;+) on t is purely formal, as evinced
by the definition of A;;. Hence, the regret vanishes exponentially in ¢. This
unnaturally fast rate is mainly caused by our assumptions on the data and,
in particular, on the existence of ~1,...,7. constraining the support of D. As
shown in [3], we would recover the standard ¢ ~/2 rate by assuming, instead, some
reasonable bound on the tail of the distribution of the inverse squared margin
(u] X )72, though this would make our analysis somewhat more complicated.

Remark 2. The values P(A; ;)/2" express the main interplay between the tax-
onomy structure and the process generating the examples. It is important to
observe how our regret bound depends on such quantities. For instance, if we
just focus on the probability values P(A; ), we see that the regret bound is
essentially the sum over all nodes 7 in the taxonomy of terms of the form

P(A; ) exp(—kiP(Ait)t) , (5)

where the k;’s are positive constants. Clearly, P(A;+) decreases as we descend
along a path. Hence, if node ¢ is a root then P(A; ;) tends to be relatively large,
whereas if 4 is a leaf node then P(A;+) tends to be close to zero. In both cases



(5) tends to be small: when P(A4; ;) is close to one it does not affect the negative
exponential decrease with time; on the other hand, if P(A; ;) is close to zero then
(5) is small anyway. In fact, this is no surprise, since it is a direct consequence of
the hierarchical nature of our prediction algorithm (Figure 2). Let us consider,
for the sake of clarity, two extreme cases: 1) i is a root node; 2) i is a (very deep)
leaf node.

1) A root node observes all instances. The predictor at this node is required
to predict through SGN(WZtXt) on all instances X, but the estimator W ;
gets close to u; very quickly. In this case the negative exponential convergence
of the associated term (5) is fast (P(A;.) is “large”).

2) A leaf node observes a possibly small subset of the instances, but it is
also required to produce only a small subset of linear-threshold predictions (the
associated weight vector W ; might be an unreliable estimator, but is also used
less often). Therefore, in this case, (5) is small just because so is P(A;+).

In summary, P(A; ;) somehow measures both the rate at which the estima-
tor in node ¢ gets updated and the relative importance of the accuracy of this
estimator when computing the overall regret.

Remark 3. The bound of Theorem 1 becomes vacuous when \; = 0 for some 1.
However, note that whenever the smallest eigenvalue of the original process (i.e.,
the process at the roots) is positive, then \; > 0 for all nodes 7, up to pathological
collusions between D and the u;’s. As an example of such collusions, note that
the process at node i is a filtered version of the original process, as each ancestor
j of i filters out X; with probability depending on the angle between X; and
u;. Hence, to make the process at node i have a correlation matrix with rank
strictly smaller than the one at j = PAR(%), the parameter u; should be perfectly
aligned with an eigenvector of the process at node j.

Remark 4. We are measuring regret against a reference predictor that is not
Bayes optimal for the data model at hand. Indeed, the Bayes optimal predictor
would use the maximum likelihood multilabel assignment given G and uy, . .., u,
(this assignment is easily computable using a special case of the sum-product al-
gorithm [10]). Finding a good algorithm to approximate the maximum-likelihood
assignment has proven to be a difficult task.

Proof (of Theorem 1). We first observe that

{302 Gip #Vip <{Fi 2 yip # Vit +{30 1 Ui # vin}
={3i : yir # Vis}
+> {bie # Vi Gia =i, G=1,...,i—1} . (6)
=1

Without loss of generality we can assume that the nodes in the taxonomy are
assigned numbers such that if node i is a child of node j then ¢ > j. The regret (6)
can then be upper bounded as



c
S {bie # vis Gie =i, G=1,...,0— 1}
=1

(&
< Z{ta # Yit, Vj € ANC(E) : §je = yje}
i=1

c
= Aot # yirs Vi € ANC(D) ¢ 0 =y = 1}
i=1
(since ;. = yj,+ = —1 for some ancestor j implies §; ; = y;+ = —1)

< Z{Qu # Yit, Vj € ANC(1) : yj+ =1} .
=1

Taking expectations we get
P(3i : Gie # Vig) —P(Fi @ yir # Vi)

< P (i # yirs Vi € ANC() ¢ yje =1) .
i=1

We now bound from above the simpler probability terms in the right-hand side.
For notational brevity, in the rest of this proof we will be using A; ; to denote
the margin variable uj X, and AAM to denote the algorithm’s margin W;r Xt
As we said earlier, our argument centers on proving that for any node ¢, AAi)t
is an asymptotically unbiased estimator of A;;, and then on using known large
deviation techniques to obtain the stated bound. For this purpose, we need to
study both the conditional bias and the conditional variance of A; ;.

Recall Figure 2. We first observe that the multilabel vectors V1,..., V1
are conditionally independent given the instance vectors X,..., X;_1. More
precisely, we have

]P)(Vl,...,vt,1|X1,...,Xt,1):]P>(V1|X1) X ... XP(Vt,1|Xt,1) .

Also, for any given node i with parent j, the child’s labels Vi ; ..., Viiy, .
are independent when conditioned on both X, ..., X;_1 and the parent’s labels

Vit,-..,Vji—1. Let us denote by E;; the conditional expectation
E[ | (Xla ‘/j>1)7 ceey (Xt—la ‘/j>t—1)a Xt] .

By definition of our parametric model (1) we have E; ;[V;,_1] = Si—)rtflui. Re-
calling the definition (3) of W ¢, this implies

]Ezt[A\it] = U;rsi,t—ls;_l(f + Si,t—lsg:t_l + XtX;r)ilXt .
In the rest of the proof, we use 5\1',,5,1 to denote the smallest eigenvalue of the

empirical correlation matrix Si7t,15’;':t_1. The conditional bias is bounded in the
following lemma (proven in the appendix).



o~

Lemma 2. With the notation introduced so far, we have: A; 4 = E; 4[A; 1]+ Bi 4,
where the conditional bias B,y satisfies By 4 < 2/(1+ Xit—1).

Next, we consider the conditional variance of AA” Recalling Figure 2, we see
that (i,t—1)

N
A = Z Vivir, Zi
=1

-1
where Z'T = (Z1,... Zngs-1)| = Sy (1 + 85187, 1+ thj) X;.
The next lemma (proven in the appendix) handles the conditional variance || Z .
Lemma 3. With the notation introduced so far, we have: | Z]|* < 1/(2+Xi—1).

Armed with these two lemmas, we proceed through our large deviation argument.
For the sake of brevity, denote N(i,t — 1) by N. Also, in order to stress the
dependence of 5\¢,t_1, AAM and B;; on N(i,t — 1), we denote them by ;\i,N,
A\i,u ~ and B; n, respectively. The case when subscript N is replaced by its
realization n should be intended as the random variable obtained by restricting
to sample realizations such that N takes on value n. Thus, for instance, any
predicate ¢(A; ¢ ) involving A;; ,, should actually be intended as a short-hand
for (b(AAi)mN) AN =n.

Recall that A;; = {Vj € ANC(i) : u] Xy > 0} = {Vj € ANC(4) : y;, = 1} .
We have

{Git # Yit, Air}
< {AAM,N A <0, Ai,t}

{I&,m — Qi) > |Ail, Ai,t}

IN

< {|A\1tN + Bin — Ait| > |Ait| — |Bin, Ai,t}
< {|A\i,t7N + Bin — Qi > |Ait]/2, Ai,t} +{|Bin| > |Aizl/2, Ais}.
(7)

We can bound the two terms of (7) separately. Let M < t be an integer constant
to be specified later. For the first term we obtain

{|A\i,t,N + Bin — Aii] > |Ai]/2, Ai,t}
< {|AAth + Bin — Aig| > Aik/2, Aiiy, N> M, Ny > /\iN/2}

+ {Am, N>M, Ay < /\iN/Q} +{Aiy, N < M}
-1
< Z {|A\’Ltn + Bin — Aig] > |Ai]/2, Aig, Xin > /\in/2}
n=M
-1 A
+ {Ai,h Ain < /\m/Z} +{Ai:, N<M} .
n=M



For the second term, using Lemma 2 we get
{1Bin] = 14001/2, Asi}

2
<{—=— > 1aul/2, A}
1+ XNn

2 ~
<SS 2 1Ai4l/2, Air, N> M, \in > A\iN/2
1+ NN

i {Am, N>M, Ay < /\iN/2} +{ Ay, N< M} .

Now note that the choice M > 8/(\;7vi) > 8/(N\i]Ai+|) makes the first term

vanish. Hence, under this condition on M,

{|B¢,N| > [Anl/2, Ai,t} < {Am, N>M, hy < )\iN/Z} +{ Ay, N < M)}
t—1
< Z {Aiyt, j\i,n < )\Jl/z} +{Ai¢, N < M} .
n=M

Plugging back into (7) and introducing probabilities yields

P(Gis # yit, Ait)

-1

< Z P (|A\’Ltn + Bip — Aig| > |Aitl/2, Aig, ;\zn > >\m/2) (8)

n=M
t—1 R

+2 3 P (Aig, A < Ain/2) (9)
n=M

+2P(Aiy, N < M) . (10)

Let j = PAR(7) and P;, denote IE”(- | (X1, V1), (Xem1, Vje—1), Xt). Notice
that Vii,,..., Viiyu.,._,, areindependent w.r.t. P; ;. We bound (8) by combining
Chernoff-Hoeffding inequalities [8] with Lemma 3:

Pis (14im + Bin — Aial 2 [Aidl/2, Aisy A = Ain/2)

={Ai+} x {S\i,n > >\m/2} x Py (|A\ztn + B — Qi > |Ai7t|/2)
< {Aiq} x {S\i,n > >\m/2} x 2e~ AL A /8

<2 {Aj}eTi N1

Thus, integrating out the conditioning, we get that (8) is upper bounded by

t—1
2]P(A’L,t) Z 6_71'2 s 77./16 S 2P(A,L"t)t€_’yi2 i M/16 .
n=M



Since the process at each node ¢ is i.i.d., we can bound (9) through the concen-
tration result contained in Lemma 1. Choosing M > 96d/\?, we get

P; ¢ (Am, Ain < >\m/2) ={Ai+} Piy (S\Zm < /\m/2)
<2(n+1){Ai} e mAI/304

Thus, integrating out the conditioning again, we get that (9) is upper bounded
by

t—1

ZP(.Ai,t) Z (TL+ l)e—nkf/304 < ]P(Ai,t) (t + 1)2 e—MAf/304 ]

n=M
Finally, we analyze (10) as follows. Recall that N = N (i, ¢—1) counts the number
of times node j, the parent of node 7, has observed V; , =1for s =1,...,t - 1.
Therefore P (A; ¢, N < M) =P (A;;) P(N < M), and we can focus on the latter
probability. The random variable N is binomial and we can bound its parameter
w; as follows. Let j(1) — j(2) — ... — j(h;) — i be the unique path from a root
down to node ¢ (that is, ANC(i) = {j(1),...,5(h;)} and j(h;) = PAR(7)). Fix any
X € RY such that || X|| = 1. Exploiting the way conditional probabilities are
defined in our taxonomy (see Section 2), for a generic time step s < t — 1 we can
write

>

i

P(Vear(i),s = 11 X) = | [ P(Vjtrys =1 Vir—)s = 1, X)

b
T i
—

i (1+ul, X
(%) (using (1))

el
Il

1

¢ (1+u] X 1\
(%) {Ai} > <§> {Aii},

1

Y
>

k

since A;; is equivalent to ujT k)X > 0 for k = 1,...,h;. Integrating over X
we conclude that the parameter p; of the binomial random variable N satisfies
pti = P(Virriy,s = 1) > (%)h P(A;+) . We now set M as follows:

(t = DP(Ai )

M= [(t = Dps/2) 2 = — 1
This implies
P(Ai,t, N < M) = P(Ai,t)P (N < M)
<P(Ais) e~ (t=1)pi/10 (11)
‘ _ (t—1P(Aiq)
S P(Az,t) exp < 10 . th 9

where we used Bernstein’s inequality (see, e.g., [4, Ch. 8]) and our choice of M
to prove (11).



Piecing together, overapproximating, and using in the bounds for (8) and (9)
the conditions on t, along with M > (t — 1)P(A;;)/2"*+! — 1 results in

P(3i: §in # Vie) = P(3i 2 yin # Vi)

< ZP (Uit # Yirt, Ait)

i=1
c 2
< ZP(.Ai,t) [2 et exp <— (16 : 2h)i+§ t)
i=1
A7 (t—1)P(Ai.) (t = DP(Aip)
2 i 1, 1,

te(t+1)” exp <_ 304 . kit 1 TP T ) |

thereby concluding the proof. a

5 Preliminary experimental results

To support our theoretical results, we are testing some variants of our hierarchi-
cal classification algorithm on real-world textual data. In a preliminary series of
experiments, we used the first 40, 000 newswire stories from the Reuters Corpus
Volume 1 (RCV1). The newswire stories in RCV1 are classified in a taxonomy
of 102 nodes divided into 4 trees, where multiple-path and partial-path classi-
fications repeatedly occur throughout the corpus. We trained our algorithm on
the first 20,000 consecutive documents and tested it on the subsequent 20,000
documents (to represent documents as real vectors, we used the standard TF-IDF
bag-of-words encoding — more details will be given in the full paper). To make
the algorithm of Figure 2 more space-efficient, we stored in the estimator asso-
ciated with each node only the examples that achieved a small margin or those
that were incorrectly classified by the current estimator. In [3] this technique is
shown to be quite effective in terms of the number of instances stored and not
disruptive in terms of classification performance. This space-efficient version of
our algorithm achieved a test error of 46.6% (recall that an instance is considered
mistaken if at least one out of 102 labels is guessed wrong). For comparison, if we
replace our estimator with the standard Perceptron algorithm [16, 14] (without
touching the rest of the algorithm) the test error goes up to 65.8%, and this
performance does not change significantly if we train the Perceptron algorithm
at each node with all the examples independently (rather than using only the
examples that are positive for the parent). For the space-efficient variant of our
algorithm, we observed that training independently each node causes a moderate
increase of the test error from 46.6% to 49.6%. Besides, hierarchical training is
in general much faster than independent training.

6 Conclusions and ongoing research

We have introduced a new hierarchical classification algorithm working with
linear-threshold functions. The algorithm has complete knowledge of the tax-
onomy and maintains at each node a regularized least-squares estimator of the
true (unknown) margin associated to the process at that node. The predictions



at the nodes are combined in a top-down fashion. We analyzed this algorithm in
the i.i.d. setting by providing a bound on the instantaneous regret, i.e., on the
amount by which the probability of misclassification by the algorithm exceeds
on a randomly drawn instance the probability of misclassification by the hierar-
chical algorithm knowing all model parameters. We also reported on preliminary
experiments with a few variants of our basic algorithm.

Our analysis in Section 4 works under side assumptions about the distribu-
tion D generating the examples. We are currently investigating the extent to
which it is possible to remove some of these assumptions with no further techni-
cal complications. A major theoretical open question is the comparison between
our algorithm (or variants thereof) and the Bayes optimal predictor for our para-
metric model. Finally, we are planning to perform a more extensive experimental
study on a variety of hierarchical datasets.
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Appendix

This appendix contains the proofs of Lemma 2 and Lemma 3 mentioned in the
main text. Recall that, given a positive definite matrix A, the spectral norm of
A, denoted by ||Al], equals the largest eigenvalue of A. As a simple consequence,
[|A~Y|| is the reciprocal of the smallest eigenvalue of A.

Proof of Lemma 2

Setting A = I + Si,t_15;_1 we get
Ay = ]Ezt[A\it] + UI(I + XtXtT)(A + XtXtT)_lXt
=B A +u] (A+ X X)X 4+ A0 X (A+ X, X)) 71 X,.(12)

Using the Sherman-Morrison formula (e.g., [9, Ch. 1]) and the symmetry of A,
we can rewrite the second term of (12) as
ATIX, X[ A
w) (A+ X X)X, =u) Ail—% "
1+ Xt AilXt
’U,;rAilXt XtAilXt . U:AilXt
1+ X, A1X, 1+ X,/ A1X,

= u;rAlet -
and the third term of (12) as

X/ A'X
A XA+ X, X)X, = A, —L L
1+ X, A1X,

o~

Plugging back into (12) yields A;; = E; 4[A; ] + B;+ where the conditional bias
B, + satisfies
o wWATX, o XTATX,
YTy xAx, U1+ X[ AX,
o Nl TATHIXC] (A (Xl [[ A1)
1+ X,/ A1X, 1+ X,/ A1X,
|A7] A~
T14+X/AX, 1+ X[ AX,

<2471 .




Here the second inequality holds because [|lu;|] = [|X¢|| = 1 and |A4;,] <
|lui]] || X¢]| = 1, and the third inequality holds because X A~'1X; > 0 by
the positive definiteness of A~1. Recalling that ||A=|| = 1/(1 + Ai4—1), where
1+ 5\1',,5,1 is the smallest eigenvalue of A, concludes the proof. O
Proof of Lemma 3

Setting for brevity H = S;[—tflA’lXt and r = X, A~ X; we can write

1 —1
1Z|]? = XT(A—i-XtXT) Si,t_lsgt_l(A—kXtX:) X,

Alx, x AL AIX, XA
:*XtT A_l_fr—t_l Sit— 15“5 1 A_l_fr—t_l Xy
1+ X/ A41X, 1+ XA 1X,

(by the Sherman-Morrison formula)

2
.,
=H'H- ——H"
T T TaTe
_ H'H  X/A'Sa80, AT X,
(14?2

(1+XTA*1X,5)
||A V2X|[|A7Y28; 18], A7V || X A2

(1 XA 1Xt)

(1 i )2 ||A 1/25lt 1S1t 1 1/2” . (13)
We continue by bounding the two factors in (13). Observe that
1
r=X/ATX, <A = ———— <1
1+ X1

and that the function f(r) = x/(1 + x)? is monotonically increasing when z €
[0,1]. Hence

r 1 14 Ao 1
s = ) S ) = S S ——— .
(1+7)? 1+ X1 (24 Ai—1) 24 Aijt—1

As far as the second factor is concerned, we just note that the two matrices
A=Y and S;, 18], have the same eigenvectors. Therefore

ATV2g,, 8T 1/2H_—<1’
H =1 tl 1+)\

where \ is some eigenvalue of S, ;_15], 't—1- Substituting into (13) yields

1
2 + )\1 t—1
as desired. O
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